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This. paper is the second of a series devoted to developing a method of analysis based on the in-
tegrodifferential equations of leaky aquifer systems. In part | [Herrera and Rodarte, 19734] the in-
tegrodifferential equations were derived, and an interpretation for some of the approximate theories was
given in terms of the memory functions occurring in the equations. The same equations are quite suitable
for a systematic analysis of the errors involved, and therefore in this paper they are used to carry it out.

In recent years the theory of leaky aquifers has experienced

dramatic advances that have permitted it to go beyond many
of the simplifying assumptions that were used during the in-
itial period of its development. Indeed the theory has con-
tinuously been perfected, from the simplest model due to
Jacob [1946] and later improved by Hantush and Jacob [1955]
to more sophisticated approximations due to Hantush [1960].
Finally, the need to resort to approximate solutions has been
removed to a large extent by the construction of some
analytical solutions [Neuman and Witherspoon, 1969a, b] and
of numerical methods of analysis [Javande! and Witherspoon,
1969]. ,
Because of this progress it is now possible to analyze quan-
titatively many problems that were not previously amenable
to numerical treatment. However, approximate theories fre-
quently have a simpler structure than the exact ones because
they may depend on a smaller number of dimensionless
parameters and consequently, there are many situations in
which it is advisable to use them. To use approximate
solutions efficiently, it is essential to know accurately their
ranges of applicability. The study of the applicability of ap-
proximate theories also may be helpful in acquiring a deeper
understanding of the theory of leaky aquifers.

On the other hand, the system of integrodifferential
equations governing the dynamics of leaky aquifers that was
developed in part 1 [Herrera and Rodarte, 1973a] has been
used to construct a simplé approximate numerical method
[Herrera and Figueroa, 1969; Herrera, 1970; Herrera and
Rodarte, 1973b], whose range of applicability is closely con-
nected with that of Hantush’s approximation for large
values of time [Neuman and Witherspoon, 1970; Herrera and
Figueroa, 1970]. -

. The aquifer system that will be considered is made of two
aquifers separated by an aquitard in which the flow is vertical
(Figure 1). The following approximations are discussed: €))
neglecting the drawdown at the unpumped aquifer, (2) Han-
tush’s small values of time approximation, and (3) Hantush’s
large values of time approximation.

The analysis is made for the case of a well pumping at a
constant rate, but the results obtained for approximations 1
and 2 are valid whenever the drawdown is a nondecreasing
function of time, ' ‘

The main contributions about this matter are due to Han-
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tush [1960, 1964] and to Neuman and Witherspoon [1969¢]. In
1960, Hantush formulated his modified theory of leaky
aquifers together with his asymptotic solutions for small and
large values of time and proposed a range for its application
on the basis of the error analysis of the Laplace transforms,
Later, in 1964 he introduced a slight modification of the range
corresponding to his solution for large values of time. An im-
portant step forward was given by Neuman and Witherspoon
[1969¢], who compared their analytical and numerical
solutions with the approximate ones. o

The main shortcoming of the approach used by Hantush to
establish the range of applicability of his theories lies in the
fact that the asymptotic behavior of the Laplace transform of
a function gives information only about the asymptotic
behavior of the function in the time domain but there is no
way to establish accurately the error implied by the cor-
responding approximation.

On the other hand, Neuman and Witherspoon [1969¢] were
able to exhibit explicitly the error that approximate solutions
yield in the cases that they considered and establish some
rules for their application, but they agreed that a more com-
plete analysis of the error would be desirable. A brief discus-
sion of Hantush’s approximation for large values of time has
already been published [Neuman and Witherspoon, 1970;
Herrera and Figueroa, 1970].

When the integrodifferential equations for leaky aquifers
are used, the shape of the memory functions that correspond
to. each of the approximate theories can be exhibited ex-
plicitly, as has been done in part 1. In the present paper by us-
ing this approach a direct and accurate analysis is carried out,
which has permitted the errors for the drawdown at the
different parts of the aquifer system to be estimated.

It is difficult to define the relative error when the drawdown
in the unpumped aquifer is neglected. If the standard defini-
tion is adopted, the errors at the unpumped aquifer are large
at all times because the system starts from an unperturbed
situation and neglecting the perturbation implies a 100%
relative error even when the perturbation is very small. If one
is interested in finding out whether a theory is applicable to a
specific problem, this feature of the definition is unsatisfac-
tory because the theory is actually applicable in many
situations as long as the perturbation is small. Thus the fact
that the relative error is very large is irrelevant in such
applications. At the same time it must be observed that such a
definition is not informative because in using it, all that can be

said is that the relative error at the unpumped aquifer is very
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large, irrespective of whether the perturbation of the draw-
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Fig. I. The aquifer system.

down there is large or small: One can say that the deﬁmtlon
erases any information that we may have,

~This difficulty, which is very obvious in the case of the un-
pumped aquifer, is also present in the case of the aquitard.
Indeed the drawdown at the aquitard predicted by the ap-
proxlmate solution nécessarily tends to zero as one ap-
proaches the unpumped aquifer.

