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SYNOPSIS "Internal state variables" have received much attention in recent year,;, but as it has happened with
other developments of Continuum Mechanics, thele has been a time lag between the formulation of this theory and
its application to Soil Mechanics. In this paper, preconsolidation is defined as an internal state variable and
a theory of stress-strain behavior of soils based on this definition is then developed, establishing its connec-
tion with elastoplastic behavior. As an application, the Cambridge theory of "wet" clays is discussed, demons-
trating that it is inconsistent, because the assumed volumetric behavior implies non-vanishing elastic shear
distortion which is independent of effective pressure. This is precisely the actual behavior observed in the
laboratory and the results here presented prove that the introduction of a second yield locus is not necessary.

INTRODUCTION the actual behavior observed in the laboratory and
the results herc presented prove that the introduction
of 01 sccond yield locus is superfluolls. The theory
permits to determine easily thc distortional rcsponse
once the volumetric behavior is known. Previous
experimental work is supplemented with tests on clays
from the Valley of Ilexico and some artificial suils,
obtaining rcsults which confirm the predictions oC
the thcory.

2. THE BASIC CONSTITUTIVE EQUATIONS

For simplicity attention will be restricted to
isotropic soils. subjected to axially symmetric sLr~ss

states. The ideas presented are however. of more
general applicability. The stress parametcrs used by
Roscoe and Burland [5J are the deviatoric component q
and the mean normal stress P. while deformation is
specified by compressive volumetric strain v and
deviatoric (shear distortional) strain c. These
parameters are enough to specify stress and strain
states of the soil. because of the isotropy of the
material and the assumed axial symmetry of the
stresses. The relation between the volumetric strain
and the voids ratio e is

6V~-~ (1)
l+e

\~en a clay is subjected to stresses at levels occur-
ing in engineering applications. nei&hbouring
particles can get so close to each other that new
internal forces develop. These forces are such that
when stresses are removed they remain acting and there
fore. the soil elastic properties are modified; this-
is the case. for instance. wnen a clay is isotropical-
ly consolidated and then expaoded. The development of

the internal forces just mentioned characterizes the
phenomenon of preconsolidation. On the other hand.
if a preconsolidated clay is subjec,ted to varying
stresses it behaves elastically as long as the current
yield curve is not reached. but when the level of
preconsolidation is changed the elastic properties
are also changed. Thus, two samples of the 6ame clay
differing only on their level of preconsolid~tion
constitute two different elastic materials.

In spite of some more recent investigations, thc two
most widely used theories incorporating the princi-
ple$ of plasticity theory ure Rowe'~ stress dil~t~ncy
theory and the Cambridge theory of "we tIt clays [5.1.
The first one of thcse theorics does not ~onsidcr
elastic strains while the second onc is un"ble to
~redict ~ny clastic distortion. In prcvious work
ll,z] one of thc authors has proposcd a mcthod to
develop constitutive rel~tions for soils whose mqin
characteristics are: rheological models bas~d on
clearly stated postulates; implications of the
postulates must be explored as widely as possibl~',
models must b~ constructed in succesive steps goin~
from simpler postulates to those of greaterccUli'lcxity
and development of artificial soils satisfying more
closely the postulates. This approach has led him to
revise the concept of preconsolidation [J], showing
that it constitutes an "internal state variable".
The concept of "internal state variable" developed
within the realm of Continuum Mechanics, has received
much attention in recent years [4], because it 'has
demonstrated already its theoretical and practical
value. Just as it has happened with other develop-
ments of Continuum Mechanics, there has been a time
lag between the formulation of this theory and its
application to Soil Mechanics, in spite of the fact
that it can contribute much to a better understanding
of many properties of soils. In this paper a new
definition of preconsolidation as an internal state
variable is given and it is shown that a proper unde~
standing of the phenomenon of preconsolidation
exhibited by many soils, requires treat inK pre~on-
Golidation as such a variable. A theory of Btress-
strain behavior of soils, based on this definition is
then developed and applied to clays; its connection
with elastoplastic behavior is explained. The model
is applied to the CaUlbridge theory of "wet" clays and
it is shown that the hypothesis of vanishing elastic
shear distortion is inconsistent; indeed, it is shown
that the assumed volumetric behavior implies non-
vanishing elastic shear distortion which is
independent of effcctivc pressure. This is precisely
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p

Fig. 1 Illustration of state boundary surface
on p-q-e space.

