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SYNO=SIS. Tha probadbility distritutions of rottlement and rotation of rectangular foundations on randomly com—
pressible, laynrot ooils, Ao analyzzd, and results era givan for tne extreme cases of vlexible and rigid founda-
tions. The datermingt nf the statistical psrameters of comoressibility is also discussed.

Two possible w2ysS of anplying the reeylts to the gesign cf fsundations are showi. Cre of them is based on
the voncent of allcwadle cetileoments and roLations wnile +he other is an optinization criterion pennittirg o ve-
sign that minimizes the expectation of {otal cost. Tha two criteria are applied to the analysis of a particular
case and it is found that, unaer a rcacunable set of assumptions, they lead to similer results.

Craris are civon thet permit esoclication of tne method to oractical problems with & compute tional effort
iittle grester thon that {nvolved in conventional settlement analyses. )

IHTRODUCTICN PROBARILISTIC FORMULATION OF THE SETTLEMENT PROBLEM
Natural soil deposits axhinit varisticns of ro- In the present pcpzr only the most usual case
chanlcnl properties whiclh, far the sake ot conven- wil) be coacivered, {.,e. that of rectangular founda--
jence, might te divicged inta two t.oES. Gre of them 30 tions centrally lcaced. Jhe physical assumptions on
clucss sys’\.‘_:;.a‘.;c U cloarezut chenges which are read!._ wiich the problem is t3 Le formuleted are stated end

ly Ydentified by corventicral exploretion techalques: discucsed Delow.
an taaipie ol hls tyus of warintinn ig tha change of

corrroseibility witn deoth in aithocr mnomogenanus'’ or ’ Hypuingses
etratificd soi) czposits, The other type of variation .
does nat chow eny systemamic treas 1 8 ceterministic 5, A1} variations in compressibility occurring ir
character, and 15 best visusliced as & rancos varis- the norizental directicn are rantom, :
tion ai O ch: Riw iz oclearly senarent when one This might simoly be ennsidered ag an expression
comparas tect dlis fros a series al barinss within of ihe Fsci UL Preberiv F ceiutgs du onot nrecise P-
an arcitrary » . nouch ta allow of an exact cescription of sucih varia-
Pencam vortotions of conpressibiaity aze efien tions or a geterministic basis, no matter now thor-
respansible for rotaticas of seructnres foundad on ougliy the sits invcstigztiontis carried out. -,
solls ghich, Trea 2 gelerministic vizapoint, might be od.8y B, i
cnnsicerad as homsygncous in tha horizontal dis chion. < Mexiro City clay I o/
I many zases whoze retativas affact the studbility or NE A (data from Marsal and Mazari, 1933) bl R
the sesvicrauility of 1w £ orwitur o, 52 25% those of o ! ’
adjscent and ecnvrtenant canstructions. ' > VAR
Trere seams Lo be o0 ratieral rrosediute to esti- 07 T ‘1""1
mate protsbie sebtlesunts or tilting due to erratic o8
cieticns From PosLgenslty vithin the foundation suib= 2.6 £ —— —
soil. Sty & method woulg be vsaeful in oractice, cince
ewn the mial uaifors ratural el levers whos irragu-

lariy distributed hotersgorcities. “ha oiuhar hand,
% 35 clear that resitnes such FOWDLEX variaticaz nor
thz pzolesic fareors from saich they arise can be da
fires inm C coppinistic ary. Hoooo, the -
arvblen should .ppeachad on srozabilistic basis.
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furthermora, there is some experimental evidence
showing that, within a given natural soil stratua,
+he rocfficlent of volume chonge, m,, bchaves as a
narrally distributed ranonm variable., This is shaown
in Fig 1, wnere data for Mexico City clasys and Chica-
gn claye have teen plotred on prubability pener. The
fact that points corresganding to each of these clay
deposits lie approximately along a straight line
mgans that their fregquency distritution is rormal.
Covpressibility data for plotting Fig 1, was taken
from Marsal and Mazeri (1959) and Peck and Reed
{1954).

