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The dcs1gn of ~t~ctural mc~t~rs reQuires a
knowlcd~e of Po (", y), wllose CDr"Dulat10n on u"tgmin
i~tic grcunds is 8 proble", dcdlt WJ.th elsuwhsre -

(So",rncr, 196:); Flol~5, ~9;.,')}. On the othcr h~n;f, IOn
a..alysis of ~'e overall b~hav1or of d soil-~tructurnsyster. 

for the purr,053 of its rational design, is po~
s1ble only if the orob,~bility di5tributions of &~ ana
Bb , and that of tne !!ver!!(;e settle:rcnt, p , can beestimflted.

The methemat1~1 derl.vation of those distr1b'J-

tio.,s is pre~ented in the .~ppendi". If, as usual. l~g
settla,r~nt computation is carried nu:nerically after
sutJcivisir)n of tr-~ cc~pressible stra-;'d into N horizon

-tal sublayers ~u(")-. t:h"t e..ch or tht! variables "'v ""U-
Ll p is BPoroximetely the Sdmc throlJGhout the t.,ick-
neS5 of the CDrre~pond1ng sublayer, then the reslJlt5
are as follow.

RESENO/Z unci HERRERA
Fur~hermore, there is some experi~en~~l cv1dcnce ~Dlut1on

shlJ*in~ thAt, w1 thin " Qi'J~n Ilaturdl sail straluo",
;;he r,n~fficient of volu,"e ch~ng~, mv' b~h:1ves I1S a
nornally distributed rnndr1m vtiriilble. This is ~1'Qwn
in ~ig 1, .nere d8ta for ~'.exicu City clays and Ch1ca-
cn clRYs h~v~ b~en plottcd on prubAbility p~ner. The
fact tM5t paints correSOunoin'J to eAch of the5e clay
deposits lie approximately along a straight line
me'lns th!1t their freQIJoncy dl.strit::Jt1on is ""rroal.
c.o""oressibiU ty data for plottir,g Fig 1, ,"as tsken
from I~rsal and Mazeri (1959) and P~ck end Reed

(19511) .

2. The component of the foundation settlement a-
rising fro~ the random component of compressibility,
can be approxi~ated by a rigid ~ov~ment.

This hypothesis is rzi1~onl1ble for, at least,
those structuras *here the detrim~ntal consequences
cf tilting ~re most severe, such as towers, elcvated
tankS, tall or slender buildings, and machine founda-
tions, since all of them have high vertical rigidi-
ties.

4abq = total net load on the

foundation area

foundation area"
y

///~",",/~"",".
/,

x

~

a_,'
2a = long a~is of the foundation

I 2b= short a~is of the foundationz

Fig 2. G6o~etry of the fO'Jndation area

Then, in the frame of reference shown in Fig 2,
the 5ettle~~t of the foundatiD~ is described by

p(x,y)=po(x,Y)+PI+8ox+9by 1

where
Po (x,y) .df!t.erministlc component of settlement

p .~'ertical dlsplace~2nt due to th~ random co~
1 ~r'ei1t of com;;re:3:;ibility

80. rotation in the direction of the long axis
CT the foundation due to the rendom oo~po-
nun t of compressibili ty

8b .rotation in the direction of the 5hort axis
of the foundation due to the random compo-
nent of compressibility

3, The relaticnship bet...1en settlsmnnt, p , coef-
ficient of volume chanqc, end eFFe~tive vertic.~l stress
increment ~p, undcr c~ery point cf the foundation is

p : f; my ~p dz 2-

where H is the total thickness or the compressible str~
ta,

If the e~prooriate ~Rlue of ~v is used in EQ 2,
the vclt';!ttv or thts rul"tion',hip has been tJs"'.cn"trated

cmoir1c.111y' (Ske"'~ton and Ujcrru:n, 'S~7; Autl'1::!ge,

1~::4; ~'ged, 1964),

8) The avereqe settlement, p , is a normally
distributed random function. Its expected valuo and

its variance are given by f.qs 3 a ana b, respcctiViJly:

N
E[~]=q~lfj , 30

N
vor [p] :(q2/16(Jb)LfjKiVF/:1~ 3b

1=1
in .:hic:h, the slJb~cript i idpntifi~5 qvantitl.~'i corresponding tn the i-tn ~ublayer, ~nd -

fi: CrjHjaj/2.3(PI't"O)
1~ r 2 .., ..3c

vI: Ao vcr lCnl / Crj

Ao .cross-section flr~a of sl1ecimens in which d!J

tennin"tions of the c;,r""ressiorl ra':.io4 cri7
~cre "'!3de

Cri .mea.' value of the compression ratio (~,ee

Eqs A-1Jb)
var[Cri} .varifl~ce of the comp~5sion ra~io (see EQS

A-13bj
Hi .thickness of the sublayer
Ki .coefficient plotted in Fig 3
Pi -vertic.~l stress in the subsoil due to o~~r-

lying ~,oil, taking the d8pth of faund~tion
as the datum

g -gross pressure on the soil-foundation con-
tact area

q -net pressure increment of the soil-fou~d5-

tion contact arS3
Qi .coefficient plotted in Fig 6

b) The rotatic~s in t~e dirrctions of t~e lGr.g
and short axes. D~ Ilnd '8b, resoectively, are ""'l""'"Uy
di$tributed random functions. Their expectat!on'l and

variances are

E[So]SE[Bb]:.O .".,4::

vor [8.) ] = (9q2/IGO3b)~f~Kir;lvf/a~
}.-1 4b[] ~ 3 2.,22~ ,

vor 8b =(9q/15oti)LfjKj(bjvi/aj

? 2in wh1c~ ru1 and ru1 are the cocffic1e~ts plot~ed t~

Figs .\ ~"d 5 respo[:tl.velt. .,
The S~'1ti5ti("al SfJil pera'"elers Cri ar:d v"r[',-r!]

