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SYNOPSIS

y:
In a recent study, Chopra I, using vertical rigid motions of t..~e bottom

of a reservoir, found that hydrodynamic pressures due to vertical
accelerations of the El Centro earthquake were much greater than usually
admitted before. His conclusion is difficult to accept and generalize
because, if it were true, several e:xisting dams ,-would have suffered

important damage.

This paper covers a more complete analysis of the same problem I
including the effects of non-simultaneous arrival of seismic waves to the
bottom of the reservoir. Results are compared to those found in previous
work.
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ABSTMCT
In this paper the effect on the hydrodynamic pressures of the finite

velocity of propagation of the earthquake is considered. The vertical
component of the acceleration is the only one taken into account. The
fluid compressibility is included in the analysis. As an example the
method is applied to the El Centro, Cal. May 18, 1940, earthquake. The
results are .compared with those of Chopra. The main conclusion of the
paper is that hydrodynamic pressures are strongly influenced by the
direction of approach and velocity of propagation of the earthquake.
Further research is needed to elucidate this matter. "Additional results are
presented for uniform vertical ground motion taking into account the
refraction of pressure waves at the bottom.

INTRODUCTION
When a dam is subjected to an earthquake, dynamic motions and

s~resses are induced on the soil, the dam, and the contained water. The
dynamic stresses on the dam body depend on the interaction or dynamic
coupling between the dam, the water, and the soil. This makes very
complicated the study of the simultaneous response of the dam, water,
and soil system. Therefore, the response of the dam and the water is
studied separately, without considering their mutual interaction, and
adoing to the dynamic response of the isolated dam, the hydrodynamic
pressures obtained treating the dam as rigid.

In most studies of hydrodynamic pressures, the effects of the vertical
and horizontal components of the earthquake are considered separately.
The maximum hydrodynamic pressures on the dam due to horizontal ground
motions have acceptable values 1,2; but the maximum dynamic water
pressures due to vertical acceleration of the bottom is unbounded; a
previous work, 1 gives high values for small height dams.

In this study it is intended to obtain a better understanding of the
hydrodynamic response to vertical ground motions.

ASS UMPTI ONS
In order to find the hydrodynamic pressures on the dam I the following

assumptions will be used:

Geometrical properties
1. The upstream face of the dam is flat and vertical, (fig 1)
2. The reservoir length extends to infinity in the upstream direction
3. The depth of the reservoir is constant
4. The reservoir has a rectangular transversal section

Behaviour, and dynamic effects
5. The dam is rigid
6. The water is linearly compressible, and the viscosity effects are
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neglected

7. The liquid has small displacements and its movem~t is irrotational
8. Surface waves are neglected ~
9. The water motion is bidimensional, i. e. it is the same for any vertical

plane parallel to the axis of the reservoir, (fig 1)
10. The reservoir does not return energy to the ground, i.e. refraction does

not occur at the bottom

The vertical earthquake component
11. In this paper only vertical displacements of the bottom are considered

The movement may be not uniform and agr~es with the following
assumption

12. The earthquake propagates with constant horizontal velocity in the
direction of the axis of the reservoir. Two senses of motion are
considered. Firstly, when the earthquake moves from the darn face
towards the interior of the reservoir, and secondly, when the earthquake
moves from the interior of the reservoir towards the darn face (fig 1)

In previous papers 1,3, in which water compressibility is considered,
the ground was assumed to be rigid and all its points were supposed to
move in a uniform manner. This turns out to be a limit case of the
formulation presented in this paper. It is obtained if the horizontal
propagation velocity of the earthquake is taken to be infinite. Under such
assumption the hydrodynamic pressures only depend on the vertical
coordinate and time. According to the way in which the problem is presen..t
ed here, hydrodynamic pressures depend on the horizontal coordinate as
well.

The neglect of surface waves is sufficiently accurated in the analysis
of uniform vertical motion of the bottom 1.

The ground will be assumed to be rigid in all cases for which the
propagation velocity of the earthquake is finite. Only when this speed
is infinite I the effect of the ground compressibility will be taken into
account. A detailed probabilistic study for this case can be ~ound in
reference 4.