2. Tha component of the foundation settlement a-
rising from the rancom component of compressibility,
can be approximzted by a rigid movement,

This hypothesis is reasenable for, at least,
those structurzs where the detrimental conseguences
of tilting are most severe, such as towers, elovated
tanks, tall or slender tuildings, and machine founda-
tions, since all of them have high vertical rigidi-
ties.

4abq = total net load on the

— foundation gres

foundation rr-'u\\ ‘

founaotion
foundation

X2hb "'h"'r aais aof th

Fig 2. Geometry of the foundation area

Then, in the frame of referencs shown in Fig 2,
the settlement of the foundatiorn is described by

pix,y) = polx,y)+p 48, x+8,y ....1
where
Pg(x,y) - deterministic component of settlement

FH = vertical displacemznt due to the random com
ponent of compressibility ’

8, = rotation in the direction of the long axis
cf the foundation due to the random comgo-
nent of compressibility

8y, = rotation in the direction of the short axis
of the foundation due to the random compo-
nent of compressibility

3. Tne relaticnship betwsen settlement, p , ccef-
ficient of wolume change, end effective vertical stress
increment Ap, under every point cf the foundation is

p = J, my Bp dz Sl 2

where H is the total thickness of the compressible stra

ta.

If the epprooriate value of m, is used in €q 2,
the velldity of this relationship has been demcnstrated
emoirically (Skempton ane Wicrrum, 1557; Rutledge,
15543 Saed, 1954),

Calution

jesign of structural members requires a

of po{x, y), whose comoutation on determin
wnds is g protlemn dealt with elsewhere

19255; Flores, 2%}, On the other hand, an
af the overall beshavior of a soll-structura
r the purnos2 of its rational design, is pos
y if the orobability distributions of 6, and
that of the avernge settiewent, § , can te

mathematiczl derivation of those distrito-
presented in the Appendix. If, as usual, tre
t comautation is carried numerically afta:
nn of thre compressible strata into N horizan
yers such that each of the variables my and
proximately the same throughout the thick-
he carrecponding sublayer, then the results
llow,.

a) The averaqge settlement, ﬁ y is a normally

distributed rendom function, Its expected value and
its variance are given by Eqs 3 a anu b, respuctively:

e(7]
var [7] =(q2/160b)%f;K;vi2/:xf .....3b

in which, the subscript { identifies quantitles carre
sponding to the i-tn sublaver, and

2q 2
s q Mfi e ... 3G

fi = CriHia;/2.3(p +Q)
I S S 3¢

Vo= Ag vor Lcn; / T

Ag = cross-section area of soecimens in which ds
terminations of the conuression ratic* Crf,
were made

Crt = mean value of the compression ratio (see
Eqs A-14b)

var[Cril = varience of the compression ravio (see €as
A-13b)

Hy = thickness of the sublayer

Ky = coefficient plotted in Fig 3

=34 = vertical stress in the subsoil due to over-

lying soil, taking the depth of foundation
as the datum

5] = gross pressure on the soil-foundatlon con-
tact area

q e net oressure increment of the soil-founda-
tion contact area

<% = coefficient plotted in Fig 6

b) The rotaticns in the directions of the long
and chort axes, 04 and - b, rescectively, are normally
distributed random functions. Their expectations and
variances are

8[80]‘5[%] =0 R B

2 1] a
var [ea] = (947/160°0) 2, 11e5) visad
var [8,) = (91508 )leK (Edsa

in which r?i and r%i are the coefficients plotted in
Figs 4 and S respactively. PO
The statistical soil paramelers Cpq and variire}
* in gercmal, thne compression ratio. ls d- T ined as i
Cr = S/ + eg), whuro O i3 the compreneian dntex
l"l‘ tho recomnrosaion Lnoex, when apolicat '1€) end <
is the initial veid rstio.




