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In this paperaboundarymethodis usedto numericallysolvetheproblemof scatteringof SH wavesby a
boundedsurfacecavity orarbitrary shapein a half-space.Thismethodreducesthedimensionof theproblemby
one,but avoidstheintroductionof singularintegralequations.A closeconnectionis establishedbetweenthis meth-
od andleast-squarescollocation. Resultsareobtainedusinga multipoleexpansionin termsof Hankelfunctions
abouttheorigin. Comparisonwith someknownexactsolutionsfor SH wavemotionyieldsvery goodagreement.It
isobservedthat,in thecaseofatrenchwith steepwalls,localamplificationfactorscansometimessignificantlyexceed
100%.

1. Introduction 1960;Mclvor, 1969;AId andLamer, 1970;Bouchon,
1973;BouchonandAki, 1977a,b; Hudson,1977).

In earthquakeengineeringandstrong-motionseis- Therefore,it is of interestto searchfor other
mology, the surfacemotion at a givensite due to numericalmethods,suitablefor scatterersof arbitrary
incomingseismicwavesis of interest.Forrough topo- shape,andwith dimensionssimilar to thewavelength
graphythis problemmaybe approachedasone of of the incidentwave.Indeed,many suchsolutions
scatteringanddiffraction of elasticwavesby depar- havebeenproduced(Boore,1972a,b; Smith, 1975;
turesfrom flatness.Owing to its mathematicalcorn- WongandJennings,1975;Ilan, 1977;Singh and
plexity theproblemhasnotbeencompletelysolved. Sabina,1977;Ilan et al., 1979;Sabinaet al., 1978;
Therearea few known exactsolutions(Trifunac, Sánchez-Sesma,1978;Sánchez-SesmaandRosen-
1973;WongandTrifunac,1974).Also, someapprox- blueth,1978,1979;Sills, 1978).In particular,finite dif-
imate solutionshavebeenobtained,for exampleby ferenceandfinite elementmethodsintroduceartifi-
singularperturbations(SabinaandWillis, 1975, 1977) cial boundariesandcontaminatingreflectedwaves,
for scatterersof arbitraryshape,with approximations while someothersassumea periodicrepetitionof the
valid for longwavelengths.Otherapproximate scattererin space,in orderto reducethe unbounded
methodsassumethe scatteringsurfaceto havesmall regionto a finite one.
slope,anddimensionscomparablewith thewave- In this paper,considerationis given to theproblem
length of the incidentwave (Gilbert andKnopoff, of scatteringof a planeharmonicSH wave,incident

upon a boundedsurfacecavity in an otherwiseplane
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cientsarechosento minimize themean-squareerror
in theboundaryconditionon thecavity. The I
developmentof this approachhasbeenguidedby a I ______________________

recentlydevelopedtheoryof connectivity(Herrera, 0

1977a,b),which allows a systematicformulationof
A

boundarymethods(Herrera,1978),applicableto ‘

thecompletesystemof functionsusedhere for the s
manyotherproblems,andwhich leadsnaturally to ~,,...,‘ ~

half-space(Herreraand Sabina,1978).However,the
correspondingsystemof functionsfor problemsfor-
mulatedin thewholespacehasbeenusedextensively Fig. 1. Illustrative topographyof two-dimensionalhalf-space.
in the null-field methodof acousticand electromag-
netism(Bates,1975).Minimization of themean- A stateof antiplanesheardeformationandhar-
squareerror on the boundaryis a standardtechnique -morncmotionsin time is considered,sothat the only
(KantorovichandKrylov, 1964;Collatz, 1960)whose non-zerocomponentof the displacementis
implicationshavenotbeenfully realizeduntil w = w(x , y) exp(—k~t)in the z (out-of-plane)direc-
recently.Fora similarproblem,Millar (1973)has tion, wherew is the circularfrequency.Considera
shownthatwhenthemean-squareerror is minimized planeharmonicSHwavew’ of unit amplitude,inci-
on theboundary,the resultingrepresentationcon- dentuponR at an angle~ measuredwithrespectto
vergesuniformly to thesolution of theproblem,pro- thex-axis(Fig. 1), where
vided that a completeset of functionsis chosen,asis
the casein the presentwork. The procedurepre- = exp[ik(—x cos~ +y sin ~)]
sentedhereis a boundarymethod,andassuch it has withk= w/t3.Forconvenience,the factorexp(iwt) is
the advantageof reducingthedimensionalityof the

omittedhereandhenceforth.
problem.In connectionwithelectromagneticscat-

In theabsenceof thescatteringregionR,i.e., if the
teringproblems,this methodwas proposedby surfacewere flat, a reflectedplaneharmonicSHwave
Yasuura(1971),andwasusedby Meecham(1956)
and Ikuno andYasuura(1973)for aperiodicsurface = exp[—ik(x cos ~ +y sin~)J
andby Yasuuraand Ikuno (1971)for a boundedscat- would arise,sothat a total field w°= w’ + w” would be
terer.A relatedleast-squaresboundarymethodis

producediny >0.
givenby Davies(1973).