~

~

Assuming a finite horizontal velocity of propagation for the earthquake
allows to include more realistic conditions than those considered in
previous works 1,3, and makes clear the real meaning of the important
hydrodynamic pressures obtained when uniform motion of the rigid ground
is assumed 1.

,~

~i,~1.
.~~

~~

STATEMENT OF THE PROBLEM
Under the assumptions stated previously the hydrodynamic pressure is

governed by the wave equation.
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Let p(x,y ,t) denote the hydrodynamic pressure I then

a2p a2p 1 a2 p -
a-:;:;: + -a-;;..- --:;: at2 -0 (1)

where x »Y are the coordinates (fig 1) I and Vo = 1438 rn/sec is the velocity

of sound in water I and t is the time.

The boundary conditions at the upstream dam face x = 0 ,and at the

free surface y = H , (fig 1) are

~ ) --ax (O,y,t -0 , p{x,HJt (2), (3)

In the bottom of the reservoir, when no energy losses are considered,

the boundary condition is
() p ) Yo { X

T;(x,O,t =-gA t+V;' (4)
where Att is the vertical ground acceleration of the earthquake, Yo =
the unit weight of water = 1 ton/m3, g = the acceleration of gravity = 9.81

m/sec2, and \is is the horizontal velocity of the seismic waves. When
t -x /vs is used, the earthquake leaves the dam in the upstream direction,
and when t +x/vs is used ,-the earthquake comes from the reservoir up
to the dam in the downstream direction; in this case the earthquake starts
at x = + (X)

)=0

It is assumed that the water in the reservoir is at rest before the
arrival of the earthquake Ii. e.

p=~:Oot
before the earthquake arrives.

(5)

Now an additional assumption is included: the earthquake travels with

supersonic velocity, that is

v, > Vo (6)

This relation is accomplished by pressure waves of an earthquake on rock.

METHOD OF SOLUTION
The solution was obtained in two steps. First, the solution for an

infinite p~ane was established, and called "the auxiliary solution ". In the
second step, using the superposition principle, by means of the method of
images I the desired solution, which satisfies the bo~ndary condition of
eqs 2 and 3 was constructed. The desired solution "/-i'as called "the actual

solution" .

Furthermore, the solution were obtained for an instantaneous unit
impulse function corresponding to a concentrated acceleration 8 (t ) , and
then the summation or convolution of the effects of the various impulses
constituting the earthquake accelerogram, was accomplished.
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(t) , has the
~ 0 , 8 (t) ~ 0

8The often called "Dirac Delta function", denoted by
same property as a concentrated effect, thus: 8(t )=0 for
for t = 0 such that b ...~

~ 8 (t ) d t = 1 , a < 0 < b i,. (7)

Also the unit step function U will be used, which can be defined as:
U(t)=O for t<O I U(t)=l for t~O I and satisfies

U(t>=!.t8(t)dt '\ (8)'
-Q) ..

The auxiliary solution
a. Case when the earthquake leaves the dam in the upstream direction

This solution is based in the "radiation problem" in two dimensions
which consists in a fixed point source of radiation in X = ~ and y = 0
(fig 2a), and is given by 5,6

l'
l t-R/VO f(8) d8 for R<v t"O (9)

21T 0 ~(t:e)2- (R/Vo)~'i-- 0

and zero when R ~ vo' , where 8 integration parameter, and R=j(t:;~l t
and f (t) is the function of intensity of radiation 6.

(11)

, in:this

The solution due to an instantaneous impulse was obtained using t..'1e
property given by eq 7, in the form

A (t) = l tA t- T} 8 (T) dT0 .

and therefore

pi {y, )dT (13)
where

~T-r/Vo8(8-c/v )dEJd! 1i i~/~~:{~~rTvs dF."JI'\ .~o- -(14)'\ 0 ..j{T-e)~-{ r/vo)' 1T (T-(/vs)2.-{r/vo>'and 

eq 7 were used. When Va> Vo eq 14 givesHere

Now, when f{t) travels with a velocity Vs leaving the origin (see
ec 4); using (fig 2b), f (t) 'can be expressed 7 as:

and with 'eqs 9 and 10 the auxiliary solution at x=O is

-t 1 ~"strt-r/Yo A(8-(/v)d8d( /"P (y t) = -J~.:1:2- r-.\~ ..' 's""~""'y.--"
I 7r 0 9 -It t-8)2. -( r/vo r'

it gives the hydrodynamic pressures at the vertical axis X: 0
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with .B =.; { Vs / Va)2 -1 .

b. Case when the earthquake is coming to the dam.