Thus in many situations the standard definition of telative
error.is not satisfactory at the unpumped aquifer and at the
aquitard. Consequently, it is necessary to look for alternative
definitions. Actually, which definition is the most convenient
one depends on the particular application that is going to be
made. In this work the relative error considered is obtained by
dividing the error by the drawdown at the pumped aquifer.
This definition has the advantage over the standard one of not
erasing the information that we have on the behavior of the
unpumped aquifer. There are applications for which it is rele-
vant, but it must be realized that there are other s1tuat10ns for
which it may be unsuited.

Through the use of that deﬁmtlon the bounds obtained for
the relative errors made by neglecting the drawdown in the
unpumped aquifer and by using Hantush’s small time ap-
proximation are essentially independent of the distance to the
well, but they depend significantly not only on the properties
of the aquitard but on the storage capacity of the aquifers as
well. Indeed they are monotonically decreasing functions of
the storage capacity of the aquifers. In the case of Hantush’s
approximation for large values of time the relative error has a
significant dependence on the properties of the aquitard, on
the storage capacity of the pumped aquifer, and on the dis-
tance to the well. -

_As an application the formulas developed here are used to
establish the range of applicability of the approximate
theories. The range of applicability is defined as that on which
each of the approximate theories considered yields errois that
are not larger than 5%. Through the use of this criterion for

all cases considered the ranges of applicability are larger than’

what Hantush [1960, 1964] had anticipated, a fact that is in
agreement with Neuman and Witherspoon’s [1969¢] results.
There is a possible exception to this statement: the relative
error in the case of Hantush’s [1964] approximation for large
values of time increases with distance to the well, and
probably, the range of applicability given by him is too op-
timistic for sufﬁcncntly large values of R. :

Apparently, the method of analysis used in this work can be
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applied to other problems of interest in groundwater
hydrology.

PRELIMINARY  RESULTS

In this section some known results that will be used in the
sequel are summarized.

When vertical flow is assumed in the aqu1tard the draw-
downs s,, 55, and s’ at the aquifers illustrated in Figure 1 are
governed by a system of differential equations [Herrera and
Rodarte, 1973a] that can be expressed in terms of the dimen-
sionless variables ¢/, ¢, and R; (i = 1, 2). In these variables this
system becomes - .

Po Lo (o) L as, -
R TR OR T \ot)eo “mar 19
62 ’ a ’
o o )
s, + — (@_,) = 9s,
aR‘gz Rz aRg af t=1 2 7% 3t,

_For a well pumping at a constant rate these equations must
be supplemented by the conditions

SR, 0, 1) = si(R, 1) (2a)
s'(R, 1, 1) = 5,(R, t') (2b)
sl(R’ O) = S2(Ra 0) = S,(R, g-’ 0) = 0 (3a)
together with )

lim s;(R; ¢) = lim s,(R, t') = 0 (3b)

R Row

asl _ _Q__
,},‘i’é RigR, = 2T (e)

=0

When the drawdowns are subjected to conditions (3a), they
fulfill (1) and (2) if and only if they satisfy the system of in-
tegrodifferential equations [Herrera and Rodarte, 1973a):

%, 1 asy 9s; 6s2 By ‘_951

aR: TR oR, ~ 1* o TR T anar @Y
9%, 1 3s, 6s2 asl _ 1 s,
ak: T RyoR, o tA ot an 0f (45)
’ . ’ ds, ’ L ,
sS'(R, ¢, t') = / TI/ (R, t" — 1({, 7)dr
Jo e
+ / ‘,;;;— (R, 1" — ol — ¢, 7)dr  (4¢)
) O

Here the notation for the convolution has been used; i.e.,
given any two functions p(r) and ¢(¢),

(ﬂmmﬁﬁw—ﬂwwr )

The functions f, g, h and w were introduced in part 1 and
are given in the notation, The first two will be called the
memory functions, and the last two the influence functions.

Let 3, and §' be the approximate values of s, and s’ that are
obtained when the drawdown s, in the pumped aquifer is
neglected. In this case, (4) become
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3%, 145, 9 _ 1 95

—1 —— - k=1 =

& TR ar L ot (6a)
and

, o, a8, , .

\4]{.}";')7‘\4‘(\‘.?)':"7/ (R, t") (6b)

On the other hand, the value s, of the drawdown predicted by
Hantush’s [1960] asymptotic solution for small values of time
satisfies [Herrera and Rodarte, 1973a] '

azs' N 1 as‘ f 9:91 — .L ig: (7)
R TRAR "o T an o
where
folt") = (w2")~ "2 (8)
and the drawdown s, predicted by Hantush’s asymptotic
solution for large values of time satisfies another modified
version of (6a), namely,
d°sy, 1 ds; as; 1 dsg .
n: T 5 ap — fr*or = 7 (9)
dR R dR ' dar @, Ot
where
)= 4366 = +0) [ gndr  (10)

Let p(#) and p,'(r), where i = 1, 2, be two functions and their
respective first-order derivatives defined for t > 0. When this
notation is used, the main properties of the convolutlon that
will be used in this work can be stated as follows

Pl*Pz*‘Pz*Pl (11)
p0) =0 (12)
then
i
(py * p2) = p/ *p, (13)

dt
If p, satisfies (12) and it is nondecreasing and. p, is non-
negative, then p, * p, is nondecreasmg, if in addition pz isnon-
decreasing, then

(0! * p)(1) < pi()p(8)

The first property (11) is well known, and it is quoted in
many textbooks of advanced calculus. The second property
(13) can be established easily by applying the usual rules for
the derivative of an mtegral when use is made of (12). The first
part of the third property is now obv1ous in view of the second
property (13) and the fact that :

(14)

pl’ *p, >0 (15)

Finally, when p: is nondecreasing \

[ 5 = it < ) [ 001 dr = miomat)
(16)

which can be derived by taking (12) into account.