In thepresenceof R, the scatteredwavew, produced
byR, is sought,suchthat the total field w~maybe
written as

2. Statementof theproblem
w~= w0 + w in E

Considera two-dimensionalhalf-space,y>0 (as in Thusthe scatteredfield satisfiesthe following
Fig. 1),consistingof two parts:an unboundedregion boundaryvalueproblem
E, anda boundedregionR which containstheorigin
of coordinates0. Let theboundaryof E be ~E and 72w+ k2w 0 in E (1)
the commonboundarybetweenR andEbe S. The aw/an = —aw°/anon ~E (2)
surfaceS is assumedsmoothin thesenseof havinga
continuouslyturningunit normalvector11. The andw satisfiesSommerfeld’soutwardradiationcon-
unboundedregionE is filled with a linearelastic, dition at infinity, whereV2 82/ax2 + a2fay2is the
homogeneous,isotropicmediumof densityp and Laplacianoperatorin two dimensions,anda/an is the
rigidity j~ shearwavevelocity is~3= (p/~.z)”2.On the derivativein the directionof theoutwardnormal1k to
otherhand,the boundedregionR,havinga charac- aE.It maybe observedthat theright-handside of eq.
teristichorizontallinear dimension2a,is empty.The 2 is, in general,non-zeroonly onS, i.e. the common
surface~E is traction-free, boundarybetweenRandE.
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Oncew is found,thetotal field w~canbe deter- fare
mined.In strong-motionseismologyit is of interestto
find the surfacefield (i.e.w~on aE),especiallyon a11 = f(auj1Ian)(av1 1/an)ds (6)
andnearS. A methodfor doingthis is describedhere. s

f, = — J(au~ilanXaw°Ian)di (7)
3. Method of solution S

Thebar standsfor the complexconjugate.The matrix
Considera set of linearly independentfunctions A = [a11]is Hermitianandpositivedefinite— a numer-

u1(x) (i = 0, 1, 2, ...) ically advantageousfact.
In general,it is not possibleto find closedformsof

not necessarilyorthogonal,thathavethefollowing the integrals(6) and (7). Thusit is necessaryto use
properties. numericalintegrationto obtainvaluesof the coeffi-

(i) Eachu1 is a solution of the partialdifferential cients(6)andthe inhomogeneousterm (7) before
equation(1) inE. solvingthe system(5). By choosingan appropriateM-

(ii) Eachv~fulfils av1/an= 0 on Y = 0. point quadraturerule with weightsPk andabscissae
(iii) Eachv1 satisfiesa Sommerfeldoutgoingradia- Sk,the following approximationsare obtained

tion conditionatinfinity.
Let theNth approximationto w be M

N a11 = ~ Pk~Sk)(aVI lIaflXSkXaVflIaflXSk)
~ (3) ki

wherethe superindexNon the complexcoefficients f. = — ~ ~ l/anXskXaw°/an)(sk)
c4~rhasbeenintroducedto makeexplicit their k 1 —

dependenceon theorderof theapproximation.Note . -- or, in matrix notation
that, becauseof the linearity of properties(i) to (iii), — —

WN also satisfiesthemfor everyN=0, 1,2 How- A _~BTPB, fBTPg,
ever,theboundaryconditiongivenby eq.2 is not
necessarilysatisfiedon S. Hencethecoefficientsin whereB is anM X(N + 1) matrix,BTis its transpose,
(3) will be chosenso that themean-squareerroron Pis anM X M diagonalmatrix,g is anM vector,and
the boundary their elementsare givenby

62_J~4’N+ ~ ds/.f~~_~ds (4) b,1 = (av1i/an)(s1), Pif =pj(8j ö~

g1 = —(aw /an)(s1)

is minimized.Thisapproximatingmethodmaybe
referredto asa boundarymethod(Collatz, 1960,p. Here,~

5jj arethe elementsof theunit matrix.
28).Notethat the dimensionof theproblemhasbeen Hencethe system(5) may berewrittenas
reducedby one. — —