In this case the earthquake starts in X=of.oo and reaches the dam face
in t = 0 with stationary or standing pressure waves behind it, if vs> vo .

This pressure waves are given by

= ~ U (T- ~)
J:;1 Vs

where U is defined by eq 8. In order to construct the actual solution I
the pressure waves reflected at the dam face I "must also be considered.
They are given by the transitory solution which is obtained in the case
when the earthquake leaves the dam.

The actual solution
a. Case when the earthquake leaves the dam

Using the method of images I in order to satisfy the rigid dam condition
(fig 3) I the values given by eq 15 must be duplicated because the effects
of the source and of the image are additive.

In order to satisfy eqs 2 and 3 antisymmetrical images with respect to
y = H must be considered (fig 4); it gives the actual solution in theform:

= ~ ~ (- f farc tan.aJ((~~ir -arc ton.aJ- (.f~~ ..:L)2'l
j1Tp ._ 0 ~ Vo T va t"n- (18)

where O~y~H and N = maximum integer of [(vot +y)/2H] .Now eq 13

changes to
t- ( 1 YoP y,t = ogAI,._,

represents the desired pressures when the earthquake

(t-T) 

P8(y,T} dT

where is (Yt t )
leaves the dam

b. Case when the earthquake is coming to the dam.

As in the previous case I the rigid dam condition duplicates the values
of eq 17. Substracting from the value so obtained the pressure waves
corresponding to case a I the actual solution takes the form
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is given by eq 18.is the same as in eq 19 I and p (y,T)where N

In eqs 18 and 20, refractions of the pressure waves are not considered.
One way to include them I at least approximately because'of their
dependence of the angle of incidence at the bottom, is to substitute the
coefficient {_}n in eqs 18 and 20 by \,

( 1 + C r ) ( )n
2 -Cr (21)

where Cr= (k-1 }/(k+l) is a reflection coefficient that considers the energy
losses of each reflection of tl1e pressure waves when they reach the
bottom, k=(vs Ys) /{vo W I where Ys unit weight of rock.

c. 

Case of uniform vertical motion of the bottom.

Using eq 21 in eqs 18 and 20 and allowing Cr be constant, when
Vs -00 ; both equations coincide with a previous solution which includes
the refracted pressure waves 4, and can be written as:

~S(YIT) =VO(~ )~tC()n {U(T_.?~~.!.L_J -U (T -~+}t H -Y -)} (22)

n=O 0 .0

When Cr = 1 ,eq 22 is equivalent to the equations used in ref 1.

Equation 19 should be used to compute the hydrodynamic pressures,
where [58 corresponds to the desired response (eqs 18, 20 or 22).

Numerical methods used in diqital computer
To compute the transient hydrodynamic pressures I the total lateral

force and the total overturning moment in the dam face I a FORTRAN program

was d~veloped.

The computation was made in two steps. First I the transfer function or
the response function due to a unit concentrated impulse 8(t) is computed
and tabulated. This funotion vvill be denoted by Gs (t) .Sflcond I the

convolution

.R(t}:'cltA<t-T)G8(T)dT, 0

was computed, where R(t) is the desired response, and
coefficient depending on the function used GS{ t} .

is thec

(24)

The total force was obtained usin:g
H

, -T) = I p,,(y ,T dy, 0
0

and the total overturning moment was computed by means of
H

= Iy po(y,T)dy
0

= F8(

(25)
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Eqs 24 and 25 were computed using the analytical results of term-by-term
integration and I then, the summation of the corresponding P8 I (eqs 18 I
20 or 22t was done. Equation 23 was computed using a linear approximation
between two succesive data points of the accelerogram, (fig 5) I and the
effect of this pulse was computed by means of

~ R = ~ {( a + 2 b ) A + ( 2 b + c ) B } (26)
G

where A and B are the accelerations at the end of the interval, and a I b
and c are shown in fig 5 b; they were computed using four points of Lagrange
interpolation in the function GS{T) tabulated at equal intervals. Eq 26
corresponds to a cubic parabola approximation. Eq 23 was computed using
the summation

R (t) = CL6R

I from T = 0 t to T= twhich was done for each time t

HYDRODYNAMIC RESPONSE
In what follow the basic features of the hydrodynamic response are

described for a unit vertical impulse o(t) and for the vertical component
of the El" Centro earthquake.