S 1

there will be an elasti~ material. Therefore, an
approach similar to Hill and Rice [4), is appropiate,
because this is precisely the type of situati~n
described by them. For every ~, deformations are

given by

V-F(p,q.~) ; C-G(p,q.$) (2)

Preconsolidation is frequently characterized by the
maximum effective pressure ever suppo,rted by the
soil; although such characterization is suitable
when ~ttention is restricted to isotropic paths of
stress (i.e. ~hen q=O), it is not so when anisotro-
pic stresses are included (i.e. when q~O). To
overcome this difficulty, here it will be assumed
th~t there is a function 6(p,q) such that

~(t)-~f6(P(T),q(T» (3)

where the shape of the function e is to be determin~d
experimentally. It ~ill also be assumed that elastic
defonnation is derivable from a potential [4J; i.~.

F (p,q.~)cG (p,q.$) (4)
q P

where subscripts stand for partial derivatives with
respect to corresponding arguments. It is straight
forward to show that eqs. 1 and 2 imply that

ecH(p,q.~) (5)
where Hand F are functionally related.

ed that his condition is not a law of nature
and that therefore, the class of materials
satisfying it, is necessarily restricted.
Drucker's condition will be incorporated in
the constitutive equations here developed,
because the class of materials satisfying it,
is wide and because its application to clays
has been satisfactory. Drucker's normality
condition states that plastic deformations
are orthogonal to the yield curvei using eqs
7 and B it is seen that this is equivalent
to:

). RELATION WITH A PLASTIC MODEL

~F .~C (11)
3q 4> 3p 4>

whcnever p,q satisfy B. Now. from 9 it
follows that:

30
fq(p.q)=Fq(p.q.e(p.q»+F~(p.q,e(p,q)3) (12a)

gp(P.q)=Gp(p,q,e(p,q»+G~(p,q,e(p,q)~) (12b)

Eqs 4, 11. and 12 together imply that
f = g' (13)

q p
Eq 13 is the condition for the existence of
a potential function t(p,q) such that

* = f and * = g (14)

A MINIMAL SET OF EXPERIMENTAL DATA5

Define the function p ($,q) by the condition
y

8(p ($,q),q) = $ (15)
Y

Thus, p is the pressure corresponding to the point
on the ~urrent yield curve for which the deviatoric
component of stress is q; it will be assumed that
there is only one such point. By direct integration
it is seen that for any p,q and $

p.
G(p,q,$)-g(p ($,q),q)+ I G (s,q,$)ds (16)

y II

Py($,q)
where s is a parameter of integration. In view of

eq 4, eq. 16 becomes

If elastic response is defined by
E dF dF E dC dG6v ~p~q i 6c ~p~q (6)

and plastic response by

6VP~~ ; 6cP-~$ (7)
d~ E P d$ E P

then dv=6v +6v and dc=6c +6c. With these defini-
tions the three basic postulates of a plastic model
are satisfied [4J. An increment of stress is called
"loading" if 6 increases and "unloading" if 6
decreases; the current yield locus is defined by

6(p,q) = $0 (8;)

where-$ is the present value of ~.
0

4. THE STATE BOUNDARY SURFACES AND THEIR POTENTIAL

Let f,g and h be defined by

f(p,q)=F(p,q,6(p,q»; g(p,q)=C(p,q,6(p,q»;
h(p,q)=H(p,q,6(p,q» (9)

Then, stress states on the current yield lo~us

satisfy

v=f(p,q),c~g(p,q),e=h(p,q) (10)

The last of eqs. 10 defines a surface (fig 1) on the
p-q-e space which separates those states which are
accesible to a given clay from those which are not.
Roscoe and Burland [5J have called it the "state
boundary surface". Similar considerations apply to
the surfaces d=fined by the other two equations;
therefore, it is natural to extend ~his concept and
say that each of the surfaces defined by eqs 10
constitute a state boundary surface in each of their

respective spaces.

Plastic models are usually supplemented with Drucker's
orthogonality condition. It has always beenreco~niz-
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~(p,~) ~(I,~)+f ~p(s,~).s (18)

1

which can be transformed into

g(p,q)8£ (q)+ f Pf (s,q)ds (19)
a q

1

using eq 13 ;tnd wr;.ting £ for g(l,q). Therefore.
a

f p (cjI,q) f p G(P.q,~)-£ (q)+ Y f (s,q)ds+ F (s,q,$)ds (20)

a q q

1 P (~,q)
Y

The function P ($,q) is determined by the function 6,

which in turn Is determined by the yield curves.