appesring in the results, can be computed with a good
approximation only on tre tasis of a numwber of incie
vidual Cgi values greater than that usually cetermired
for conventional scottlement ahalysos, Yet, this should
not te consicered as a limitation of the precent sta-
tistical aporoach, since the comporession ratic is,
more than cony other enpineering croperty, closely re-
lated to the natural witer content of a clay. Conse-
quently, a large number of vaiues of Cpf can be ceter
mined at reasonatle expense on the basis of that rela
tionship (Terzagni and Peck, 1943; Peck and Reead,
1954)

From £as 3 ang the properties of the normal dis-
tribution, it follows that, with an arbitrary proba-
bility P, the averase settlement of a founcat.on lies
within the interval

q[f—u(P)-/F—o] £p éq[ffu(P)ﬁ] ....5

m e m

and u(P) is the value in the standard rormal distriby
tinn such that tne prosatiiity of & ceviatidn nurori-
cally greater than u{P} is #,

Similarly, from £56 4, with 0 zvbhitrary proba-
bility ¥ tne rotations of the foundaticn are
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Figs 4 and 5 show Lhat rgi and r%i for a rigid
foundation are elways greater than those for a flexible
one, Then, from Eq 5, the orobability of rotations
exceeding a certain value incresses with the vertical
rigidity of the structure, other factors belng equal.

DESIGN CRITERIA

The dasign of every foundation involves scwe con
sigeration renarding the settlewent that can be allow
ed without engangering the statility or the servicea-
bility of tre struzture under design, or thosa of
neighharing cunstructions.

The average cettlesent allowable in buildings is
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usually limited by the permissible aifferences in ele
vation between some portions of the structure and -
their surroundings, or by tie flexibility of cennec-
tions for utilities such as water and sowerage pipe-
lines, or sl:e, by the amaunt of settlement wailch
will not cause intolerable damage to structurss near-
by.
Calling';h| the permissible vertical movement of
the structure, £q 5 implies that the average vertical
displacement will te srz2ller than Ppl, with a proba-
bility P, if the follewing insguality is satisfied

la)= | p|/ [t +utP VT ] Y

Similerly, if 8p aenotes the permissible rota-
tion for a given structure, the design should satisfy
the condition

8=/ 62 +6f =0,

Taking Eqs 6 into account, it is seen that, with
a probability P, the rotation of the structure is with
in the permissible range if

'ql-‘-é‘p/[u(P)JF,+Fz] ..... 8

In the cases of tall, relatively rigid structu-
res, the dominant consiceration in limiting the allo-
wable tilting is generally human sensibility, In fact,
according to Skempton and Macdanald (1955}, the value
of 8§ where tilting of high, rigid buildings micht be-
come visible is close to 1/253. whereas structural
damege probatly starts to tz of concern for values of
8 approacring 1/150.

More generally, if the shift of the line of ac-
ticn of the lcads due to tilting is negligible, the
permissible rotition of rigid structures certainly
depends on the height of. the structure, and only on
that.

On this basis, the following value is proposed
for the permissible rotation of structures where hu-
man perception of tilting is the dominant factor#

8, =1/(100 +3h) o9

Here, h is the height of the structure in meters.
It is seen that £q 9 gives 6 « 1/100 for h = U, wnich
is about the limit of perceptible deviations from
horizontaiity in a floor; and 8h %£0.33 m for every
h. For intermeciate values of h, Eq 9 gives values of
8 in agroement with the observations of Skempton and
MacDonald (1956). It also excludes the possibility of
rotations endangering stability, since the maximum
horizontal displacement of the tallest structure is
limited to 0.33 nm.

Regarding the allcwable rotations of machine
foundations, Gjerrum (1553) mentions tnat 1/750 is
the limit where difficulties are to te fearéd. In
tne lack of more specific infarmation, this limit
might be used for Gp in tre case of machine founda-
tions.

%hen using the design approach based on allowa-
ble values of setitlement ann rotation, the probabiii-
ties of not exceeding those values should be selected
at a level consistent with the imclication of each
event, i.e. excessive settilement or tilting.