By substituting(3) into (4) andminimizing the BTPBU= BTPg (8)
resultingexpression,an(N + 1) X (N + 1) systemof
linear algebraicequationsis obtained,which maybe ForgivenN, this systemis solved for thecoeffi-
written as: cientsa~,andfinally (3)gives the scatteredfield at

anydesiredpoint inE,or, in particularon ~E.
Ar~ f (5) Before discussingthe numericaldetailsof thesolu-

tion of (8), a closerelationshipwith the collocation
wheretheelementsof the matrixA andthe vector methodwill be established.
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4. The collocation method 5.Multipole expansion

As above,it is assumedthat theNth approxima- So far, theset of functionsv.(x) is asgeneralas
tion to w is givenby (3). In this case,the remaining possible:to proceedfurther it is necessaryto specify
boundaryconditionon S is imposeddirectlyon WN them.
atM points,in orderto obtainthe coefficients,i.e. Considerthe set of cylindrical wavefunctions

N au 3w° u1=H~)(kr)cos(iO)(i~0,1,2,...) (10)

(si) = — (Sk) ‘
5k ~ S (k = 1, 2, ...,M) , whereH(i)(kr) is the Hankelfunction of the first

kind, of orderi, and(r, 0) are thepolarcoordinates
or, in matrixnotation of thepoint (x,y). This setsatisfiesall the conditions
Ba = g (i) to (iii). Thus(3) is the (N + 1)thordermultipole

expansionof w in termsof Hankel functionsabout

This is purecollocationatM points.It is not clear the origin.
wherethesepointsoughtto bechosen,or how many This particularchoicehas interestingconse-
of them shouldbeused,butthey areusually taken quences:(a)the set of functions{au,/an} is complete
with a distributionwhich is asuniform aspossible with respectto all functionsthataresquare-integrable
(Collatz, 1960,p.29).The choiceM = N+ 1,sug- on S;and(b) aWN/afl convergesuniformly inS to
gestedby theneedfor a determinate(N+ 1) X aw/an in the mean-squaresense.Thesefactscanbe
(N+ 1) systemof algebraicequations,wasusedin provedby adaptingthework of Mifiar (1973),who
electromagnetictheoryunderthenameof apoint dealtwith thefull two-dimensionalproblem.Further-
matchingmethod.Its advantagesanddisadvantages more, WN convergesuniformly in E to the solutionw
havealreadybeenwidely discussed(for example, of (1)and (2) in themean-squaresense.
Lewin, 1970).AnotherpossiblechoiceisM > N. It is worthwhile observingthatwhenS is a semi-
A least-squaressolution of the overdeterminedsystem circle of radiusa,the functionsH~1~(kr)andtheir
may be foundby minimizing iTr wherer = Ba — g is derivativesareconstanton 5, andthe setof basis
the residualvectorof the system.It iswell-known functions tu

1} or (av1/an} is orthogonalon Sin the
(Noble, 1969,P. 143)that (~TB)_iBTis thegeneral sensethat thematrix A is diagonal.The coefficients
izedinverseof Bwith the minimizationproperty. arethen independentof N, andeq.3 represents
Whenthe solutionthusfoundisnot completelysatis- simplyN+ 1 termsof thetrigonometricFourier
factory,someequationsare consideredmoreimpor- seriesfor W at any fixed valueof r.
tant thanothers.It is usuallya matterof experience WhenS departsslightly from a circle, it seems
to chooseconvenientpositiveweights for eachequa- reasonableto expectthat theset {au1/an} departs
tion. Thusa newsystemmay be obtained verylittle from the orthogonalityconditionon S in

— the sensethat thematrixA is “numerically” diagonal,
QBa — (9) i.e. themagnitudeof the diagonalelementsis much

whereQ is anM X M diagonalmatrix of positiveele- largerthanthat of the off-diagonalelements.
ments.Theleast-squaressolutionof (9)is obtained
afterpremultiplyingit by BTQto obtain thegeneral-
izedinverse(BTQ2B)_i BTQof QB.WhenP = Q

2, 6. Otherexpansions
the solutionis identicalwith thatof (8),which was
deriveddifferently. This showsa closeconnection Othersetsof functionscould bechosen.For
betweenthe seriesexpansionin non-orthogonalfunc- instance
tions,andthe collocationmethodvia least-squares.
Furthermore,it gives a clearerpictureof the meaning u

1(x) = G(x,x,) (i = 0, 1, 2, ...)

