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EXTENSION OF TH~.CRANK-NICHOLSON PROCEDCRE TO A 


CLASS UF INtEGRODIFFERENTIAL EQUATIONS 


Robere letes(!) end Ismael Herrera(! & 11) 

Abstrsct 

'he Cr8nk~Nichol~on procgdure ia vide!, uRod 88 a atep 
.by at@p intcgration tbtbn!quo tor otdinary diC!tlrcntial 
·equatione. The 6pplic~tion oí thie procadura to integro
differential equations, however. la not straight forwnrd. 

Thie paper gives an extension of the Crank-Nicholson procedure 

to a claaa of integrodifferential equation~ vith a singular 

kernel. Aa an exsmple, the mcthod ia applied to the integro

.differentisl equationa of groundwater hydrology. 

l. 	 !ntroduetion 

The Crank-Nieholaon proeedure la widely uaed as 8 Btep' 

by atep íntegratlon teehn~que for ordinary differentisl 

equstiona. Howeyer, tne applícntíon of thls procedure to a 

system of integrodifferential equstionB su en ss 


~~du t du 	 , . 
i . 

~ de M B~(t) + ~ I ~(t-t) d;(t)dT+~ 

o 


i8 noc straight forward, beeausc: 


1) 	The derivative frequently eBnnot be expresaed expIieitly 
in terma of the funetíon itself. 


2) The kernel OE memoIy fu~ctíon la often singular. 

3) The characteristie time of the solution i9 unreIated to 


the charaeteriatíc time ol the memory function. Therefore. 

it is importunt to use approximstions which do not involve 

the lntter, in order thnt the length of the time 8tCp Ót 

be limited by the eharaeteriBtie time of the 80lution onl,. 


4) 	 lt ia dífficult to handIe the integral terms effieicntly 
without grestly inereaaíag botn proeeaSOE snd roernory 
Eequireroents. " 

This paper gives 8 way of treating this problero for a 

ciaBa ol integrodifferential equations wnose kernel may be 

singular. : 
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The basic features of this method are: 
, 

a) The solution at time t+~t lB expressed in terms oí the 
solution at time t with an error of order O(~t3) which ia 
independent of the characteristic time of the memory. 

b) The memory function is treated in an exact manner in the 
interva1 [t ,t+6t1. Thus. the singularity of the kernel ia 
properly handled snd at the same time the sccuracy of the 
method remains independent of the characteristic time of the 
memory function. . 

e) When the kernel of the equation can be represented by a 
series of exponential functions: 

-a t 
n a e~(t) - :::n 

the integral terms can be evaluated without recourse to past 
values of the solution. Hence. memary and procesaor 
requirements are greatly reduced. 

The integrodifferential equation approach to groundwater 
flow [Herrera. "1976] gives rise to a syst~m of partial integr.2, 
differential equations. As sn example. us.ing the finite 
element method, this system is transformed into one of the 
type here discussed, where g ia the scalar function 

g(t) .. 2 

- \ 

In previous work rHei~~ra et al., 1976; Herrera and Yates, 
19771 the resulting aystem of equations was approximated to 
make it susceptible for numeriesl treatment. The method 
developed in this paper representa sn improvement in that the 
equations can be handled without modification, sehieving 
greater accuracy and reducing both memory requirements and 
pr o ceS90r time. These results hsve be en confirmed by 
comparative runs. 

! ~ ~_~_~ SB.ª i ~.~.~ ;LJ ~ @__ El !.!I.~~ ;:.~t~_~_8J ~.n_~._f!!cl!ª !.~.H.~ 
Cansider the equation 

du t du 

~ d~ • ~ ~(t) + ~ ~ ~(T)d~(t-T)dT + V (1) 

The first step in applying the standard Crank-Nicholson 
procedure involves the eva1uation of equation (1) at t+~t/2 
using the approximations 

u(t+6t)+u(t) 

u(t+Át/2) .. 
 (28)2-
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du u(t+6t)-u(t) 
- í..d~ (t+6t/2);- (2b) 

Substitution of these expressions in (1) yields
¡ 

where 
.~(t) - ~(t+6t) - u(t) (4)• 

and , 
t+ t/2 . du 

2(t+6t/2) - f ~(T)d~(t+6t/2-T)dT (5) 
o 

Since 

t du 6t/2 du 
~(t+6t/2) - 01 ~(.t+6t/2-T)d;~T)dT + f ~(T)d~(t+6t/2-t)dT 

o (6) 

and 

du du 1 du 6.t du 6t 
-=(t+6t/2-T) - d-t(t+6.t/2)+.. A~ d-t (t---)-[-=(t+--)]T+O(Ót 2 