A critericn bascd on cost minimization

¥hen the nacessary statistical information is
available, a rctter aporoach to desicn is based on
the cordition of  minidum of exoected cost (see for

* Tris eguation was supseshad to the gultnirs by SO I
Rosentlueth, of the Universicad Nacional Autdnaira de
WMexica,
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exarple Turkstrs, 1052; Rosendlueth, 14¥L9), accounting
for sll possible sources of costs ano their corre-
soonging probutilities, Yet, the scircd bas limita-
tions bocauee of the lack of cuanti’ctive {nforma-
tion recanuing the rolationship beturen cost and dam
age, anJd the Jifficulties of pvaluating some possible
outcomes of the design in monetary terms.

bowever, if these limitations are kept in ming,
the results of a cost-minimization anoroacn based on
ressonable assumptlions are of interest.

For ihe case under discussion, it will be con-
sidered that the cost of the structure is given by

CT:C°+CP+CG

where

Co = initiz] cost
CP * pnresent valuer of the cost due to settlement
CB = precent valuet of the cost due to tilting

It will be further assUmea that
Co =~ Cy + Co0Of
Co»Cap
cg-ci 62
where Cq to C4q are constants and Dy is the depth of
foundation.

Thus, since Df = {Q = q)/r , the expected total
cost is

E[Cq)=Ci+Co(Q-q)/y+ C3E[5%) + CLE[82])
Here, from Eqs 3 2
E[g*)=var[5] +(E[5 1)= q2(f? + o)
and, similarly, from Eqs 4
e[69): (6 +c5)=vor [e]var 8] = q2(F, +Fy)

. AséE;in; e cesign ogecision is mace at time t = Q,
the preszent value of the cost due to camage oc-
curring at t = t, is its eguivalent cost at t = O.
Then, if A is the rate of interest, the present val
ue is the cost ot t = ty times e~ "1

10

. . . . - . .

Table I. Computation of f, Fu' F1 and F

use of these 1n E{Cv] aives:
E[Cy]=C,+C0-qVy +a7 [yl B C (R R)] .l
Lf H>> D¢, the functions f, F,, Fq and F; are
but very slightly sensitive to chunges in Df, which
means that they can be considored 1ndeoengent of q.
Thus, the condition for o mirnimum of E[CTJ teing
6E[C1] /dc = 0, the following is obtained for Onps
the net pressure increment that gives a minimum ex-~
pected total cost: 2
Qop 3(;4/27 [Cs(f +Fe) +C(F, fFZ)]

A NUNERICAL EXAMPLE

Consider a structure 50 @ in hcight with 2asZ0m,
2b = 10 nm. Suppose three tloors are required for
parking facilities so that the spece from excavation
down to any aepth De <« 9 m 18, in principle, usatle.

The gross weigth-of the foundation-structure sys
tem is estimated to be W = 3200 + 70 Df (tons), with™
Of in meters,

PP V4

C, = 0.20

'\C‘rn =1 8B {tan/m3 ’

18 y =1.8 ton/n ) P
I v =9X10 " m
|
} i . C, =0.15

10m y =1.65ton/m*- 5 a5
% v =2X10"m

Fig 7. Soil profile and properties for the example
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Tne soil ornfile and properties are snown in
Fig 7.
The following is to be determined:

a) Tne minimum D¢ for wnicn ine probability of a
rotation within the permissible range given by £q 9
is 0.99

b) The minimum Of for which the orobability of
an average settlement less than 15 on is Q.95

c) how the results for {a} and (b} compare with
the gptimum centh of foundatisn for the hypatheses of
costs given by Eas 10 under tae following conditions:

c1) Since the excavated space is usable, tne ini
tial cost of the project is estimated to in-
crease only atcut 3 percent per meter of ex-
cavation. Then in Eqs 10, Co/C1~.3x10 w1
An average settlement of 0.3 m is estimated
to imply a cost whose present values is about
10 percent of the initial cost of the pro-
ject. Then in Egs 13, Ca/Cy ~ 1.14 w2
A rotation of 1/100 is estimated to imply a
cost with a present value of about 15 per—
cent of the initial cost of the project.
Then, in Egs 10, C4/Cq ~ 1.5 x 103

c2)

c3)