of weightswhich otherwisewould needto be guessed. whereeachx, is a distinctpoint inR andG(x, xg) is
An analogousrelationwas given by Ikuno and the Green’sfunctionfor theNeumannproblemcorre-
Yasuura(1973)for a periodicsurface. spondingto theHehnholtzequationin thehalf-space.
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Sucha setwas usedby Sánchez-SesmaandRosen- A compoundtrapezoidalrule, with equalintervalsin
blueth(1978,1979),in whatisessentiallyacollocation 0, clearly showedconvergenceto a singlevalue for
methodandleast-squaressolution, eachof thec4’~asthenumberof points increased

A multipole expansionin termsof Mathieufunc- above2N. However,to obtainvaluesof c4Ywith 1%
tions is anotherpossibleset.Its completenessand accuracy,asmanyas ION pointswere needed,using
uniform convergencein themean-squaresensemay that rule. Nevertheless,thesameprecisionis attain-
be establishedalongsimilar lines to thoseindicated ablewith fewer pointsusing integrationrules of
here.Many othersetsare possible,but a complete higherorder,providedthe curveS,r = r(0), is suffi-
studyof all possiblesetsis beyondthescopeof this ciently smooth.In particular,with a compoundnine-
paper. pointLobatto rule — coefficientsfrom Stroudand

Secrest(1966)— approximately3Npointsweresuffi-
cient.A further increasein orderdid notappearpro-7. Numerical considerations
ductive,presumablybecause,with increasingirregu-

Since thedisplacementw is a complexfunction, it larity of thedistribution of integrationpoints,more
is necessaryto calculateitsmodulusandphase,as than3Npointsare requiredto maintaintwo in each
functionsof the normalizedabscissax/a cycle for cos2(N0).

1wI [(Rew)2 + (Im w)2]’’2 Havingevaluatedeqs.6 and7, it remainsto solveeq.5. Since thematrix A is Hermitianandpositive

ph(w) = tan~ (Im w/Rew) deimite,it shouldbe possibleto factorizeit into

Thelatter is arbitrarilydivided by a normalizing triangularfactorsL X U without row interchanges,with all thepivots(diagonalelementsof the factors)
factor2ir, mainly to facilitatecomparisonwith other
known solutions.In addition,the appropriatevalue positive if roundingerrorsdo not accumulate
of tan’ is chosento makeph(w) a continuousfunc- seriously.The largerthe diagonalelementsof A com-paredto theoff-diagonalelements,the smallershould
tion, anda constantis subtractedto makeits value be theaccumulationof roundingerror.Further,it is
zero atx/a = 0. possibleto choosea Choleskytype factorization,

To dealwith incident wavesof different frequen- U = L *, the asteriskindicatingthetransposedcorn-
cies for fixed topography,a normalizedfrequency(or plex conjugate,or to factorizeA in theform LDL*,
wavenumber),i~is introduced,where whereL is lower triangularwith a unit diagonal,and

= wa/rr~3= ka/ir - D is realdiagonal.This last form has in fact been

Evaluationof (4) providesa criterion for the used.
accuracyachievedasa functionof the orderof the Probablythemostcostlypart of the computation
approximationN. Also, by repeatingthemethodfor is thecalculationof theHankelfunctions,14’kkr).
different valuesofN, it maybe concludedthat suffi- The imaginaryparts— Besselfunctionsof the second
cient accuracyhasbeenobtainedwhentwo solutions kind, Y

1(kr)— havebeenevaluatedusinga routine
differ on Sby lessthan therequirederrorbound, from the IBM (1970)ScientificSubroutinePackage,

In additionto thevalueofN, it is necessaryto fix slightly modified to providevaluessimultaneouslyfor
someintegrationrule for the evaluationof eqs.6 and i = 0, 1, . . . ,N. The realparts— Besselfunctionsof
7. In view of the factorcos ii) in v1, thereare inte- the first kind, J1(kr) — havebeenevaluatedby a back-
grandsin eq.6 with up toN completeoscillationson wardsrecurrencealgorithm,obtainedby simplifying
S.Numericalexperimentshavegiven very poorresults Algorithm 236 (Gautschi,1964)for thespecialcase
whentheintegrationrule usedfewerthan 2Npoints, of a positive,integerindex(realargument).However,
confirminga result from Yasuuraand Ikuno (1971). Besselfunctionsof the secondkind, and,evenmore
Further,by varying thedistribution of points,unsat- so, their derivatives,increaserapidly asthe index
isfactoryresultshavebeenobtained,with fewerthan increases:
two integrationpointsin eachcycle of the factor
cos