.i" £1"",:;-"1. tne co,"iJr-.;s,;iorl r~Llo i,. ",;(ir.(,) ,,;;
Cr .C~/l1 ..f:;J), ~h;':-Q C" 15 ,,',e c:'!Tprcc.J,.", if":,",- -.
l:1r t;.,c rcc-~"'~=-r";5Ion I.n.~"". W""II dpo11C."ul;;j "oj ":

i~ ti-,e it.i tial void .r~tto.

218



~

~

2
roi

0.50
K[

0.45

a
b=l

2
3

, 4
5/--

0.4

0.35

~

0..

0.25

')(./t/)\ \!/ /~ ~
\.. %/7

~'\~ X\\~. ./fII
""" v)(~\~ ' ;i ,\~,.. i'.!.;";

\ \ ' / ". '" ,.
\ ,,' .1 ' ./ I

,\\,' i ",I, \,\~, ' ," ,'
, " I /", I 1',,
:~;;;~

0.23L--LJ-L1ll,.. IIII;!~I'~I.III II...,
0.01 0.1 1 10 100

Zj /..fOb

Fig 4. The dimensionless parameter ~i
10016 q u(P) JF""; ,

18b I ~ q u(P)./f;
6

where

R~ u(p) is the vftlu~ in the st~n1Qrd ~ormal dislrlbu
ti,)r. ~uch th'1t trl£! Pf':::;dL'ilit)' 0" B C;cviutidn nu,.iJri=
c~lly grl!:t.'r lhun u{p) is P.

51'11iliJrly, ,frr:-. ~:;" 4, ~i1;'" '" :e:t'~t.rAry proba-
bi 11 toy" tnc rot:1 tio"~ of t"e fG""'~1,,ticn are

The das1on of evert foundation involves 5C,,'1J con
siderat;'cn r,..i"rdlng th.~ 5ct.tl£-rl'(':1t. that CIJ" be AlIa!:
cd ~:. t"llUt. ':"::"'Gi:ring tl-e stati 11 ty or tIle 5el'vicea-bi1itf of t~.!: st:-U=..ul'f: under design, or tho:;O of .

neigh~~ring c~n~,truGtio:1~.
-: 1-.,0 ftV"rage !;ettlr:;;,?nt allo"ltJln in buil~tn1S is

0

',0

ap"c~rin!J in the rcsul t~, can be c,-:rr,puted wi th' a £ood

approximation only on the basis of a nL:"oer of inci-
vidual Crt v~lues gr~ater than thdt usually cetcrmi~ed
for con\lention~l ~~ttl~"'ent ahal/"-'"' YF:t, this should

not be consio~red as a limitation of L~e p~e~gnt sta-

tistical ap:Jroach, since the compre5,;.ion ratic is,
more than any other engineering p~perty, clo!ely re-

lated to the natural ..ater CGrltent 0:' a clay.. ,Conse-
quently, a large nu~ber of values of Cri can be deter
mined at reasonable expense on the b3Sis of troat ralationship (Terzaghi and Peck, 1943; Deck and 4'ieed, -

1954).
Fro:'! [Qs 3 an[j the properties of tho nolT181 dis-

tribution, it follc~s th~t. with an arbitrary proba-

bili ty P, the av(!r",g~ ~ettlf"nent of CI foundat.on lies
" --

Figs 4 end 5 show that ~i and rEi for e rigid
foundation are always greater than thos~ for a flexible
one. Then, frQ~ Eq 6, tnc prol'abili ty of rotation~
exceeding a certain vulue increases with the vertical
rigidity of the structure, other factors being eQual.

DESIGN CRITERIA
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RESENDIZ and HER,'lERA

o.
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~~
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~~~
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~

u~ually 1imi t.,d by ~c permi::.~ible different;e:. in elevation betwEEn ~ame portion~ of the 3lructu.~ And -

their surrounuings, or by ti11! flflxibili ty of c",nnec-
tions for utiJ.itie'3 suc:h CIS wat"r lInn scwer!!;;e pipe-
lines, or el!OtJ, by the amount of settlcn-.i!11t ~,1ich
will not caUSI1 intolerable 031T1'JbC to structu~!)~ ncar-

by. I ICalling Pp the permiszible vertical movement. of
the structure, Eq 5 implies thc,t the Bvcrage vcrtical
displaccment will te srr311er th;]" I ppl ' with (] proba-
bility P, if the following in~qu,llity is satisfied