Solution for the criterion of allowabdle settlemant
and_?ﬁ':€1on
Tre valuas of the parameters invalved in the
solution are computed in tanle I, assuming infinite
vertical rigidity of tne structuras. From these val-

ues the following is obtained:

1. For requirement (a) of the example, P = 0.99,
then u{P) = 2,58 and, from €q 9 8p = 1/250. Thus,
from £q 83

la] = 1/(250x2.58x9.65x10%) =16.1 ton/m?

2. For requirement (b) of the example, P = 0.95,
then u(P) = 1.56. Thus, from Eg 7:

[a] £0.2/(2.81x10%+1.56x2. 35x10% 7.1 ton/m?

Therefore, requirement (b) prevails and the mini
mum deptn of foundation for the criterion of allo-
wahble settlement and rotation is computed from
Of » (8 = a)/y , with [q] < 7.1 bon/m2 which gives
Of > 6.8 m.

Solution for the criterion of cast minimization

Substitution of the pertinent data in Eg 12
gives

- 331072 x. 8[1 14(7.84x10 %5.5xG3+1. S x9.3x16‘]

< Ggp =9.l ton/m? *
from which, Of = 5.5 m

Comparison of results

Notice that, under the assumptions adopted for
the analysis of this particular example, the crxterl
on af cost minimization and that of allowable settle
ment and rotation, cive solutions which are similar
to each other: a gifference in D¢ little greater
than 20 percent results between the two criteria.
Furtnermore, the computations involved are so sirple
that several analyses can te made witn alternative
hypatne es (and in a practical case this should te
unne) - in order to judue the Jenaxtivxt, ‘of the results
to tnhese hypolheses,

It is also apparent that for tyoical urtan struc
tures on compressible scils with a coefficient v%

of the orden of Q.1 m? or smaller®, the controlling
paramgter is f, while Fy, Fy and Fp have practically
no effect on design decisions. )

CONCLUSIONS

1. From statistical considerations, the average
settlement of a foundation can be recarded as a nor-
mally distrituted randcom function with rean and vari-
ance given by Las 3 :

2. Similarly, the rotations around the principal
axes of the foundation are normally distributed about
zero and treir variances are given by t£gs 4

3. Other things bLeing egual, the prubability of a
rotation exceeding a certain value increases with the
rigidity of the foundation

4, The results permit a rational epproach to the
design of foundations wnase settlenent and rotation
are to be kept within tolerable values. Furtnermore,
when information is obtairnable, or assumotions can be

‘made regarding the patzntial costs of tilt and settle

ment, tne results given can be used to arrive at a
design that minimizes the expzctation of total-cost:
5. The methods of analysis suggested involve com
putational work that is but little greater than that
required in a conventional settlement analysis.

AEXNONLEOGEMENTS

The authors are indebted to Or., Emilio Rosen-
blueth for inspiring discussiens. Dr. Jorge tlorduy
and Mr, Esteban Szekely develored the programs and
computations that led to the charts given in the paper.
N¥r, Gabriel Auvinat helped in several phases of the
numerical work, :
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APPENDIX, MATHEMATICAL DEVELOPMENTS

Determining the probability of settlement and rota-
tion

The following are equations arising from the
hypotheses of the paper:

p(x,y)=p°(x,y)+p|+9°x +8,y
» ,
p(X,y)=j; m, (x,y) Bplx,yldz e

Settlement znalyses are usually made by ‘numeri-
cal integration of ta 2, after subdivision of the
compressitle strata into a numcer of horizontal sub-
layerﬁ such that m, and Ap are both approximately

nstant throughout the thickness of each sutlayer,
under a csrtain point of the founcation area,

From hypothesis 1, the coefficient of vclume
change for the i-th sublayer may ke written:

myg m oGy vmby .. A-1

where !

mPi = mean value of m,j, a constant for each sub-
layer

myi = deviation of m 4 from the mean, & ranfom varia

ble for each sublayer
Similarly, the net vertical stress incriment may
be written

= Ap’+ Ap) LA-2

where lSﬂi {s the deterministic componente of lﬁpl,
and Ap} is its devietion from Oct.