2(N0)inbNN. Thissuggeststhat 0 is themost suit- dY
1(kr) k ~2~i41

ableparameterto usein theequationof the curveS. dr 2ir ~kr) I! asi —~°°
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Thesefunctionsquite rapidly exceedthe capacityof it is possibletoreadtheir graphs.Exceptionsoccurred
mostcomputers.Therefore,the routineshavebeen for the largervaluesof~and Ix/al, where differences
furthermodified to providedirectlya normalizedset reached0.31. (FordetailsseeSabinaet al., 1978.)
of functionsH~kkr)/i!,for whicheq.10 becomes However,by repeatingthesamecaseswith other

valuesof N, it wasconcludedthaterrorswere less
= [H~~(kr)/i!] cos(iO)(1=0, 1,2,...) than 0.005,and0.0005for the largervaluesin Ix/aI,

Nevertheless,if manyof thesebasisfunctionsare to and thatWong andTrifunachadnottakensufficient
be calculated,it would seemthatveryhighprecision termsin their seriessolution.Indeed,it appearsthat a
is needed— possiblyusingdoubleprecision.Even 1% precisioncanbe obtainedwith asfew functions
with sevensignificant figurescorrectin thecalcula- (N + 1) as 15 (forr~= 0.50 (shallow)or ~/b = 0.50
tion of theBesselfunctionsJ1(kr)/i!, thematrix A (deep))to 21 (for r~= 2.0 (shallow)or ~/b = 2.0
wassometimesfoundtobeill-conditioned,orevento (deep)).Typically, oncemore,e%< iO~’

3and
havenegativepivots,for Ngreaterthan about40. I aWN/an + aw°/an1/2k<0.05.

It shouldbenotedthat thematrix A doesnot Forb = 0.5, it appearsthat morethan40 basis
dependuponthe angleof incidence~. Thus a con- functionsare neededto obtainsimilar precision,but
siderableeconomyof computationis achievedif
severalanglesof incidenceare analysedsimulta-
neouslyfor a given geometryandwavenumberk.

“a
-3 2 0 I 2 3

I I I I
0

8. Results

In orderto assessthe method,it hasbeenapplied —

to two caseswithknownexactsolutions:semi-
5~0 —

cylindricalcanyons(Trifunac, 1973);andsemi- —

2 •.o- —elliptical canyons(Wong andTrifunac,1974).
In the caseof thesemi-cylindricalcanyon,it was :_~ •,~,

foundthat precisionbetterthanthe 1% quotedby
Trifunac(1973)could be obtainedwith as few func- _-----~J~~ -

tions(N + 1) asfour (for r~= 0.25)to 11 (for
?~2.O).Typicallyinthesecases,thevalueof e~jwas — ~ ‘~

lessthan5 X l0~,and lawN/an+ aw°/anl/2k i~i -~

attainedpoint valuesof the order of 10’2. , 4~ \ -

/,~ h —

Forsemi-ellipticalcanyons,WongandTrifunac \ \ / /
(1974)give thesolution asa seriesinvolving Mathieu 2

functions,and asgraphsof surfacedisplacementam-

- ,X ,iplitude andnormalizedphasevs. normalizeddistance ~ /(x/a) from —3 to 3, with four anglesof incidence,0, ~

30,60 and900. Usingthemethoddescribedhere,and \ ~
multipoleexpansionsin termsof Hankel functions, -

semi-ellipticalcanyonsof aspectratio b = 0.70and 0
3 2 1 0 I 2 3

0.50havebeenanalysed.(b = ratio of minorto major “a

axis. For eachvalueof b, thereis botha shallow and Fig. 2. Cavity shape(top), normalizeddisplacementphase
a deepcanyon.) ph(w)/2w(centre)andnormalizeddisplacementamplitude

Forb = 0.70,usingvariousvaluesofN in the range wi (bottom) againstnormalizeddistancex/a.Note that the
20 to 40, resultscoincidedin generalto within 0.05 unitsof shapeandamplitudeareshownon theleft,andunitsof thephaseon the right. Thecavity isa deepsemi-ellipseof
of thosegivenby Wong andTrifunac (1974),which is b 0.50 with ~ 0.50,andfour anglesof incidence~ 0,

about2.5%,and asgoodasthe precisionwithwhich 30,60and900.
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withN = 40 in thedeepcase,resultsare still indistin- -3 -0 -I I 2 3

guishablefromthe graphsof Wong andTrifunac j I I I I I I I
(1974),giving e~r<2X10_2 and lawN/an+ aw°/anl/ 0 -

2k of theorderof 10_i. Judgingfrom the valuesof Yb

e~.,,the resultsare evenbetterthanthis in the shallow I — — 4

case.However,thereareno publishedresultsfor com- 9.2.0
~. ~. ph(w)

parison. ———-0.30 -— — — 0.10’

It may be concludedthat thebasisusedis very ‘~— ‘~---. ~‘~°‘ — 2

goodfor semi-ellipticalcavitiesof aspectratio
b ~ 0.50for the rangeof frequenciesexamined •~ .==- -.