IQI~ I ppl/ [t tu(P)-Ir"f-;] 7
Si~ilErlY, if ap cenotes the permissible l"'Ota-

tion for a giv~n structure, the design should satisfy

the conditJon

8 = ./~r 6. Op
Taking Eqs 6 into account, it is seen th~t, with

a probability P, the rotation of ~e structure is within the pe~issible renge if -

iql6.8p/[uiP)~] 8
In thH cases of tall, rel~tively rigid structu-

res, the d~minant consiccratian in limiting the allo-

wable tUt!.ng is gene~911y h,.::""n sensibility. In fact,
according t~ SKemplon and ~~ac')~nald (1955), the value
of 8 where tilting of high, rtc;ia bllildin~s might be-
come visib~e is close to 1/2fJJ. whereas structurAl
dama~e p~b~tly start~ to t~ of concern for v,~lues of

8 approaching 1/150.
\lore generally, if the ~hift of the line of ac-

tion of the lcads du~ t~ tilting is ne;ligible, the

permissible rot~tian of rigid structures ccrt~inly
depends on the height of the structure, and only on

that.

'{ '\ \ ~,\ \Z;~
\\\ \ .: ;~..£--

.\~\ \\ li'I;Q:-::::.\, \ \ Il/o-? --
\ \~ \ \ Il/~"';---'\\' ".-:'.,.-0 .__L_}_IIIIIII~~~f~~i:1 1_u1Jill\~ ~I

0,2.3 .I

0.01 0.1 1 10 100
Zi /./OT>

2
Fig 5. The dimensionless parameter rbi

cti

On this basis, the followinG value is propo~ea
for the permissible rotatian of structures where hu-
man perception of tilting i.s the dominant factor"

9p:1/(IOO+3h) 9

Hero, h is the heioht of the structure in 1T12ters.
It is seen that Eq 9 gi~es 9 -1/'00 for h .U, which
is about the limit of perceptibJ.e deviations from
horizontali ty i,' a floor; and 8 h ~ 0.33 m for every
h. For intermeoiate values of h, Eq 9 gives values of
9 in agr~ement wi th the observ"tions of Skcmpt.on and
MacDonald ('956). It also excludes the possibility of
rotatior.s endangering stability, since the maximum
horizont~l displacement of ~,e t~llest structure is

limited to 0.33 '".
Regarding the allowable rotations of machine

foundations, Gjerrum (1963) mentions tnat 1/7:;0 is
the limit ~here difficulties are to be feared. In
tne l3ck of mare specific information, thi~ limit
might be used for 8p in tne casu of machine fo~nda-
tions.

When u~ino the d~sign apprJ~ch based an 611~w~-
ble values or o;e\Ctlement anI) rotation, the probabili-
ties of nat e~CEeJ1.n!J those vltluHS shouJd be st!l..cted
at a level co~sistent ~ith thc impli~,tion of each
event, i.e. excessive :;Ettl~,"erlt or tilting.

A crt tprion ba"c:i on cost r,int",izetion

Y;hen the nece3sary statistical information is
u\lailable, 6 t-ctter apo,o,"\ch to ~i-:-;i\'n L!. P,3S""j on
t:.e cor.ai tion or minirr.",. or "x'1e,;tLo GO" t (:OCt! for

.1nis ""uation ..a5 su':':c~ ,,~;j:ta t;,u oJ';.-.;:;';; t:yC"::-;-r.
rlo5Rnr:lueth, ot- the ;;;;i\lcr:;ir:!;Jd Necto"iJl Allt~n:)i".'\ de

"~-" ~n".I.:~~~.

Zi /;/ab"

F1; 5. The coeffici~~t ~i

220
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SfTTLfh\fNl-CO
cxat::plo Tur1o;strlt, \'-""2; R05en~lueU1, "..'..~:I, /Jccountl"g

for 611 Pll$~1blo ~,()..'rcE'S of co!;ts "no lne.r corr~-

soontj1nJ pro~it'111~:'t:~. Yet, till: ,TCt:-;::j h;1:: li:"11t"1-

tlL>ns bl!C8...!,i; cf ~r,~ lllck C'f cu3nti ,;, live 1nfnr""e-

l1on r\?clI/"':"'9 t...,;? rt:!ilt1on"hl" b..t.."pn cJ)st ana a age, nnJ ll,o! jiffi::ul tics of c\'3luilt ing some Do",;iblo

oulco~!,s of t..~e tjcsiqn in monet~ry tC~5.

'~.evpr, if th~!;c li~it~tions ~rfl kpot in mind,

the r""',l t~ or A (o5t-minimizatiorl !!:)oroacn ba~ed on

re6son~~le ~~su~.pt1~ns ar~ of 1nt~rL~t.

For the case u-,tjEr tj1scussion, it will be COIl-

sitjered that the cost of U1E S1:ructc.re is given by

, CT: Co + Cp + Co

where

Co .initi!:l CO!;t

Cp .prPs~nt. value. of the cost due to settlement

Cs .pre::,ent val.."'. of the co~t Cl'e to tilting

It will be further assumea that

Co .C, + C2 Df
Cp .C3 P 2 ., , 10

Co .Ca e 2
where C, to Ca are constants and Of is the depth of

foundation.