)
dt ~~ 2 dt 2 (7) 

it follows that 

Ót/2 du Ót/2. du 
If(t)d~(t+6.t/2-t)dt - [f (l-~t)~(T)dT] d~(t+6.t/2) 
o . o 

, 6.t/2 du 
+(1 ~t ~(T)dTJ d~(t-6t/2)+0(6.t2) (8) 

o 

Writing 
t du 

S (t) f ~(t+Ót/2-T)d~(T)dT (9 a)- -
o ¡ 
c/~ \(!)b)~ t ~) I!! J H~fJ~)~t"g~ 

o 

t/2 
T..R(t) f g(T)dT (9 e) 

~ o t ~: 

equation (3) yields by mean~ of (2) and (4). 

[~-~~(6t) - ~Ót/21r(t) ~ [~~(t)+g~(t)16.t+~~;6.t)!(t-6t) 

+ V6.t + o(6.t 3) (lO) 

This last equation constitutes a reeursive acheme of third 
order in 6t similar to the Crank-Nicholson procedure. Ihe 

http:d~(t-6t/2)+0(6.t2
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Cunetiona G(¿t) and R(At) are well-defined even if g(t) 18.... ... 
singular at 1=0. providcd this funetion i8 integrable. 

3. Application to ground-water hydroloBI 

There are sorne difficulties that hinder the direct use 
of the extension of the Crank-Nicholson proeedure to integfo
differential equations. If equation (10) , as lt stands were 
to be solved numerically step by 8tep in time, it would be 
necessary to evaluate the convolution term (9a) at eaeh step. 
To this end. one could use the e:x:act values oi the funetíon 
l' However, if this were done, it would be necessary to 
earry out the integratíon from zero to t anew on each stept 
since the integrand depends on t, which i9 being changed. 
This 18 ineoovenient for two reasoos: first. the number of 
computations required would increase beyond reasonable 
limita, and second. it would be neeessary to keep at hand the 
entire past history of d~/dt. Thua. the memory requirements 
of the computer would be greatly increaaed. 

A case for which these dlfficulties can be removed ia 
when the memory function g can be approximated by a series of 
exponentials. Ihe ideas Sehind the procedure are not compli
cated snd will not be discussed in their greateet generality¡ 
instead, they will be illustrated by meana of an example 
taken from Ground Water Uydrology. 

Ihe transient behavior of a single leaky aquifer with 
axial aymmetry ia governed by the integrodifferential equa
tion [Herrera and Rodarte. 1973. Herrera. 1974; Herrera et al., 
1976; Herrera and Yates, 1977]: 

(11) 

subject to suitable boundary and initial conditions. The 
variables used in (11) are dimeneionleas, the atar standa for 
convolution. and g la 

00 

g(t) :: 2 E (12) 
n=1 

A discu8sion of the physical meaning of equation (11), is 
given in the above mentioned papera. 

Equation (11) can be transformed into a system of 
integrodifferential equationa in the single variable t by
appl i cat ion of tia' finite elc'ment mcthod (Herrera et al.. 1976; Herrera 
amI Yates, 1977]. As usual, the infinlte interval 10,00) will be 
approximated by the finite interval [O ,R} , where R i8 taken 
sufficiently large. A finite element mesh ia assumed to 
covct (O .Rl snd the baBia !unction Wi (r). i-l •••• ,N' tare 
defined there. The approximate solution of (11) I la 



'¡ 

~Bl 

_: ~ t 

N' 
s(r,t)· E p.(t)tP.(rr (13)

1. 1.n=l 

where P(t)-(p. ' •••• PN'} saiiafies the system of integro
differ~ntial ªquations in the single variable t: 

t ClP1 a! 
t(iM-rt(t) ,- -(K+M)P(t) - MI g(t.)"'t~(t-:t)dt + C ( 14) 

, .. i 'Ij '" - "'0 o 


where 

(15a)M .•
1J 

(l5b) 

c. OSe). 1. 

Equation (14) 19 derived by app1ying the Gar1ekin procedure 
to equat.ion (11) [see Herréra and Yates, 1977J. 