ERROR ANALYSIS

In the appendix, expressions for the errors implied by the
approximate theories’ conmdered are developed, and the
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assumptions under which they were derived are discussed. In
this section the main results of the appendix are quoted to
supply a basis for the corresponding error analysis.

Neglectmg the drawdown at the unpumped aquifer. 1t is
shown in the appendlx that the errors '

bR, ') = s(R, ') = 3R, 1) i=12 (7a)

R, 6D =SSR, 1) — R, ) (176)

implied by neglecting the drawdown at the unpumped aquxfer
satisfy the mtegrodlﬂ'erentlal equatlons '

196, 601 a0,
= h * —2
Qar az’ + f* h* 5 (18a)
1 602 802 - h le X
o a:’ + f* = h 3 (185)
. , e a6, e
R, () =w(,t")y*— (R, t") + w(l — ,1)
ar’
(18¢)
The solution of this system of equations is
, 9l —q) 91 — q,) f‘: .
o= atr’ * at’ * at’ . (19a)
a1 — de.
02=_(_at7_222*a—?2*s1 (195)
o = [M%, Q) "” @t s t’]
dt
ad — g,
* A2y
o s (19¢)
where
q.(t') = @.(t' = exp (a.’t') erfc [, (1)
i= ,2 (20a)
e(t) =4 ) (—1)""n erfc ‘/*Hl‘ (205)
et') = 2 Z (—1)" erfc ( :’;“:\ (20¢)
e (5, 1) = 2 Z (— D" 'nfwy(2n — ¢, 1)
+ wi(2n + ¢, )] — [wo(dn — 2 — &, 1)
(4n — 2 + ¢, 1!} (204)
e @, 1) =2 [wldn — 2 — ¢, 1)
n=1
—wo(dn — 2 4+ ¢, 1] (20e)

Neglecting the drawdown at the unpumped aquifer yields
relative errors that vary at different parts of the aquifer
system. At the unpumped aquifer itself they are large at all
times because the systern starts from an unperturbed situation
and neglecting the perturbation implies a 100% relative error
even when the perturbation is very small. Therefore itis more
informative and relevant to compare the error 4, at the un-
pumped aquifer with the drawdown s, at the pumped aquifer.
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For similar reasons it is also convenient to compare the error
at the aquitard with s,.
Accordingly, define

a(t) = 6,/s, (21a)
&(t) = 6y/s, (21b)
€, t) = 0'/s (21c)

Observe that 1 — §,(t'), e;(t"), and e,'*({, t') are nondecreas-
ing functions of ¢’ that vanish at ' = 0. For the case of a
steady well pumping at a constant rate the functions s; and s’
of t' are also nondecreasing. Consequently, in view of the
second and third properties (12-14) of the sectlon on
preliminary results, (19) imply that

M — G, 91 — &)

a(t) < or ar *e, (22a)
et’) < c&l—a—t-—) *e, (22b)

a1 — g
e/(tl) < ( o7 q2)

[au — )
at’

For many purposes an estimate of the relative errors less
accurate than that given by (22) is satisfactory. It can be
derived by repeated application of (14) to (22), which yields

* e, V(¢ z)+<,2(’f')] (22¢)

a(t) < [1 = HOIL — &Mle()  (23a)
o) < 11 — Beslt) (236)

¢, 1) < 11— BN — (e, 1)
+eG, 1)) (230

In the limit when a,; and a,, tend to mﬁmty, the relations
(23) become

a(t) < e(!)

(24a)

a(t) < e(t') (24b)

¢, 1) S e V@, )+ &P @) = el ) (240
by virtue of.(A46) when the notation

eas, 1) = V(5. 1) + ea(S, 1) (25)

is introduced.
Observe that relations (24) hold for arbitrary values of a,,
and «,, because

0<1-40)<1 (26)

Therefore relations (23) and (24) together can be interpreted
as stating that the relative errors are bounded by those cor-
responding to the case in which o, and a,, are infinity and
that the relative errors are reduced by some corrective factors
that are combinations of products of 1 —¢, and 1 — g, when
those parameters are finite.