Th../s, since Df .(Q -q) Iy , the expected t!)tal

cost is

E[CT]= C.+ Cl(Q-q )/y+ C3 E [p2] + C4 E[ 82
Here, fro!R Eqs 3

l
E[p2] :vor[p] +(E[p]) = q2(fl +Fo)

and, similarly, fro~ Eq~ a

E[8"J= E[e20 +C~]:vor[eal+vorrg"J : q2(~1 +F2)
-.; Ass'u--;;;;:n;: t/,e c,,~i~;rl l1ecision i,; "','C:cQttI;;;et~ 0,

the pre:unt value or- the ~~l tju~ tJ carnage oc-

curring at t .t, is its equivalent cost at t .O.

Then, if A is the rate of intere~t, the present val\~ -
ue i~ the cost at tat, times e-"'" Fig 7. Soil profile and p~perties for the example

_Tabl: 

I~utat1on of f, F~ ~nd ~2

I. 

v~

:(IO2rn2)

PI. a
P,z.,~ (ti 2

rai
2

rbiCri Ki
I : -4 .

L ;('0 m3/1c.~
j 0.20 79.2

..54.9
" ~.5
" 28.4
" 20.8
" 15.4

..12.1" 9.2

..7.6
'0.15 4.5
L'" 3.7 " 2.9

..2.4

..2,-L
I l:= ..e~-

1m}
iion/m2) ,

I 

f~~ y~1 .a~ .

l(toG m6/1(Y)2) IUo6m8/ton2)

l Kj .2 2
f .-v rbI (12 I I

l

(106..18 /!01'2)

2.
..
".
..
..
.
.
..
"
..
...

0.14
0.42
0.71
0.99
1.27
1.!:6
1.84
2.1?
2.40
2.69
2.97
3...5
3.5)
;;1,-82-

o.~I 
.7.:::1

10.600
n.~
0.410
~.335
in -,cn

-.~

IU.2';'::;
0.2151
O.1BQI~.'ro'
).1~
).115
I~

1.
5.
9.
12.
15.
19.
23.
27.
:n.
33.
3'J.
40.
43.
47.

'9.
23.
27.
.:().
34.
37.
41.
45.
43.
5'.
~5.
:08.
5'.
§!2,

~

9
"
"
,.
"
"
"
"
"
2
"
"
"
..

I

' 3.5=

1.82
1.2:1
O.iJ~
0.63
0.00
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! 0.09l
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~

1°.492 

0.4.'"":"
0.378 0..325
0.3~ 0.29"'

10.3:12 0.2811

0.2~5 0.283
0.200,0.,~'-'

1.3.277'1.2;;-
0.27& 0.333
0.2:30 0.3J5

10.283Io.xu
0.285 1 °.3:;7 0.2:~ 0.31'

0.2:14 0.315
.Q 2~lli 1

24.5
9.0
4.5
2.3
'.4
'.0
0.6
0.3
0.2

11.8
3.4
1.5
0.7
0.4
0.3
0.2
0.1
0.1

43.8 18.5

'1.2
2.9
1.3
0.2
0.1
0.1D. ,

--;5.9
f : i'i : 2.81...02 m3/lon .-

,.,
t ~ 2 Ki -6"8

FO = -r- b r fi --zoo w2 = --43.8 x 10 = 5.5 x 10 m6/Ion2
t"o i" a I tS,"IOx5, -

9 ..2 K. 2 9 -(;-9
F. = -=-J r I -+ v2 rai = .""" .-IB.5 .10 = 2..1 x 10 m4/lon2

IbO b -,,' (1-' t~x IO~Jx:>.
r 9 ~ 2 K., 9 -6 -

, L I --~- V ! -= ~ 15.9 A to
IGobJ .,'. ' (t': ,bl 16t 101125.-, -

= 7.2 x 10" m4/IO/\'r =2
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'TROLLED DfS/l-;N r
]U5C t'f th~se in [lCT gives:

E [cr1 = CI+C2IQ-q)/y .q:'[~(i2+F-O).C4(F, .Fz') 11

If 1-1» Dr. u,e functian~ f. roo r1 end F2 are

but vcry s11qhtly :;~n=-1tiv~ to d1!lnq~s in Or. which

..euns U..,t they c")n be con~icQred independcnt of Q.
ihus. tile condition for to mi"imum pf E [CT) hclng
OE[CT) I oc: .O. the fol1o..ing is obt9ined for cop.
the net ~ressur~ incrempnt th6t gives a ~1n1mum ex-

pected tottll cost:
qoP = Cz/2y [CJf2+FC) +C4(FI f-F2)] 12

A NUI.'ERICAL EXAMPLE

Consider B structure 50 m in hcighl wi l~ 2a-?Om.
2b. 10 m. Suppose three flours are required for

parking focill'.ics $0 that the spccc fro~ excavation
down to any d~pth Of ~ 9 m i~. in principlc. u~8blp.

The ~ro5S weigth of th~ founda~ion-~tr~clur~ ~y~
tem is cstimat~d to be W .~ + 7G Of l ton~). with
Of in meters.