Thus, eq 20 shows thatwhen the volumetric behavior of

the clay is known, it is only necessary to determine

£2(q) in order to know the deviatoric behavior.

based on a set of hrpotheses which were introduced in
an ad hoc manner [Sj. However, it will be shown that
these hypotheses are inconsistent. A minimal set of
hypotheses for the basic (i.e., before it was modifi-
ed) Cambridge theory of stress-strain behavior of
"wet" clays is:

i) Wet claY6 pa44e46 can4titutiv~ equation4 with
p~ecan6otidation a4 an intehnal 6tat~ v~abl~ 0 6 ~I~
type that hav~ been heJI.e de4c1Lib~d, t~ch 6a.t.(.4 6Y
V~ckeJI. '6 na~y condition.

-U) Fa-1- ~veJI.Y p
).h (p 0) = -- (23)

p' p
wheJI.~ ). .£6 a con4,tant.

~I Fo~ eveJI.Y p and Ij)
K

Hp(P,o,lj) .-P (24)

whe/le K .£6 a con4,tant.

~v) Eia4tic 4~6ace4 aA~ VeJI.tical ~n th~ p-q-e 4pace;
~.e..

A manner of specifying the function H that will be
used in the sequel is:Ip (Ij» Jp H(p.q.$)-h(l.O)+ P hp(s.O)dS+ Hp(s.O.$)dS+

q 1 pp(lj»

+ J Hq(P.s.$)dq ,---

0

where the function pp(lj» is defined as the pressure
corre9ponding to the point of intersection of the
virgin isotropic line with the elastic surface
determined by Ij> (poillt A in fig 1). Eq 21 can be
obtained by intcgriltion along a p8th like CABO in
fig 1.

(21)

H (P.q.lP) = 0 (25)
q

vI The 6lope 06 ea~h yield lO~U6 i6 a 6unction 06
q/p (Jlt.ly; i. e.

ae ae--l/I(nl -.0 (26)
ap aq

wlleAe "-q/p and IjI i6 a 6un~Uon 06 11 .to be de..teJuntlled.

Hypotheses i) to v) would be enough to determine the
r\l~ological model, b~cause when eqs 23 to 26 are
substituted into eq 21 it is obtained

H(p,q.pp).ea+(~-~)log pp-K log p (27)

where as in [SJ, e stands for h(I,O). Eq 26 can be. d a
integrate to obtain I- Jq P d.,
e(p,q)=Po(p,q)~p exp ( ~) (28)

0

On [he other hand at any time t,
1P([):pp(t)zmax p (p,q) (29)

T~t 0

Consequently
IJ q p d

h(p,q):H(p,q,po(p,q)=ea-~log p +(K-A) ~ (30)

0

It is worth noticing that the only condition that the
function e(p,q) has to satisfy is that ic be constant
on each yield curve. If the function p (p,q) is
defined by the condition Chat p be theOpressure
corresponding co the point wherg the yield locus
passing through the point (p,q) meets the p-axis
(fig I), then the function p (p,q) has the property
of b~ing constant on every oge of the yield curves;
thus, e can be taken identically equal to p. When
this i~ done the preconsolidation parametero~. turns
out to be identical with Pp. If attention is.
restricted to paths of isotropic stress, then p =p
and pp=max p; however, in general, p differs f~om p
and it will be called "~quivalent cogsolidating
pressure".. The parameter Pp will be called
"equivalent preconsolidation pressure" and it is
given by

pp(t) -Max p (t) (22)
T~t 0

Notice that a clay is preconsolidated if the
equivalent consolidating pressure p is smaller than
the equivalent preconsolidation pregsure Pp; other-
wise, it is normally consolidated. Another fact
worth noticing is that a clay can be preconsolidated
even if the present value of the pressure p is the
maximum that it has ever sustained.

Eqs 1,2 and 5 imply
H h

F = !L and f =- ...!L (31)
q I+H q 1+11

In view of eqs 26 and 29, it can be seen that the
function Py(q,pp) is the so!ution of

- lq/py dr; $:pp.Py exp{ ~ } (32)

Substitution of eqs 27 and 30 to 32 into 20det~rloines
C(p,q,$) leaving £ (q) as an arbitrary function.

a

However, the Cambridge stress-strain theory adds the

hypothesis:

IIi.) fia.)tic 6/rC!a'l d~6t(l'ltion vaJ~hu i.dC!Itticattv;
i..e.