Hantush's approximation for small values of time. Han-
tush’s [1960, 1964] asymptotic solution s, for small values of
time assumes zero drawdown in the unpumped aquifer. So the
total error in the drawdown at the pumped aquifer implied by
this approximation can be written as
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oT = sl(Rv t’) - SS(R’ t')
=(51—31)+(31_Sn)=01_0:

where 8, is given by (17a) and
(28)

Observe that (27) can be interpreted as decomposing the total
error in one part due to neglecting the drawdown in the un-
pumped aquifer and another part due to approximating the
memory function f{t') in (4a) by )

[ = folt') = (m')"1*

In the appendix it is shown that an estimate of 6, can be ob
tained by solving the integrodifferential equation

03=S3—3‘1

1 a6, il
R R

nw_.

subject to vanishing initial conditions. In this case the solu-
tion is

a(l — @) 8e.
A aft'.ff— ar L 31
where
e(t) = 2 Z erfc ( ,,,,) 32)

and §,(¢') is given by (20q). Here again the functions 1 — §,,
e,, and s, are monotonically increasing functions of time
whose initial values are zero, so that relation (14) can be used.
Thus

o < M)

4 -
e(t)) = 8 ot we, (33)
A further application of relation (14) to (33) yields
&(t') < (1 — §ye, 34)

In the limit when a,, tends to infinity this relation becom_es
(') < elt') (35)

Again relation (35) is valid for-arbitrary values of o, because
of (26). Consequently, relations (34) and (35) together can be
interpreted as stating that for finite values of a,, the errors
corresponding to infinite «,, are reduced by the factor 1 —
¢:(t"), which is smaller than 1.

By virtue of (27) and the fact that 8, and 6, are positive
functions it is seen that the total relative error ¢, satisfies.

er(t’) = ‘Lgﬂ < ‘max (e, €) (36)
T
Hantush’s approximation for large values of time. Han-

tush’s approximation for large values of time satisfies (9), and

this equation can only be applied when it is possible to neglect

the drawdown at the unpumped aquifer. Therefore the

analysis of the error for Hantush’s approximation for large

values of time will be made under this assumption.
"Equation (9) can be written in view of (10) as

das, _
+R6R

aSL
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On the other hand, (6a) is

9’ 1ds 3 _ 1 os
5+ 5= —s * 376
ok T RaR E*3f “anar GO
By subtracting (37a) from (37b) the equation
1 96, 96, _ 9°0, 1096,
a, 9t ' 8 AR* T R AR
1 as;, aSL
T — gt 38
3ar &8¢ G®

is obtained. At points where the errors are largest, lateral out-
flow tends to decrease them, and therefore it is possible to ob-
tain an estimate of the errors by neglecting the radial
derivatives in this equation; when this is done, the following
equation is obtained:

1 36,

a, ot

S39 TET Y

39

To see that lateral outflow tends indeed to decrease the max-
imum of 6,, observe that the error A made when (38) is
replaced by (39) satisfies

1 oA

dA 9’0 1.
;‘:atl'*'f % o

af ~ 9R® T R AR

At a maximum, 86,/8R = 0, whereas 820, /0R? > 0. Then it
can be seen that 2A/8¢’ = 0. This fact is in agreement with
well-known results for the heat equation.

To obtain an approximate solution valid for large values of
time, (39) can be replaced by [Herrera and Rodarte, 1973q]

1 801, _ l (_35& 6SL
a, of =39 T & G (40)
Therefore
A 08, 2 . as;
r = aaG 07{/ — X p*GF ot (41)
where «,. 1s given in the notation
o aco & exp (—ngﬂ‘?l')
G = = = e
(t") / g dr =5 % = (42)
and
p(t') = exp (—agt' 43)
From (40) it follows that
0 O ( dsy, Bs,,) .
= - — = * * —
€1, s L aacG at' — Qg P G at sy
Here [Hantush, 1960, 1964]
t' 2
e AR ¥\ = - l I‘ avn [_m - R ] =1 g
da,. 7
2
=T W(a,? R) “3)

Range of applicability. This section is devoted to a discus-
sion of the range of applicability of approximate theories. The
results obtained in previous works will be compared with the
ranges derived by using (23), (34), and (44). The range of
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TABLE 1. Range of Time on Which the Drawdown in the

Unpumped Aquifer Can Be Neglected

= 10! g = 10° g = 10* Qgy = ©
Pumped Aquifer
=10° 1.23 0.54 043 0.40
agy = 10! 0.96 043 0.34 0.33
gy = ® 093 0.40 0.33 0.32
Unpumped Aquifer
0.50 0.16 0.11 0.10
Aquitard at ¢ = 0.2
L = 10° 1.10 044 0.34 0.33
0i = 10! 0.88 0.40 0.32 0.31
gy = ® 0.87 0.39 0.31 0.30
‘ Aquitard at § = 0.5
ag, = 10° 0.88 0.32 0.23 022
g = 10 0.80 0.31 0.23 0.22
ag = ® 0.79 0.31 0.23 022
Aquitard at § = 0.8
ag = 10° 0.68 0.22 0.15 0.14
g, = @ 0.65 0.22 0.15 0.14

applicability will be defined as that for which the bounds for
the relative errors given by (23), (34), and (44) are smaller
than 5%.

By proceeding in this manner, Table 1 and the tabulation
below as well as Figure 2 were obtained. Table 1 gives the
upper limit of the values of time ¢', for which the drawdown
in the unpumped aquifer can be neglected. Hantush’s approx-
imation for small values of time can be applied according
to this criterion at any time ¢’ smaller than the following
values:

Finally, Figure 2 gives the lower limit T,' of the interval of
time ¢’, on which Hantush’s approximation for large values of
time can be applied at the pumped aquifer.