50
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9J
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!:o
ro
.10

eo
,40
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,w
.~
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~
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RESENDIZ and I{ER~ERA
Tne soil profile Bnd proDert1os ~re snawn il1 of the orden of 0.1 "'~ or s"",ller-, the contn:llling

Fig 7. par"m"tr,r is f, while f.-c)' r-, nnd F2 nave pructic..111y
The foll02\.n9 1s to be det"rm1ned: no effect on des1gn d2cisions.
a) Tne m1nimum ;)f for wniu1 t'1e probau1lity of a

rotation .ithtn tr,e pef"'issible range given by (Q 9 CO~CLUSIONS

1s 0.99
b) The minimum ;)f for wr,ich the orobability of 1. From st."1tistic."11 cnnsid"r.ltionz, the avf!r~ge

an avera"e settlement less thdn 15 crn is .0.95 settlE:mel1t of e fotJnUdtion can be re'1~rue:J I'IS a nar-
c) I..ow the results for l") anu (b) co:r:plJre with mally distributncj ra':CQln function with '::e:.n '1nd vari-

the op~i~u~ Ceptn of foundati~n for the hyp~the~e$ of ance given by Los J
costs 4ivcn bi [os '0 unjer t:-:e follo~ing condit.ons: 2. Similarly, the rotations aroullu the principal

c1) Since the excavated space is usable, tne ini axes of the fou"di1tion are nor:nally distriDutr,d about
ti~l cost of the pro~cct is estim3te:J to in- zcro u~d tneir va~i3nccs ar~ 9iven by Eo~ 4
crease only dCGut J percent per meter of ex- 3. Other things b£in~. eQu~l, the probability of a
cdvatlon. Then in EQs 10, C2/C,~ 3x10-2 m-1 rotation exCFJeding a certain value incro3ses with the

c2) An average settleffient of 0.3 In is estimated rigidity of tns foundation
to imply B cost whose present values is aDout 4. The results pcrmit a rational epproBc~ to the
10 percent of t:he initial cost of the pra- d£Gign of founC:'ltia~s wnDze sett],erTent and rotation

ject. Then in EQs 10, C3/C, '::! 1.14 In-2 are to be kept ~ithin tolerable values. Furtnermore,
c3) A rotation of '/100 is estimated to imply a wnen informAtion is obtainable, or 8ssumDtions can be

cost with a present value of about '5 per- made re]arding the patzntial co~ts of tilt and settl~cent of the initial cast of the project. ment, tne results given can be used to arrive at a -

Then. in EQS '0, C4/C1 ~ 1.5 x 103 desicn that minimizes t;h~ expectation Dftctal-cost
--5. The methods of analvsi~ suacested involve com

.solution for the criterion of allowable_settlement putational WOr1< that is but'l1ttle~greater tran that-
reQuired in a conventional settlement ana],ysis.
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APOENDIX. UATHEI.~ATICAL DEVELOPMENTS

and

.A-6bDeter'!"ininq the probability 2f 5ettlcment and rota-
lion

The following are eQ~atians arising from the
hypotheses of the paper:

p(x,y}=p(1(,Y}+PI+8ox+8by 1
0 ..l H ..

p(x,y}= my(x.y} t:lp(x,y}dz 2
0 I

A-7

l °l b '
-0 -b l:.P>Jx,y)dxdy = 4 obq

1:1: l:.p'Jx,y)xdx dy =0

l °l b °

-0 -bl:.PO(x,y)ydxdy=O

where l:. Po is tile pressure increment on tile foundB-
tion area, 6Po is the value of ~rfi at z .0 a.,d q
is the 6veragg pres5urc ir,crement at the depth of
found(1tion.

From Eqs ~.-2 and A-6 it follows thatl °l b '

-0 -bl:.P~(x,y)dxdy=O

1:1: l:.p~(x,y )xdxdy=O

1:1: l:.p~(x ,yJydxdy=O

Substitution of Eq A-5 in Eq A-? results in a
system of tilree equations with tilree unknowns, from
which

5ettlcment an3lyses are usually rn9de by nu""cri-
cal integration of £0 2. after subdivi5ion of the
co~~re5sible strata into a nu~=cr of horizont3l 5ub-
layert' such tt;at mv and /). [) ,ire both approximl1tcly
con5tant throughout the thickness of each sutlayer,
under a csrt-C1in point of the founoation area..

From hypothesis 1. \;he coefficient of Vt.lume
dhange for thc i-~~ suclayer may te written:

mvi-~i+~i A-lwhcrc '
mei -mean value of mvio a constant for each sub-

layer
m~i -deviatio~ of mvi from the mean, a ran~om vari!

ble for eadh sublayer
Similarly, the net vertical stress incTl,ment may

be written

.A-8

,A-3

l::.p..=l::.pD.+l::.p'. A-2..
..here l::.r1 is the deterministic co'1lponer.te of 6pi,
end f:. pi is its deviation fro'" l\ pi.

Since "'vi is f) namally distributed r9ndom var!.
able, it follo""s that "'~i is nol,r;ally distributed as

well. Its mean end covariance are, respectively
E [ m~.] = 0 ..

cov[m~I(y:}.m'v.(:?~-CO"'[InyI(~ ),lnyi(\~1]: s~ 8(~ -V.;:) .