~ 2.0 (n/b ~ 2.0 in deepcases),andprobablyalso I
for somewhatlargervaluesof~.By wayof example, -

graphsof cavity shape,displacementamplitude,and — — -2

normalizeddisplacementphase,plottedagainst lw -

normalizeddistancex/a, for b = 0.50 and4 = 0, 30,
60 and900, aregiven in Fig. 2 (deepcavity: ~ = 0.50, — ‘----, —

N 40), Fig. 3 (shallow cavity: ~ 0.50,N 38) and
Fig. 4 (shallowcavity: i~= 2.O,N= 40). 2

As theusefulnessof thebasisgivenby (10)has
beendemonstrated,it was furtherappliedto a family
of trenches,with verticalwalls of depthd atx = ±a

0 I I I Ia/a
3 —2 —I 0 I 2 3 3 —2 1 I 0 3

~ I I I I I ~ Fig.4.AsFig.3,butfor~=2.0.
0

I - — andcurvedfloors,using
9 ‘0.60
0’ 0’ - r = a[cos20 + (d2 cos2O— sin2O)2] 1/2 , tan0 I> d
0.50. 2W

----S —.—- — 0.60’
— -.~ O~°’ — 0.5 Whend = 0.0, thereis no verticalwall as such,but the

-S-S
‘S.--

5— 555 steepslope is moreabruptthanfor thesemi-cylindri-
~•-~--. ~—--- -.~-. -

• ‘~—~ calcavity(see Fig. 5).
Theresultsobtainedfor two trenchesanddif-

5-.-- ferentfrequenciesaredisplayedin Fig. 5 (d = 0,0,-5----- •_5.__
— ~ —~-o.s n1.O,N=16),Fig.6(d=tan3o°,na1.O,N=36)

- andFig. 7(d=tan 3O°,~= l.50,N 36).Since the
S-c-

trenchwithd = tan30°hasverticalwalls at Ix/a I = 1,
3 — —I

the plotsof surfacedisplacement(or normalized
lot /

phase)againstnormalizeddistancex/a showintervals
in the abscissae,markedasthick lines,whichcorre-
spondto theverticalwall preciselyat Ix/a I = 1. The
valuesofN usedwere suchasto give ~ < 6 X iO~,

I — andI aWN/an + aw°/an112k<0.05.
- Qualitativelysimilar resultstothosefor semi-cylin-

I I —~ I I I I I I I - drical andsemi-ellipticalcavitieswere observed.How-
3 2 I ~ I 2 ever, it is of interestto note that,for wavespropa-

Fig. 3. As Fig. 2, but for a shallowsemi-effipse. gatingtowardsthe right-handside,the amplitudeof
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xm 

;, . 
;’ 

\ ‘: 
\ ‘,. i-2 

-3 -2 -I 0 I 2 3’ 
x/a 

Fig. 6. As Fig. 5, but ford = 0.58 and q= 1.0. Note that the 
thick lines in the abscissae correspond to the vertical wall at 
precisely lx/a I = 1. 

Fig. 5. As Fig. 2, but for 7) = 1.0 and a trench with d = 0.0. 

r/a 
-3 -2 -I 0 I 2 .3 

I ) I 1 1 I ) I 1 1 I ) 1 1 

the scattered wave near the left-hand wall can con- 
siderably exceed that of w”, the sum of the incident 
and reflected plane waves. 

This effect is also observed in some phase curves, 
which do not tend to the linear relationship 

@z(w) = -7rQ(x/fz) cos 9 

which holds in the absence of the cavity. However, 
the phase diagrams for both the semi-cylindrical and 
semi-elliptical cavities do tend to that linear form for 
large lx/f2 I. 

Finally, it should be noted that this method con- 
verges to the correct results, without any limitation 
on the topographic slope, such as that implicit in 
methods involving the Rayleigh hypothesis (Aki and 
Larner, 1970; Bouchon, 1973; Bouchon and Aki, 
1977 a,b). Lack of accuracy of such a method for 
steep slopes was reported by &ore (1972 b). 