Application of the extension of the Crank-Nicholson 
formula (10) to (14) 1eads to 

" , 

[!M+G(Ót)M+ (K+M}lIt/2]f(t) .. -(K+M)P(t)+MS(t)]lIt
a.. Q!j '" Af ....... - ....... - .ftJ 


- R(Ót)M r(t-Ót) + e lit + o(Ót 3 
) (16).. - 

where G(t) and R(t) are acalar funetions related to the 
acelar function g(t), by equations (9b,c). Setting 

A - [! + ~ + G(Ót»)M + ! K lit (17a) 
.. a 2 .. ... 2 '" 

B - -(K+M)lIt (l7b) 
:::: ,.. .. 

equation (16) can be rewritten as 

Ar(t) - BP(t) - MS(t)lIt -'R(lIt)Mr(t-Ót)+Cót+o(lIt 3 
) (18) 

JII$"'" .. - "'..... ........... 


4. !2proxima~ion of the kernel functioo 

To compute 

t lit 
S(t) • 1 g(t+Z- - t)~'(t)dt (19) 

o 
which occura in (18), the'appro~imatlon 

N -n 2 Tf2t : 
g(t) .. gN(t) - 2 E e + 8 N ~(t-6t) ( 20) 

, 0-1 

..will be used. Here 
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a .. 2 r (21)
N n=N+l 

This approximation ia motivated by one that has been Succesa
fully used in ground-water hydrology [Hantush, 1960; ~errera 
and Rodarte, 19731, and has been more thoroughly discussed in 
previous work [Herrera et al., 19761 Herrera and Yates,1911]. 
The constant a ia chosen so that

N 

f g(t)dt - 1 gN(t)dt. (22) 
6t/2 Ót/2 

.r'-
Includinwthe delta function has the effect of incorporating 
at t-~t/2 the integral of the terms neglected in the infinite 
series. 

With thia approximation, equation (19) becomes 

S(t) - 2 ~ e-n2n26t/2D (t)+sNP'(t-6t/2) (23) 
n~l ~n-

where 

D (t)_n -
-n2. 1r 2. t e 

t 2 2 
f P'(T)e n n 'dT_ ( 24) 
o 

The values of D (t) 
values. because

n 
can be updated without recourse to past 

2. 2A 2. 2( A) t+6t 2 2 
D (t+Ót) • e-n n ~tD (t)+e-n n t+ut 1 P'(T)en n TdT (25) 
-n -n t ~ 

The last integral can be evaluated uaing the linear inter
polation 

(26) 

In this manner, it ia obtained 

t+~t 2. 2 n2. n 2t 2. ZA n TI l' e n 1T ut1 P'(1')e di - n 2 n 2 6t ~(t)[e -lJ+o(Ót!) (27) 
t 

Consequently 

(28) 

which la the desired formula. In view oi this result equatlon 
(23) can be writtcn as 

N . 2 26 / r(t-~t)n~(t) • 2 t e- n t 2~n(t)+aN ~t + O(~t3) (29) 
n"'1 

Finally, equation (18) becomcs 



; rl 

.' , }. 

~\ ' .. .. 
" 

N 2 2A /2 ' 

Af(t) • ~:(t)":,~{2 '¿'l,e-

n 
'!T; ,~. ~n(t)8t+[ 8 N+R{At»)I(t-At)} 


", .. 
. n-, 

(30) 

Equations (28) and (30) provide a recursive procedure of 
third order in At (i.e. giving the solution to second order) 
which can be applied directly, because the value of S(t) has 
been eliminated by means of (29) aud D can be updat;d using 
(28). -n 

5. t;>iseussion 

When treating numerically a system of integrodifferential 
equations of the type here dlscussed (equation 1), lt ls 
necessary to approximate the kernel ~(t) in some way; other
wis.e it would be necessary to compute the integral terms in 
the interval (O,t) anew on each step. This would greatly 
increase processor and memory requirements. Whcn the kernel 
can be approximated by a finite exponential series tllis 
difficulty i8 overcome. However, if g(t) ls singular at t=O. 
the exponential series i8 a poor appr~ximatiou there. The 
extension of the Crank-Nicholson procedure presented here 
allows an exact trastment of the kernel in a neighbor}¡ood of 
the singularity. 