.herf! v,. V::c ere thf! po"i tio" 'lectors of f\rbi trary
volu"'e~~1t;~nt5 within tha c~r:-EJ~ponding ~lJt'1aypr.
8(v, -V2) i5 thS Oir~c d,"lta function anj sf is an

,

.here Ix and Iy are the moments of inertia of the
foundation 6rea with respect to x 6nd y.

Notice tilat tQs A-8 ere indE;pcndcnt of 1-:5; tt..cn
the 6ctu~1 v:lluc of this coefficient in Eq A-5 i5
irrelcvL'nt.

F~" Eq A-8 and lhH C~ntral Limit Thcorcm, P1 I
8 a c',:~vo h~ve nan"dl cti,;lrituti'Jns. From Eo A-J and
the ruJ es of intr:Qrntio'1 of stoChastic processes(Parren, 1964): -

223

SETT( fA~ENT -CONT ROLL ED DESIGN
RUTLfDGl, P. C. 1!jo34. .Su...'!Iary nnd Closln9 p.~dl-e5S", e..pirilei11 Ddrn",..ler .ho~,[1 L:tltemination i~ discu3:;ed
De:!tnn of' ro"n",,~iO"'5 '-"r l:::.ntr~l of ~cttl""'(?nt, in a latcr section of thi5 t.DDf'ndix.
Asl-t;-tv"r'ston,'p;-:-';:-::;:S17 Combining f;C!s It 2, A-1 nod A-2, God eliminating
~~(O, H. ~;. 1~.,:,1. "~~ttle~pnt ~"elyse5, A RJJview of the de~Brm1ni~tic com~nants:
Theory and Test1"q fJroceC1'Jrf!S" , ().."inn of Foun:1"- ~[ .n 0 :I
~n"'5 for (;~nlrol of ~e,-llt;Te"~,~[, t:vanston, PI +e(JX +ebY=i';1lm.,~.,.+!ITl.,.+m:")6p'~Hi A-4

where N is the numbcr pf ~ublayGrs used in the numerical intcgrntion. -
From the co"cept of the coefficicnt of subgrnde

reaction, the second term in the right-hand side of
Eq A-4 mey be writlcn:

N
';' ( 0+ ' ) A' -A',';j m.,j m,i L~ p,Hj -L.1 p;j k 5

where ~Po-is the v~lue of Qpi et z -0, and k!J is
an appropriate coefficient (Terzaghi; 1955). Using
thi:; in Eq A-4 yields:

6p~=¥~[p+eOx+eby-,~m~.f).p..Hj] .' ..A-5

From equilibrium conditions:

1.°1b ' ~po(x,y)dx dy = 4 abq

-0 -b

J:l:~pJx,y)xdXdY =0
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.R:ESfNOIZ and HERRERA

vor ( p 1:('1;60~b2)lo 1.b{i [5, 6~(x.y)H12}dXdY 5u~1l'y"r. G;Jrre!:o.")ndin;) t", a unifo~ lOt,d dlstrthu-
,j -0 -b 1'1 tion o"cr the founcat:icn Br"f?I1. Theft in Eq A-12(J

[ ] N 2 _
{l O(b[ 12 ""l 'i -~....vorP

I :(1/1602b2)~5,H~ J 6p~(x.y)dxdY J po=~m~if::.~iHi=~m~iqal.l'i'...' A-12b

1'1 -c .b ,-I ,-I
2 N 0 b the C"efficicnt (Xi has bE-en ccl1',puted as " func-

"or[e01=(i/ly)1;5:H~{l f [~;f.(:(,y)f~2d~di} ...A- tion of /JIb anL1 zi/,..f;j;-::i or,d is given in Fig ~).

0-1 -Q b 2 j 9 EQ5 A-11 tog3t..~r wi...h Eqs A-12Cl nnd b co,"stitute
vcr [eb]=(l/l~) ~I s~ H~ {fa I: [6~(~,y1 y2d~dY} the matheilllltical solution to u.e proposed proble:n.

E[PI]: E[eJ: E[8b]: 0
The inte~rels in the ri~ht-hend side of Eqs A-9depend on the ge:;",etry of the foundation clrea and on ' -

the preS5uru distribut1on at the mean dppth zL of

the corresP:Jndinp sublayer. For a !:.pecifLc proble""i. e. for a found a tion of qi "en gecl1'etry and rlgidi ty, .--~

those integrals are functions of zL only, and they

can be wrilt~n as follows:La f: [6p~(x.y)]2dXdY :obq2Ki '

1.°1. b [ A ] 22 J 2 2
-a -b up~ (x,y) ~ d~d)':a bq Ki ra;

10 f b( ]2. 2

-0 -b 6p~(~.)') )'dxd)':ob3q2Kir~i
Here. Ki. ~iand rti are dimensionless perame- --

ters depending orl alb, Zi/.;iib and on the C"ntact-
pressure distribution. They nave teen C':Jmpute:J by

n"..cric~lintegretion of Eas A-10 and are plO1:ted in Fi~s 3 to 5 for both. infinitely rigid and infinite- .