In fig 6 the transfer functions Fo and M 0 occurring in eqs 24 and
25, are shown for the case when the impulse leaves the dam, (fig 1). They
were computed by using Vs /vo = 3 ) H = 100 metters, in eq 18. In dotted
lines (fig 6) is also included the case when Vs / v 0 = 00 ,which corresponds

to those used in a previous work I, (eq 22 with Cr=l). Note that the
functions of fig 6 when vsho=ro and when vs/vt3 are not in phase. In solid
line an apparent damping is present. If vs/vo is increased, the transfer
function approaches the case Vs /vo =00 .If vs/vo is decreased the decay
with time increases and the transfer function has smaller values.

When the impulse is coming downstream to the dam, see eq 20, the
transfer function does not decay with time because the step function U
has a constant value, and Ps of eq 20 decreases with time in view of
fig 6. If vs/vo is increased without limit, the transfer function approaches
from above to the case Vs /vo =00 .But no\v, if Vs/Vo is decreased, in view
of the factor Vs/,8 of eq 20, the transfer function increases when vs/vo>l ,
and therefore no upper bound exists for the values of the transfer function,
when vs/vo is nearly unity.

The hydrodynamic responses were computed using the vertical
accelerations of the El Centro earthquake~ In fig 7 it is shown the
accelerogram of the first five seconds of the earthquake. Its duration was
31.71 sec. with a maximum vertical acceleration of 0.28 of the gravity I
reached at 0.97 sec.
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In table 1 are given the maximum dynamic/static values for both total

force and total overturning moment on the dam face for vs/vo= 3 and for vs/vo=oo
The time of maximum response is given in parenthesis. The convolution was
made for the first 8 sec of the earthquake. The values of table 1 are shown
in fig 8. The lower maximum pressures occur when the earthquake leaves
the dam in the upstream direction, but when the earthquake comes down-
stream to the dam, the maximum pressures rice to high values. The case
vs/vo =00 is between the extreme cases and corresponds to a previous
study 1. In figs 9 to 12 the responses with time are shown for the first five
seconds when the earthquake leaves the dam in the upstream direction.

In fIg 13 are shown the maximum hydrod~amic pressures for uniform
vertical ground motion with various values of the reflection coefficient Cr'
in ec 22. The results were obtained during the first eight seconds of the
earthquake. In the same figure I the pressures decrease with Cr .A
typical value of Cr for water and rock 4 I (Yo= 1 ton/m3 I vo= 1438 m /sec

Ys=2.8 ton/m3 I vs=5000 m/sec) isCr=O.815; (ec21). In fig
13 only Vs / vo=ro was used I this result must be between the values of
Vs /vo = 3 I (fig 8) I and also a proportional'reduction of maximum pressures
can be expected if the reflections are included in the cases with vs/vo = 3

CONCLUSIONS
In this paper the following facts have been "established'.

When the horizontal velocity of the earthquake is three times the velocity
of sound in water, the maximum pressures have relatively small values if
the earthquake travels in t'rle upstream direction, but if the earthquake
travels '.n the downstream direction the maximum pressures are very big.

-When the velocity of propagation of the earthquake is infinite I the
maximum hydrodynamic pressures are between the former cases.

-When energy losses are included, due to refraction of the J:ressure waves
at the bottom of the reservoir, the maximum pressures are greatly reduced.

From these facts the following conclusions follow:

-Hydrodynamic pressures are stronqly influenced by the direction of
approach and velocity of propaqation of the earthquake.

-further research is necessary to elucidate this matter
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