6. APPLICATION TO THE CAM8RIDGE THEORY

3C = ~ = 0
ap -3q

The Cambridge theory of the stress-strai~ behavior
of "wet" clays [5]. as developed for triaxial (axi-

(JJ)
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q
(a-I-a-,)
(k9/cmZ)

0.6

Effective confininQ pressure
0'3 = 1.00 IIQ/cml

Liquid limit WL = 385 %
Plastic limit Wp = 90 %
Initial water cootent w,=2.95%
Final water content w,=218%

Specific Qravily G = 2.65

0.4

o.z

Q~ I Z.4
£L %

Fig 2 Load an4 unloading in a remolded s~mple from
the Valley of Mexico. Triaxial isotropically
consolidated test.

1.2 I~

by v..:Jr..tlLe 06 eq 6.

It can be shown that hypothesis vi) is inconsistent
with the other five. Indeed, due to eq 33, C is a
function of 41 only. But eqs 11 and 26 together, imply

F4I(p,q,e(p,q»
.W("). G4I(e(p,~» (34)

where ~.q/p.. In order for eq 34 to be satisfied, it
is required that when p and q move along 8 path on
whicn e remains constant, P~(p,q,e), be the function
W of q/p only. If this would happen. it would be
very fortunate because Y$(p,q.8) and w(") were chosen
independently. By taking the derivative of eq 34
along s yield curve, it can be shown that for the
Cambridge theory of "wet" clays it would be required
that II1 -(11) dE;
l+eq-AIOgp=-$'(l1r[~~I1)+"] I (A-K) ~ (35)

0

which is impossible unless A vanishes, because p and
~ can be varied independently.

this work. Thus, the experimental results lead to
the following conclusions:

To remove the inconsistency, one has only to disregard
hypothesis vi) and apply eq 20 instead. Doing so
and using hypothesis iv), it is obtained

rpy(pp,q)
G(q,p p)~t (q)+ f (s,q)ds (J6)

a J q

I
where the variable p was droped out from the left-
hand side of this equation because the ri~ht hand
side is independent of p.

The fa~t that the elastic"deviatoric deformation given
here by

i) Keeping the equivalent preconsolidation pres-
sure fixed, distortional deformations are independent
of cffec[ive pressure; and

ii) B~neath [he yield locus, distor[ional deforma[ions are r~r;overable and tllo:refore, elastic. -

I'll is is prt't"i5ely th~ bchaviClr predicted I.y tile
[henr>' here developed.
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E
dE .Gq(q,pp)dq (37)

is a nol1-vanishing quantity independl!nt of P. WilS
found experimentally by the Cambridge ~ro"p [5].
Howev~r, in order to acrount for it. thQY introduced
a second yield surface wbich as ir has been shown, is
not required. The practical valu~ of cq 3& stems from
the fact that deviatoric behavior can be dedured from
volumetri~. behavior with economy of experim~ntal work
required.

EXPERIMENTAL RE$lILTS

A serie~ ~f labnratnry tests w~r~ rarried l'ut nn
clays from the Valley ~f Mexi~o. as w~ll as in s~me
artifil-ial ones. An example nf the re~ults i~ shnwn
in Fig. 2.
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!t is clear from this figllre that excppt for a notic~
able hysteretic effect, distortional deformations are
reC"overable and therefore are non-plastic; this is
not ~urpri~in~ bet:au~e exp..rimentlll r"sl,ltl' ()btained
I-y ()rher lIurhr-r!' al~o C",'rresp,'nd ro thi~ kind of
I-ehllvic-r. Indeed, Ro!'C"oe and Bllrll1nd intrl\duced a
seC"ond yield 10C"U5 tl' aC"C"()unt for di~t~rti~nal
dpf~nnllri('n in spire ()f the fa,ot rhat thl" C"laY5 th..y
used in thpI\r ()wI! pxpprimental w(lrk exhibit rl?lonvt!r-
able distortional deformation beneath the first yield
curve (see for example fig 4 of reference [,J) and
therefore contradicts the assumption of plastic
behavior in this retion,

Results obtained previously by other investigators
151 ac~ording to whi('h distortional deformations are
independent of effertive pressure ben~ath the yield
lo~us. have b~en confirmed in the clays tested in