Y/O - 

1 ~_ c_JI ,.‘._ _I @ .--Y 
7 ____ _ _- ,. 0. 

---.__l.w 

-.- - ,.Q - 1 
- 1.w 

-0 

5- 

IWI t- ? 4-3 

-3 -2 -I 0 I 2 3 
x/a 

Fig. 7. As Fig. 6, but for q= 1.50. 



156

9. Conclusions field computations.IEEETrans. MicrowaveTheory Tech.,
MT1’-23: 605—623.

Boore,D.M., 1972a.Finite differencemethodsfor seismic
The problemof the scatteringof SH wavesby

wavepropagationin heterogeneousmaterials.In: B.A.boundedsurfacecavitiesin a half-spacewith an other- Bolt (Editor), Methodsin ComputationalPhysics,11.

wise planetraction-freesurfaceis solved numerically AcademicPress,New York, NY, pp. 1—37.
usinga boundarymethod.The scatteredfield is Boore,D.M., 1972b. A noteon theeffect of simpletopo-

representedas a finite linear combinationof a given graphyon seismicSH waves.Bull. Seismol.Soc.Am., 62:
275—284.

completenon-orthogonalbasis:eachbasisfunctionis Bouchon,M., 1973.Effect of topographyonsurfacemotion.

a solutionof the boundaryvalueproblemin the Bull. Seismol.Soc.Am., 63: 6 15—632.
absenceof the cavity.The coefficientsare chosenby Bouchon,M. andAki, K., 1977a.Discretewave-number

minimizing themean-squareerror in the boundary representationof seismic-sourcewavefields. Bull. Seis-

conditiononthe cavity. mol. Soc.Am., 67: 259—277.
A relationbetweentheleast-squarescollocation Bouchon,M. andAki, K., 1977b. Near-fieldof a seismic

methodandthe convergencein themeanof a series sourcein a layeredmediumwith irregularinterfaces.Geophys.J. R. Astron.Soc., 50: 669—684.
expansionin non-orthogonalbasisfunctionsis estab- Collatz, L., 1960. The NumericalTreatmentof Differential
lished. Equations.Springer-Verlag,Berlin, 3rd edn., 568 pp.

The rangeof usefulnessof thebasischosen— Davies,J.B., 1973.A least-squaresboundaryresidualmethod

multipoleexpansionin termsof Hankelfunctions for the numericalsolutionof scatteringproblems.IEEE
Trans.MicrowaveTheoryTech.,MTT-21: 99—104.

aboutthe origin — hasbeenestablished.It owesits Gautschi,W., 1964. Algorithm 236. Besselfunctionsof the

suitability to thenumericalquasi-orthogonalityof the first kind. In: CollectedACM Algorithms. ACM, New

basiswhen thecavity is notverydifferentfrom a York, NY, pp. 1—4.

circle. Gilbert, F.andKnopoff, L., 1960.Seismicscatteringfrom

Otherbasesmaybe moreconvenientfor elongated topographicirregularities.J. Geophys.Res.,65: 3437—
3444.shapes.Forexample,a multipoleexpansionin terms Herrera,I., 1977a.Generalvariationalprinciplesapplicableto

of Mathieu functions,but their numericaladvantages thehybrid elementmethod.Proc.Nat. Acad.Sci. U.S.A.,

havenotyet beendemonstrated, 74: 2595—2597.

Finally, it is shownthat trencheswith near-vertical Herrera,I., 1977b. Theoryof connectivityfor formally sym-

walls canproducelocal amplificationfactorsof signi- metric operators.Proc. Nat. Acad. Sci. U.S.A.,74:
4722—4725.ficantly morethan 100%. Herrera,1., 1978.Theoryof connectivity:a systematicfor-

mulationof boundaryelementmethods.In: C.A. Brebbia
(Editor), RecentAdvancesin BoundaryElement
Methods.PentechPress,London,pp. 45—58.

Acknowledgements Herrera,I. andSabina,F.J., 1978.Connectivity asanalter-
nativeto boundary integralequations.Constructionof

We wishto thank C. Ruizde Velascowho wrote bases.Proc.Nat. Acad. Sci. U.S.A., 75: 2059—2063.
Hudson,J.A.,1977. Scatteredwavesin thecodaof P. J. Geo-

theprogramusedto producethe graphs,andF.J. phys.,34: 727—742.