Since my4 is a normally d¢istributed random vari
able, it follows that myj is norwmally distributed as
well, Its mean and covariance are, recspectively

hY

E [m:u} =0

cw[mv,(v,) m), (V. J'cov{rnv.(\:‘.),mv;(‘/j}sf 8(\'.1-\'/5) .

where V,. V~ are the position vectars of nrblirary
volume Ll‘vsnts within the correcponding eut\ayvr.
5[V1 - V?) is tnha Oirac celta function and s{ is an

(&

smpirical parameter whose determination is discuased
in a latcr section of this Appendix,

Combining Eas 1, 2, A-1 and A-2, and elxminating
the detarministic componants.

P+ Eax "’ebY‘ > [mV,A 1'(r'h‘;:*'m\,\)Ap.l . A-4
vhere N is the numbcr of sublayers us ‘ed in the numeri
cal integration. -

From the concept of the coefficient of subgrade
reaction, the second term in the right-hand side of
Eq A-4 mabee written:

o Al
I§T (mvi+ mvi) Ap'cHi = Ap:)/k
where Apy is the value of [391 at z = 0, and kg is
an approprriaste coefficient {Terzaghi, 1955) Using
this in Eq A-4 yields: N
1 ]
Dpy= ‘s[P+80X+9by -2 mv;APaHa] N

From equilibrium conditions:
o #b
'[aj:bApo(x,y)dx dy =4 abg
b
‘[:IDApo(x,y)xdxdFO
a (ar_ ‘ . o

a pb “
f_o'[hAp"o(x.y)dde‘lcbq
o pb
IOIbAp‘;x,y)xdxdwO
jﬂi[blk
-0/-b
where [Soo is the pressure increment on the founda-
tion area, kag is the value of Qd} at z « 0 and g
is the average pressure increment at the deptn of

founcation,
fFrom Eqs A-2 and A-5 it follows that

_[:j: Apy(x,y)dxdy=0
.[:I:APZ,(X,y)xdxdy:o

[:[:A%x:y)ydxdro

Substitution of Eq A-S in Eq A-7 results in a
system of three equations with three unknowns, from
which

A-5

-

and

pZ(x.y)y dxdy=0

LN

py=traat) [ [ : [il il Bix,y) H axay

b A
8o=1/1y) [ [ [‘zli maOF(y H]xaxdy | A-8

9b=(l/lx)_[:£: [:‘5;" mL;Ap”;(x,y)H;]ydx dyJE

where I, and I, are the moments of inertias of the
foundation area with respect to x and y.

Notice that tgs A-8 ere independent of kg then
the sctusl value of this coefficient in Eq A-S is
irrelevant,

Frcm €gq A-8 and the Central Limit Theorem, Py
8 a ow'uD have naorieal distritutions. Frum Eqg A-J and
the rules of integration of stochastic processes
(Porzen, 1964):
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vor[p‘] :(\/16 ozbz)E[:{ ‘2‘:[5, Apﬂ(x,y)le}dxdy
. vor [p,] (1716 6%b%) % sz‘ HT{L?{:{AP?(X.Y)]ZGXGY}

vor[9°]=(i/l§ )‘”%s-‘: H,2 {ﬁ[:[&;ﬂ(x,y)]zxzdxdy} —A-9
var [8,,]41/1’,; ) lg:‘ 52. H.Z {Jf:f: [A;?.(x‘yfzryzdxdy}
g[n)- €6l E[8e)= 0

Tre inteqrals in the right-hand side of Eqs A=9
depend on the cedretry of the foundation erea and on
the pressure distributinn at the mean depth zy of
the corresponding sublayer. For a specific preblem,
i,e. for a foundation of given gecretry and rigidity,
those integrals are functions of zi only, and they
can be written as follows:

.’.’:I: [Ap?("vy)]zdx dy =aba’K,
D} (xyy) Ldxdyz@ba’ K &
L2112 (e e

[ ], [an (x| vty -ab’a? Ko

Here, Ki, r%iend r%i are dimensicnless parame-
ters depending on a/b, zi/A/ab and on the contact-
pressure distribution. They have teen computed by
numerical integration of Eos A-10 and are plotted in
Fizs 3 ta S for soth, infinitely rigid and infinite-
1y flexible foundations. The numerical integration
of Eqs A-10 in the case of flexible basas was per-—
formed using Fadum's {1542) solution for AR, The
method of integration for tne case of rigid rounda-
tions has been developed and described by Elorduy et
al (19s5). )
= ' SLtstitution of Eqs A-10 into Egs A-9 results
in the following:

N

Le AU CA-1Y

1 N
vor [Bbj = (9¢%16ab) |2| £ HIK, 2
»Vﬂ} ':T—n”-ifrﬁﬁj,» i
wrere, Py 98 and Oy ere normally distributed
random functions. *

Now, let p be the aversge of p(x, y) and po
that of Qg (x, y). Then from Eq 4,0 =Po + p4 and,
since p4 has been found_to be normally distributed,
the same holds true for p, its mean and variance
being , Y

var [ﬁ] = var [p‘] T

It is known that, for rectangular plates, the
difference in g, between the extrome case of zero
and infinite foundation flexibility is not larqger
than three cercent (Uarkan, 1953). Therefore, for
practical purposes pnd for overy deqgree of founca-
tica rigigity. Pg can te estimated trom tq 2 using
my = md; and Ap = Qpy, wnere

a pb
Lo = () ,’401_\).[0 I“_A;;":(x,y) dxdy =a;q

{s the average of tne stress {increment tor tha {=th
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subloyer, correeoonding to a uniform load distribu-
tion ovg{ the foundatign erea. fThen in €q A=12a
— 3
P X, m:il.\p‘:Hi=Z‘m3vlq oM. ... A-1i2b
i Vv
Tha coefficient 43 has been computed as a func~
tion of a/n and zi/~/8% and is given in Fig 5.
Eqs A-11 togatiher with Egs A=-12a and b cnnstitute
the mathematical solution to the proposed problem,

Determining the statistical €9il maramelors

tet Evi reoresent experimental values of myi fram
iazoratory tests on samples of tha i-th sublayir. Then

Frui * (1/80) [ mylx,y) A
¢
wnere Ag is tha cross-sactlon arca of the test speci-

men for which myi was determined.
Therefare

vor[’rﬁVl =(l/A°)zvcrj; my (x,y) dA
9

From the rules of integration of stochastic proc
esses (Parzem, 1534) the variance of the integral in
the rimrt—fand side is )

of { '[: cov[mw(\’ﬁ),’mﬂ(\_/vz)]dA,}dAz

icire €4 A-3 into the last integration:
201y i

vor J myid= [;{j;s-lsw.—vzma} dAz=jAsf Az Aoss

Su%stitutiaa of this in the equatio% for var[avﬂ

yields 2
s, = Ay var [m“]

Now, myi may be written in terws of Cri, the
compression retio, as follows

i ® (Cof Bp2) log, (1+BE/ 0oi)

where poi 5 the effegtive vertical stress in situ
for sublayer i, end lldi = &iq has been previously
defined,

Then, myy and s tecome:

m?,= (T,i/2;q) logl1+aiq /poi)
2
2 = Ayvar[c] [“/ﬂaq) log,o("aiq/poi’]

-

1 &
Tz 2 Cn

an i = 2
var[ca] - [ 1§, [c},- Tl
‘:
C}i (=12 oo n) teing 8 set of n experimental
values of the compression: ratio for the i=th sutlayer.