It must be recalled that Hantush’s approximations assume
zero drawdown at the unpumped aquifer. Therefore their
ranges of applicability given in the above tabulation and
Figure 2 must be restricted further by this condition (Table 1,
the pumped aquifer).

The results contained in Table 1, the in-text tabulation, and
Figure 1 were tested by comparing them with actual examples
computed by Neuman and Witherspoon [1969a, b, c], and
satisfactory agreement was obtained.
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Fig. 2. The range of applicability of Hantush’s approx1mat10n for
large values of time.
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Neglecting the drawdown at the unpumped aquifer. The
studies by Neuman and Witherspoon [1969a, b, c] are the main
contributions that have been made up to now to establish the
interval of time on which this hypothesis can be applied.
Previous studies by the same authors [Witherspoon and
Neuman, 1967; Neuman and Witherspoon, 1968] are also infor-
mative.

The main conclusion of Neuman and Witherspoon [1969b, c}
was that the drawdown at the unpumped aquifer can be
neglected in computing the drawdownat the pumped aquifer

and the aquitard whenever
' < 107! (46)

Regarding the unpumped aquifer they only asserted that the

relative errors are large at all times. In addition, Neuman and

Witherspoon [1969b, c] observed that in the case of the
pumped aquifer and the aquitard the relative errors implied
by this hypothesis depend significantly on the properties of
the aquifers. However, this observation was not reflected in
relation (46), which is independent of the properties of the
aquifers.

In Table 1 the ranges of applicability of the hypothesis of
zero drawdown at the unpumped aquifer as implied from the
inequalities (23) are given. More precisely, the right-hand
members of inequalities (23) are smaller than 0.05 whenever ¢/
is smaller than the figures given in Table 1. It can be seen that
this hypothesis can indeed be applied everywhere in the
system whenever (46) is fulfilled, independently of the proper-
ties of the aquifer. However, this limit has a significant
dependence on the properties a,, and a,, of the aquifers, be-
ing larger than 107 for any finite values of these parameters.
The upper limit of the range of applicability also varies at the
different parts of the aquifer system, being smallest at the un-
pumped aquifer and largest at the pumped aquifer. The worst
situation occurs at the unpumped aquifer when a,, is infinity;
it is in this case that the value 10~! for the upper limit of the
interval of applicability is achieved.

Hantush’s approximation for small values of time. The
range of applicability advanced by Hantush [1960] for his ap-
proximation for small values of time is defined by the condi-
tion

10 “7n

Later, Neuman and Witherspoon [1969b, c] observed that it
could be enlarged somewhat, but they did not establish any
new limits for it.

The tabulation in the section on range of applicability was
derived from the inequality (34) in the manner explained
previously. It can be seen that the range of applicability at the
pumped aquifer of Hantush’s approximation for small values
of time depends on the properties of that aquifer and can be 4
or 5 times larger than the range that Hantush had anticipated.

It must be observed that Hantush’s solution assumes zero
drawdown at the unpumped aquifer, and consequently, its
applicability is further restricted by this condltlon as dis-
cussed in the previous section.

Hantush'’s approximation for large values of time. Hantush
[1960] stated that his solution for large values of time could be
applied whenever

=5 (48)

Neuman and Witherspoon [1969b, c] have observed that the
actual range of applicability was larger, but also in this case
they did not establish new limits for it.
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In the present work by using (44) in the manner explained
previously it was shown that the interval of time on which this
approximate solution can be safely used is a function of the
adimensional distance to the well R and of the adimensional
parameter

3a,, 1

3+aal

Figure 2 exhibits the graphs of the lower limit of the interval
of time ¢’ on which this theory can be applied for the values
0.9 and 2.7 of ag.. It must be recalled that the parameter a is
bounded by 3 and therefore the values chosen for a,. cover an
interval sufficiently wide.

Observe that there is a large region relevant in applications
in which the lower limit of the interval of applicability is 15 or
more times smaller than that given by Hantush [1960].

Finally, recall that this theory assumes zero drawdown at

the unpumped aquifer, and consequently, the note at the end
of the previous section is pertinent here.
-~ Herrera and Figueroa’s approximation. The computa-
tional method developed by Herrera and Figueroa [1969]
and Herrera [1970] simplifies significantly the computations
required in studies of leaky aquifers [Herrera and Rodarte,
1973b] because it uncouples the corresponding system of
differential equations. It can be thought of as a refinement of
those methods introduced by Hantush and Jacob [1955] and
Hantush [1967] because it takes into account the storage of
the aquitard. On the other hand, it is also a generalization of
the approximation for long times [Herrera and Figueroa,
1969, 1970; Herrera, 1970; Herrera and Rodarte, 1973a;
Neuman and Witherspoon, 1970] because it does not require
the use of the hypothesis that the drawdown at the unpumped
aquifer vanishes.