ly flexible founuations. the nur:1erical integroti~n

of Eqs A-10 in t~e case of flexible bases ~,3S per-
fo~ed usi~!J Fadum's (194i3) solution t-or i\ -.1'i. Th:: -

method of integration for the case of rigid r-ounda-
tlons has been dcveloped and described by Elorduy et
al (1955). -

--Sut.~titution of EQs A-10 into EQS A-9 ~esults

il) the fo~lowing:

A-130

.A-II

A- t3b

Q:!!:eT"'i"inQ t.he 5t1"!.,;ti~~1 !:~il ~3r3'"!!t'2r2

Let mvi reOre!icnt experimental valu~s of mvi fro,~
la=oratory test5 on s~.mples of thu i-th sublay~r. Then

mvi= (1/Ao)l mvl(~'Y) dA
Ao

wher~ Ao is the cro5s-scction erca of the te~t zpeci-

men for which mvi was dete"oined.

Therefore

var[mv.] =(I/Aofvarlmvl(~.y)dA
Ao

From the rules of inteGration of stochastic proc
esses (p9rz~n, 1534) the va~an,~ of the integral in-

the -' ~, --I side is

vcr mv,dA= lo{locov[mv,(~):mvJ~)]dAI}dAz
; £q A-J into th~ lHst i~tegr3tion:

vlJr rmVidA: r { (S~D(VI-Vz)dAJ dAz" J..s~ dA: AoS~
lAo .'\0 "Ao ~ ~ Ao

[ -1 Substitution of this in the c~uation for va. mviJ

yields 'l [-1S( = Aovar mV!J

Now. mvi may be written in te~ns of Cri. the

oampression retio, as follows

mvi: (Crll Kpi) 10910 (1+~i/POi)
where Poi is tha eff~~ive v~rtical stress in situ

for sublaycr i. cnt1 llPt a Cliq has been previously

defined.

Then, ~i and s~ become: ..

.m~i:(Cri/~iq)loglO(I+Qiq/POi)

S~ : AoVOr[CrJ [(I/Qjq) lo910(I+Q\q I Poi) 12

Here. 1 n .~
-'C' ICri = -n L. Crt

I"[ ] ( ,n ( i -12 vor Cri : 1/(n-lj~, Crl -Cri J

C~i (j .1, 2. ...n) being B set#of n experimental

values of the compressionretio for the i-th sublayer.

51"..,,11 fyinq i:h~ r~,;ul ts~_.~-- -~-

In the ger.cral ca~e, tho 1n situ verticals tress

Poi should be writtun:
p~; = Pj+yDf

,.hcrg Pi is the vzc-i;'c;.tl Etress ir, the SUC3011 te,<1.ng
tht: ~cpt., "f foul";,,tion Of 6S tha '~atum, en.j y is
the average unil we~ght of tna excavat~d soil. Further

more,

A -120

Df=(Q-q)/y .

_hare Q i~ the g~~~ pressure on the 50il-fo~ndation

contbct arcs. Th",e:-I1~
P:)j= Pi +O-q

an,i, in EQs "-13.1

ICYIO(l-,:-.:l q Ip )= iOJIJ r ptQ-q{l-a ~/{()+Q-..,)1
t C\ l .L I tj 'I"'}

wh:J5e e"O!1rlsi.on ion ..1aylDr's ~cr1.P5 91'.e5

va.. [is] = var PI]

It is known thet, for rcctanguler plnte5, the

difference in ,Do t.et.ec", thE} Bxtrcme C".a~e of zara

end 1.nfi"i tc foundation flexib111. ty is ,.,ot 18:"'1I;r
th'!n thref' cercent (UarK8n, 19:';:1). Ihe~fore, for

prectic'll pJ:"Po5rs and for ,,\"~ry degrP" or founC:a-

tic,' ri"iC1:.t',. Po c~tl! ~~ti",~ted tI'i)m [q ~ usi"q
0 ,\ ..m" -m"i and uP' UPi' wncrc

6p~;ll/4QL-)£1:l\~::l~.Y)d:\dY =aiq
is t"o avf:rrJge of tr1e 5tr"'-;~ 1,.,crernent for thu i-th
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\Nr-ere, P, I 8a and 8b are nomally distrlbutea
random ru,~ctions. ~

No., let p be the avErage of P (x, y) and po
that of po (x, y). Then from Eq ',p. po + P1 and,
since p, has been foun13_to be normally di"tribut2d,
the same holds true for p, its mean and variance

being '\:



'"

SETTlEMENT-CONTROt t ED DESIGN

a.v. f [ ."- '1. )1!'\ +Q- }) ,~fr I' .OJ_li2 -y 1;,, 1' I( .0 ']: ,.} "oi -Effective vertical stress in 5i tu
""J~P,\,iQ\a,:v\PI Q~2.3llQ\PI 'Jl\ u,,-..~q;J, IJ+ P -oprotJI1bilit.y