Simplifving the rosults

In the gercral case, the in situ vertical stress
Poi should be written:
p;i = pl“l,-‘)’Df .
where pi 1s the vertical stress in the subsoll teking
the geotn of foundation Of as tha datum, end ¥ is
the average unit waight of tha excavatad scil. Further
more, .

De=lQ-a)fy -

whers @ is the gress pressure on the soil-foundation
contsct arca. Thersfere
pci=pi+Q'q
and, in Egs A-13a
leg{1+ag/p, )= J[ Q-gli- }/ Q-?
CYM T/ P, OJI\.~Lpi+ Q "o’;/\pi* qQ

whose evpansion in a Taylor's serles gives
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SETTLEMENT-CONTROLLED DESIGN

[q/\p,O !Zﬂ.!/””q/(yolj }

In many cases tru ratio a/(pg ¢+ ) #i11 be much

"~ smaller than unity (1n fact, the heavior the structy
re ang the more coworessible the founiation solil, ths
smaller thot ratio will be), Thus the first term of
the series will generally suff&ce as an approximation,

i.e.,

log,, (1+x,q/p,) = @,0/2.3(p*Q)

Then, from Egs A-11 to A-14 the following re-
sults ere finally obtuined:

a) The average tettiement, 5 , is a normally
distritutea randam function, Its expectation and
variance are

E[] qf.f, | . .....30
var [] = (q/lsob)zf N S 3b

where

P s f,iH- @;/2.3 (p;+Q)

< Aovar[c] /T2

b) The rotations in the directions of the long
and short axes, 8, and By respectively, sre noraal
ly distributed random functions. Their cxpectations
and variances are

Ef6d)- €[65] = 0 .....40

r
vor'_Gq] (9¢?/16c®b) 7 2K 2wl ad

-

vor[o] (949%/160b%) Zf Kirgy v/ o

Notation
a

half the length of the foundation area
area

cross-section arca of consolidation speci

mens

hal® the widtn of the foundation area
initial cost of the nroject

compression ratio for the i-th sublayer
mean valug of Cpry

total cost of the project

present valuz of the cost dus to tilting

present value of the cost due to settle-
ment

constants (se2 Eqs 23)

degth of foundation
mathematicel expectation of
F2, functions (see Egs S and 6)
height of the structure, in moters
total thikness of compress.tle subsoil
thickness of the i-th sublayer
integers ’

»

moeents of inertia of the foundation area

coefficient of subgrade reaction
dimcnsionless paraneter (see Fig J)

coefficient of wolume change for the fi-th

sublayer

mean value of m |,

deviaticn of m ylfrom the mean
experimental value of m N

nuwter of experimental values ef C_,

-
nuTter ¢f sublayers used in the nunerical

intogration

effectiva vertical stress in the subsoil
taking the depth of fourdatio as the
datum

22

effective vertical stress in situ

e prubability

averege nat pressure increment on the founda
tion srea -
gross pressure on the foundation area
optimum value of a, for cost minimization

a dimecnsionless paratetsr f:ee Fig 4;

a dimensionless parasetsr (see Fig S

a measure of ths variance of myy (see Eq
A-3)

valug {in the standurd normal distribution
such that the protability of a deviation
numerically areater tnan u{P) is P

a mcasure of the coefficient of variation
of myi (cze Egs 3c)

variance of

pasition vector of en elemental volume of
soil

coordinates (see Fig 2)

a dimensicnless parameter (ses Fig 6)

unit weight of the soil

Dirac delta function

net vertical stress increment, in sublayer i
deterministic component of [&pi
deviation of Ap; from the mean
value of Apg st z = O
doterministic corponent of Apg

deviation of Apg from the mean

rotation of the foundation

rotation of the foundation in the direc-
tion of a

rotetion of the foundation in the direc-
tion of b

permissible value of 8

scitlement at point {x, y)

deterministic component of (o (x, y)
uniform settlement due to the random compo
nent of compressitility

the average of p (x, y) over the founda-
tion area

the average of p (x, y) over the founda-
tion area