It should be observed that when the kernel is singular, 
it is not possible to apply integration by parts in order to 
express tlle integral occurring in equation (1), in Cerros of 
the function u. This i3 beeause g'(t} ia not integrable in a 
neighbourhood·of zero. Our method permits the derivative tu 
be expressed directly in terms of the tunetion itself. 

Frequently, the charaeteristic time of the solution 
corresponding to a given problem ean be much larger than the 
characteristic time of the kernel funetion. One advantage 
resulting from the exact treotment of the kernel funetion ~. 
is that the size of the time steps At, i5 limitad only by tite 
length of the charaeteristic time of the solution. 

The number N of terms required in the series expan~ion 
(20), to achieve a given accuracy, depends on the time stap 
At, which in turn ls determinad by th~ characteriscic time 
of the solution. A method was previously developcd {Herrera 
and Yates, 19771 which i8 based iri approximating tite integro
differential equationa themselves. For such a method a rule 
was given relating N with At. In ~omparative runa lt has 
been found that the present metho~ permita reducing N 
considerably; this implies an impQrtant reduction of memory 
requir~ments and R~ocessor f~me~ 

. ".
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GENERALIZATION OF FINlTE,ELEMENT ALTERNATING-DlRECTION 
, TECHNlQUES TO NON-RECTANGULAR REGIONS

. í J \! . ;¡,. • ':. • 

(1)Linda,J_, Rayes, 

Surnmary 

l' 
I 

A convergent'finite element alternat1ng-direction procedure ls p~e
sented for solviog the heat equation on non-rectangular regions in ~c. 
This procedure ia unconditionally atable in time and has the fo110wing ad
vantages: 

1 

(1) The matrix which must be inverted i9 indcpendent of time, so it 
~eed only be decomposed One time. 

,; ! , 
1" ,(2) Tbe mat!;ix which rnust be inverted can be factored into the pro

duct of two matrices, each of which corresponds to the ao1ution 
,. of one-dimensional problema. 

A key concept in this procedure 19 that we can approximate the Jacoblan of 
a certain transformation, locally on patchcs of elem<,ntB, by a funct.lon 
which can be factored into a function of x times a function of y_ 

, l. IIntroduction 

For simplicity, we limit this discussion to the heat eqtmtion 

(1) :: f(s, t), n,t) t: n x (O,Tl, 
.... g'" 

with boundary conditions 

u(~t) = O, (~,t) eoagx (O,T] 

u(~,O) = U (i) . o 
3

Extenslons of these resulte to ~ snd to more general nonllnear parnbollc 
and hyperbolic problema are brlefly mentloncd at the conclusion of this 
papero For a more complete dlecuáslon the reader 18 referrcd to HaycB [4]. 

the Galerkin formulation of equ4tion (1) 18 given by Odcn and Raddy 
[51, . 

(2) 

where (f, g) n = f fgdt, and Sh(Og) 18 a flnite dimensional subspace of 

~(ng)' g 
ng 

l. CCnter for Numeriéal AnalyaiB, Univeraity of Texas at Auatin. 
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Tb¿' 	 relat.iv~ly lnrí~e vnlucs of tht' s.t,1ndrtrd devintion ia only r),1rti¡!t h.!." 

to lLe c.rror oC l!le Ir.casurcmcnts (57.). Instead, ttw experimc·nt.11 rc'!.d~s 
provc thal, .-srart from the soluti.on9 obtaincd with the assumption CF: • O 
(equütion 14 : dischnrp,e conditíon) oth('r roll-waves can exist in the 
cnnnne1, whieh inuivldually do l10t convey the correct discharge Q. provid:4 
that the mean di scharge over scver.11 different waves equals the (constant) 
dischaq~e Q. supplied to the channel. T11ís result did not follow trom the 
thcory by Brock [J] but the larga "measurcm.mt errora" he mentioned (up to 
100 	%) can be explained by the above thcory. 

6. Conclusions 

The i \"\ te gra t; ion o f tht! nQn-Une i\ r mOhlen t: 1J1'l~".Hl\Ult ion yi tllde. for Si.v~n 
values o[ Re ~nd " nn lnfinity al possible roll-wave solutions for each 
value ol the maximum wave-dcpth. One of these solutíons has an infinite 
wave-length. rile cxact saludan can be approximllted by thc cnoidal wave 
thcory. Thcse resulta are in good agrcerncnt vith the experimenta. 
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