According to the results obtained in some applications
made so far [Herrera and Rodarte, 1973b] this method
predicts correctly the effect of the interaction between the
aquifers in many cases of practical interest. The times ¢’ for
which it can be applied are limited below by the values given
in Figure 2, but they are not limited above because vanishing
drawdown in the unpumped aquifer is not assumed. The
range of applicability given in Figure 2 was deduced on the
basis of the results obtained for an isolated well, but it seems
that it is wider in the case of regional studies, as will be dis-
cussed elsewhere.

Qe =

APPENDIX

Neglecting the drawdown in the unpumped aquifer. When
the drawdown s, in the unpumped aquifer is neglected, (1),
(2), and (3) for the correspondmg approximate solutions §,
and §' become

ettt G, -l aw
o4 o (Al5)

s ot
§'(R, 0,1 = §(R,, 1) (Ale)
F(Ri,1,t) =0 (Ald)
§$I(R,0) = §(R,¢,0) =0 (A2a)
lim§(R, ') = 0 (A2b)
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and

9% _ _Q
lim R T,

Ro» aR

Alternatively, (A1) can be replaced by (6).
On the other hand, the exact solutions s; and s’ satisfy (1),
(2), and (3). These equations together with (A1) and (A2) im-
ply the following system of equations for the errors 6, and 6"

(A2c)

a’o1 1 36, (ao') 1 96,
=) =% a3
9R’ T R R, 3t) oo — a0 A39

3%6, | 1 36, (6s’) 136,

BR, Rz aRz 6;‘ =1 B [+ 70 at, (A3b)
' _ a0 (A3e)
= ar <

9'(R, 0, ') = 6,(R, 1) (Ada)
02(Ra t’) = S2(Rs t,) = S,(R, 13 t’) (A4b)
9'(R, 1, ') = 6,(R, 1') (Adc)
8,(R, 0) = 0,(R, 0) = 6'(R, {,0) = 0 (ASa)
lim 6,(R, ') = 0 (A5b)
R—o» N

lim R 2%~ o (A5

vlﬂ\ R (Adc)

Alternatively, by virtue of (4) and (6), (A3) and (A4) can be
rc-p]au,i b}
a° H 1 06 d4, ao, 1 a6

- — — f % ; h* — = — —3 ; )
UR R] !’iR‘ ’ at + ! (”I’ Qy ot (Aba)
"’iﬁg‘L"‘”i,‘*@“/*i‘l— L NS
dR, ' R, dR, A Tl T L, o (A65)
’ ’ " :'0 e
0'(R, ¢, 1") = w(l, ') * 3 (R, 1)

dt
60
+ o =, ) * (R, 1) (A6c)

Here the errors 8, and 4’ are given by (17).

At points where the errors are largest, lateral outflow tends
to decrease them. Consequently, an estimate of the errors can
be obtained by neglecting the radial derivatives that occur in
(A3) and (A6). When this is done, (A3) yield

?_9_') _ 196
(a; fmo a1 OF (A7a)
o’y _ 1 96,
(ag)r- T a9t (A75)
%0 a0
9 T o (ATe)

whereas (A6) become (18).

The results to be derived are more easily expressed in terms
of the errors for the limiting case in which both ag, and a,,
tend to infinity. In this case, (A7) reduce to

3_1'> _
(ar =0 (A8a)
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(‘;—‘;)H =0 (A85)
‘;; g—f (A80)
whereas (A4) and (A5a) become
IR, 0,1) = LR, 1) (A%)
L(R, ') = s'(R, 1, ') (A9b)
P(R, 1, 1') = IR, 1) (A%)
L(R,0) = LR, 0) = I'(R,§,0) =0  (A9%)
Here
IR, ) = lim 6.R,¢) i= ,2 (Al0a)
2l
and
VR, £, 1) = lim §'R, 5, 1) (ALOD)
sl

Equations (15), (24), and (A8b) constitute a well-posed
problem for s’, whose solution is given by

as,

s'¢, 1) =e§, V) * 7 (R, 1) (Alla)
and consequently,
L(R, ') = e, *%‘4 (A11b)
where
of, 1) = w8, )+ 2 (= D'leo(2n + ¢, 1)
—w(2n — ¢, 1] (Al2a)
and e, is given by (20c). Observe that
e(t") = e(1, t') (A12b)

This well-posed problem for the heat equation and some
others that follow were solved by using Duhamel’s method
together with the method of images in a manner similar to
that used in part 1 of this paper. The details will not be given
here, but in any case the results can be checked by direct sub-
stitution in the equations and boundary conditions of the cor-
responding well-posed problems.