In m""y Cft""~, tt-.e r8tio Q!(Pi .,;) Nill be ,"uch Q -ovcrc;e n:lt prcS="rc increment on the found~
5"'sller th"" u"i ty (i II ~'"c t.. thc nc1vicr t.h!! struct~ tion en:~
re D"O the more r:.""or,,,,'.1111e tile rnun.",tto" ~"il. tr13 Q .gro!:s prc:;$uro on tho-: follndotion ares
~ 11pr th"t. r3ti,') .ill be). Thus the rir"t tem of Q p .optimum vDlue or q, for cost minimiZ8tion
the ~eries will ~en~r/)lly suffice es 8n 8Pproxirr.ation, ~ -8 dir::cn,.ionle55 par"T,et.sr (:;ee Fig 4)
i.e., -'- r~ -e dil",e,nsionless p'1rdfl,et~r (~;eB Fig 5)

Ion (1+-;zQ I p ) = a Q /2 3 ( p +0) s~ -s "'clOsure of triG varience of "'vi (sce EQ~IO I 01 1'1 I A-3)

The". from EQS A-11 to A-14 the following re- u (p) -valuo in the st8nd«rd normal distribution
sult5 ere finally obtlJincd: sl/ch th3t the prnt'i'bility of s devil1tinn

8) Tn~ 8v~rage !:ettle~ent. p , is a normally numerically ~rester tnon u(p) is P
distri~ute~ rand~m function. Its expectation end vi -s ~c.,~ure of the coefficient of vsristion
vsrisnce arc of mvi (~=e EQs 3c)[ ] N var [ ] -variar1ce of

E p =q ~ tj 30 .y. .p~5~tion vector of en elemental volume of
1.\ N .soil

vcr [p] = (Q/160b) ~ t~KI v~ /a~ ,." .3b x, y, Z, coordinates (see Fig 2)
,~I Qi -a dimensionless pur..."1cter (see Fig 6)

where -unit w~ight of th~ soil
; (V -V ) ~ Dirl1c delta function

t:.~.y~. -net vertical strcs,. increment, in sublayer i
3c ~~x.y). dutE'ministic co",pon~nt of c.. Pi

~p~(x.y) -deviation of l1Pi from the ",can
~pl(xy) ~ \'alue of ~Pi!Jt Z ~ 0
~I':(x',y) .d~t'Jministic corrr~nent of ~Po
~p:,(x.y) -d:!viation of ~po trcrn the mean
8 -rotation of the found'1tion
80 .rotation of the foundation in the direc-

tion of a
8b -rotction of the foundation in trle direc-

tion of b
8p -p~missible value of 8
P (x,y) .5cttl=",e;nt at point (x, )')

..".4b Po (x,y) -d"terministic co"':.~nent of.p (x, y)
P .uniform settle~snt due to the random compoI nent of con:prussi.Lility -

p .th~ average of p (x, y) over the founda-
~:;-J tion area

.p -the sverage of Po (x, y) over the founda-
".c ---~ a tion ares

f :CH.a/23 (p .+O)I rl I I .I

v~= Ao var [ CrJ / Cr~

b) The rotations in thc directions of the 1ong
end short axes, 8(\ and Bb respectively, ore norma!
ly di!'tributed rando", functions. Their c.'<Dectetions
end variances are

E[Bo]:E[Bb]:O 40

r ] 2 3 N 2 22 2'
vor l Bo = (9q 1160 b).L fi KirOlVi/aj

1=1

vor [Ob' = (9q2/160b3) ~ f~Klr;lvtICt~I J I .I .

Notation
ft --.helf the length of the f9und3tion aree
A .area
Ao -cross-section area of co~~olid~tion spec~

mEns
b .half the widln of t~~ found~tion area
Co .initial C~5t of the ~roject
Cri -compression ratio for the i-th sublayer
Cri -mean value of Cri
CT -total cost of the orojcct

.Ce -.-present valua of the cost due to tilting
Cp .present value of the cost due to s~tt.le-

ment
C, to C4 .constant.s (sea Eqs 23) #
Of -dcoth offoun~~tion
E[ ] -mathematicel expectdtion of
f, Fo. F1, F2, funct.ions (see Eqs 5 an,! 6)
h -height of tl1C structure, in ~ct~r~
H .total thiknL:S5 of compress:ble sl:;bsoil
H. -thickness of the i-th sub layer
i~ j, .int£(!ers
I ,I, .moo:""ts of inF;rtia of the follndation area
kX y .coeffjcient of sub:Jr.Jde reaction

K~ .di~cnsionless par~~eter (see ~-ig 3)
mvi .coefficicnt. of vulume chung/-! for the i-th

sub]ayer
me. .m~a" Vd]U~ of" m .

1'1 d ,. f V1. f .m ..f'"lat1.Cn 0 m. rom t,,!) C'.e3n
-'11 v'
m ..e.p'~rim!)ntnl v~Iue of m .
V1 ,.,

n .n.,.-.':.'~r of f'J<p'!rim,,":;al ""lues cf C .
N -nln:t.~r of subl..ycrs u~e.1 in the nu~~rical

in..c;;ration
p. .etfl'ctiv~ vcrtical str~"s in ~he subsoil1 ... r f .J"1lc.1.11g lh2 d..pln C our"':dt1011 as lhe

oalu.."
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