Equations (A8a) and (A8¢) together with (A94) also con-
stitute a well-posed problem for /’. The method of images can
be used to satisfy (A8a) and (A8b). When thls is done,
Duhamel’s method yields

3
U'(R, ¢, t') = es(t, 1) * (Tj (R, ') (A13)

where
e(t, 1) =2 E {(—1)"'nlwy(2n — ¢, 1)
+ w@n+ & O = e V@, 1) + e, ) (Al4)

and e,V and e,? are given by (20d) and (20e). In view of
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(A9a), (A13) at { = 0 becomes

LR, 1) = ) * 55 (R, 1) (A15)
where
e(t) = e 0, ) = 4 3 (—=1)"*'n erfc (n/1""?) (A16)
n=1
which establishes (2056).
On the other hand, (A6c) implies that
L, al, ,
I'(¢, ")y = (0. )* 5 (R, 1)
ot
‘ . al, ,
+ w(l — ¢, I')*TI7 (R, 1) (A17)

Tt is convenient to recall that the first term of the right-hand

member of this equation vanishes at { = 1.and takes on the

value /, at ¢ = 0. Similarly, the second term of the same right-

hand member vamshes at ¢ = 0 and takes on the value /, at {
= . Hence

w(f 1) * 7 (R, 1) = e, Ve, 57 (R.1) (Al8a)

and

w(l — ¢, 1) * ::[ (R, 1) = e,*(¢, ’)* (R ')
(A18b)

because both members of these equations satisfy the heat
equation (A8¢) and assume the same values at { = 0 and
¢ = 1. This last faét becomes clear when it is observed that

eA(l)(l_’ t,) = eA(E)(O’ 1') _ (A19a)
eV, 1) = el(t) (A19b)
e P(1, 1) = et (A19¢)

and (A11b) together with (A15) is taken into account
Equations | \I 15), (A13), and (A 15) give the errors for the
case in which both a,, and «,, are infinity in terms of the

drawdown s, at the pumped aquifer. We proceed now to

generalize the results to the case in which a,, and a,, are

finite. To this end, take the limit when «,, and a,, tend to in-
finity in (18a) and (1854) to obtain
h * ':”i = | * ‘—:’[1,— (A20a)
at dt
as, al,
h* FYg = f=* ar (A20b)
Therefore (18b) can be written as
1 86, 602 _ al,
Q2 at’ T =1 or (A21)
Let g,(t"), where i = 1, 2, be such that
oq, *f=1—gq; 20 (A22a)
which implies that
4:(0) = (A22b)
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Then in view of (18a), (A21), and (ASa) we have

0 = aag: * h * 6—02 (A23a)
ot
and
[}
b = gy * | O (A238)

These equations can be transformed by means of (A22a) into

al
=1 —g)*77

(A24a)
a qz) alz

0, = a,q, * h* ar at

(A24b)

where it was possible to use (13) by virtue of (A225). Finally,
the error 8, in the pumped aquifer can be expressed in terms
of 1, by using (A20a) and (A22g). In this manner,

_ _ a1l — g5) 59__11
=0 —q)*—=—7 * o’ (A25)
In view of (A6c), (A24a), and (A25) it is possible to write
(1 — g5 . [9(1
4 —
6 ar ot
:] (A26)
1 ds,
Y. (A27a)
s, s
e = or 0<t< ® (A27b)
5,/(R, 0, ) = s.(R, 1) (A28a)
lims,(R, ¢, ) = (A28b)
o
together with
5, (R,0) = s,(R, {,0) = (A29a)
lim s,(R, ') = (A29b)
R—w
0 y
ler‘l‘ R, 3R1 = 0T, (A29¢)
Alternatively, (A27) and (A28) can be replaced by (7). By sub-

(A1) and (A2) from (A27). (A28), and (A29a) the

ing equations are obtained:

(aﬁ:> _ 146,
("5" t=0 Oyt (l'

9*0,” 94, )
L e 0<¢<1
ac at = =

(A30a)

(A30b6)
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6,/(R, 0, 1) = 6,(R, 1) (A3la)
6,)(R, 1,¢) = 5s,(R, 1, 1) (A31b)
8.(R, 0) = 6,/(R, ¢, 0) = 0 (A32)
which characteriz.e the €rrors
0, = s, § (A33a)
6, =s' & (A33b)

In (A30q) the terms contalnmg radial derivatives have been
eliminated by a reasoning similar to that used to obtain (A7),
On the other hand, from (6a) and (7) it follows that

1 46, , , 06 as, ds,

o, 7(71 T Jo * E? = Af * 57 X Af * 6[7 (A34a)
Here
= = __.__2_.___ - —n3/t
Af =1 = o= iy 2oe (A345)

It is convenient to introduce now the auxiliary functions

(R, &), 0", ¢, "), and 0'"'(R, ¢, t');

defined by the following set of condmons

!:4“): 'y (’9,,6 Iy

they are

3z = a7 0< < (A35a)
S"(R,0,1") = 5,(R, ") =~ s5,(R. 1) (A35b)
lim §”(R &t = (A35¢c)
t=a :
§(R, ¢,0) =0 0<{{{< ™ (A35q)
320 r 60,”
a;i._ = Y 0<{i< = (A36a)
8.(R, 0, t') = 0/(R, 1) (A36b)
lim 6,”(R, ¢, t') = 0 (A36¢)
R—=
68,”(R, ¢,0) = 0 (A364d)
- =" g<r< (A37a)
d{ dt
6,”’(R, 0,1t = (A37b)
6,""(R, 1, ¢') = §"(R, 1, t) (A37¢)
6,”""(R, £,0) = 0 (A37q)
With these definitions it can be seen that
0 = 6, + 6, 0’<';<1 (A38)

The llmlts of 6,, 8,', 8,"', and 8,"' when a,, tends to infinity

will be represented by /,, /', I, and /', respectlve]y With the
use of this notation, (A30a) implies i in view of (A38) that

(@L"/68)-0 + (21"'/88)tu0 = 0 (A39)

It is now possible to obtain §", I'", l,", l', and I,
successively. From, (A35) an cxpressmn for §” in terms of s,
can be derived. Then (A37) determine /,'"”’, which can be used
to obtain /" from (A36a), (A36c), (A36d), and (A39). Fi-
nally, /' and 1 are given by (A38) and (A3la), respectively.
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By proceeding in thns manner the following equations. are
obtained:

§(R, ¢, 1) = wo(t, 1) * (R ) (A40q)
ds, ,
LV'(R, ¢, 1)) =e," (¢, 1) * ,w; (R, 1") (A40b)
{ A(R. . l’) = ¢,/ (¢ 1’y * ,:\ (R
L'(R, ¢, 1) = e/(f, 1) as, (R, V) (A40d)
LR, V) = e,(t’) * (R t') (A40¢)
where
e 5 1) = 3 [wo(2n — ¢, 1)
n=1
w(2n + ¢, 1)) (Adla)
e (£, 1) =2 Y w(2n+ ¢, 1) (Ad1b)
. n=1
e/, 1) = Ll ¢, t)+w2n+ ¢, 1)) (Adle)
n=1 N
whereas e, is given by (32).
Equation (A34a) implies that
-~ dl, ds,
fo ¥ 7 R f* =7
dt dt
which allows writing that equation as
1 36,
aor T h
Consequently,
al,
b = gy * fo * at? (A44)
if §,(¢'), where i = 1, 2, is such that
aaiai * fo = - &.- (A45a)
and
g:(0) = (A45h)

The solution of (A45) can be derived from the formulas for
the yleld given by Hantush [1964, p. 336]; it is -

4(1) = exp (aa®t") erfc [aq(t)?) (A46)

Equation (A44) can be transformed by means of (A40e)
and (A45) into (31).

b,

bI

e(t")
ex(t")
eA(g" tl)
esV(§,1")

NoOTATION

thickness of ith aquifer, L.
thickness of aquitard, L.
function defined by (205).
function defined by (20c).
function defined by (25).
function defined by (204).
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eA(ﬂ)(g-’ tl)
elt’)
A1)

Sot')
Su(t)
AR

glt')y=

G
h(t")

K,

KI

L, ' 1

o
q1")
()

r
r/B,

R,

St

Sal
S’
S
S’

tpi =
T,
T,

W(u, v)

€s

€
§
we($, 1)

w(§, 1)
0
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function defined by (20e).
function defined by (32).

=14 22 exp(—n'n’t).

n=1
(wt')~ V2,
function defined by (10).
A"y = fold').
) — L
function defined by (42).
14 23 (—1) exp (—n'nt').
n=1
permeability of ith aquifer, L/T.
permeability of aquitard, L/T.
limiting values of 8,, 8', and #,, respectively, when
g and ag, tend to infinity.
pumping rate from aquifer 1, L*/T.
functions defined by (A22).
functions defined by (20a).
radial distance to pumping well, L.
HK'/Kbb')2,
r/Bi.
R,.
drawdown in ith aquifer, L

drawdown in aquitard, L.
values of s, and 5', respectively, when s, is taken to
be zero. ‘

values of s, and s', respectively, predicted by Han-
tush’s approximation for small values of time.
values of s5,, predicted by Hantush’s approxima-

tion for large values of time.

specific storage of ith aquifer, L.

specific storage of aquitard, L-*. -
storage coefficient of ith aquifer, equal to Syb;.
storage coefficient of aquitards, equal to S,'b’".
time, T. ‘

dimensionless time, equal to a't/b™.

at/P.

transmissibility of ith aquifer, equal to Kb, L*/T.
lower limit of the interval of dimensionliess time
', on which Hantush’s approximation for large
values of time can be applied at the pumped
aquifer (Figure 2).

well function for leaky aquifers.

vertical coordinate, L.

= K,/Sa = T./S,, LT

K'/S,, L*T-\.

S'/S.

300,/(3 + aq).

r/ab;[(K'Ss' /K, Ss).

Dirac’s delta function. e
relative error, equal to 8,/s,. ’
relative error, equal to 6'/s,.

" relative error, equal to 6,/s;.

relative error, equal to 6/s,.
z/b'.
erfc [£/2(¢')?].

1= ¢ =23 ™" /nr) sin nat.

n=1

sl - lfh L

6 =s" -8, L.
0r =5, — 85, =0, — 8, L
0, =5, — 8§, L. :
0[, =S"SL,L.

The dimensionless variables R, ', and a,; are related with
the more familiar variables r/B,, tp,, and 8, as follows:

Ri = I'/B[.
= [(’/BI)‘/l6ﬂ12]tDl-
ag = [48./(r/8)F.

Inversely, the more familiar variables r/B,, tp, and B8, are
related with the dimensionless variables R, ¢', and a,; as
follows:

r/Bt = R[.
tDl = aattl/Rlz.
B: = Y% aq.*R,.
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