Sánchez-Sesmafor providinghis programfor the IBM, 1970, System/360Scientific SubroutinePackage,Ver-
exactsolutionfor thesemi-cylindricalcavity.Also we sion III. IBM, New York, NY, 454 pp.

thank F.J,Sánchez-SesmaandE. Rosenbluethfor Ikuno, H. andYasuura,K., 1973. Improvedpoint-matching

preprintsof their papers.Thanksarealso due to R.F. methodwith applicationtoscatteringfrom a periodicsur-
face. IEEE Trans.AntennasPropag.,AP-21:657—662.Mifiar for sendingus somerelevantreferences.

han,A., 1977.Finite-differencemodellingfor P-pulsepropa-
gationin elasticmediawith arbitrarypolygonalsurface.J.
Geophys.,43: 4 1—58.

Ilan, A., Bond,L.J. andSpivack,M., 1979. Interactionof a
References

compressionalimpulse with a slot normalto thesurface
of anelastichalf-space.Geophys.I. R. Astron. Soc.,57:

Aid, K. andLamer,K.L., 1970.Surfacemotion of a layered 463—477.
mediumhavinganirregularinterfacedueto incidentplane Kantorovich,L.V. andKrylov, VI., 1964.Approximate
SH waves.J. Geophys.Res.,75: 933—954. Methodsof Higher Analysis.Interscience,New York, NY,

Bates,R.H.T., 1975.Analytic constraintson electromagnetic 681 pp.



157 

Lewd, L., 1970. On the restricted validity of point-matching 
techniques. IEEE Trans. Microwave Theory Tech., MTT- 
18: 1041-1047. 

M&or, I., 1969. Two-dimensional scattering of a plane com- 
pressional wave by surface imperfections. Bull. Seismol. 
Sot. Am., 59: 1349-1364. 

Meecham, W.C., 1956. Variational method for the calculation 
of the distribution of energy reflected from a periodic sur- 
face. I. J. Appl. Phys., 27: 361-367. 

MiIlar, R.F., 1973. The Rayleigh hypothesis and a related 
least-squares solution to scattering problems for periodic 
surfaces and other scatterers. Radio Sci., 8: 785-796. 

Noble, B., 1969. Applied Linear Algebra. Prentice-Hall, Engle- 
wood Cliffs, NJ, 523 pp. 

Sabina, F.J. and Willis, J.R., 1975. Scattering of SH waves by 
a rough half-space of arbitrary slope. Geophys. J. R. 
Astron. Sot., 42: 685-703. 

Sabina, F.J. and Willis, J.R., 1977. Scattering of Rayleigh 
waves by a ridge. J. Geophys., 43: 401-419. 

Sabina, F.J., Herrera, I. and England, R., 1978. Theory of 
connectivity: applications to scattering of seismic waves: 
I. SH wave motion. In: Proc. Second International Con- 
ference on Microzonation, San Francisco, CA, November 
26-December 1,1978. 

Sanchez-Sesma, F.J., 1978. Ground motion amplifications 
due to canyons of arbitrary shape. In: Proc. Second Inter- 
national Conference on Microzonation, San Francisco, 
CA, November 26-December 1,1978. 

Sanchez-Sesma, F.J..and Rosenblueth, E., 1978. Evaluation 
de1 riesgoefectos locales. Etapa I. Movimiento de1 terreno 
en depresiones bidimensionales de forma arbitraria ante 
incidencia de ondas SH planas. Instituto de Ingenien’a, 
Universidad National Autonoma de Mexico, 46 pp. 

Sarrchez-Sesma, F.J. and Rosenblueth, E., 1979. Ground 

motion at canyons of arbitrary shape under incident SH 
waves. Int. J. Earthquake Eng. Struct. Dyn. (in press). 

SiIls, L. B., 1978. Scattering of horizontally polarized shear 
waves by surface irregularities. Geophys. J. R. Astron. 
Sot., 54: 319-348. 

Singh, SK., and Sabma, F.J., 1977. Ground-motion amplifi- 
cation by topographic depressions for incident P wave 
under acoustic approximation, Bull. Seismol. Sot. Am., 
67: 345-352. 

Smith, W.D., 1975. The application of finite element analysis 
to body wave propagation problems. Geophys. J. R. 
Astron. Sot., 42: 747-768. 

Stroud, A.H. and Secrest, D., 1966. Gaussian Quadrature 
Formulas. Prentice-Ha& New York, NY, 374 pp. 

Trifunac, M.D., 1973. Scattering of plane SH waves by a 
semi-cylindrical canyon. Int. J. Earthquake Eng. Struct. 
Dyn., 1: 267-281. 

Wong, H.L. and Jennings, P.C., 1975. Effects of canyon topo- 
graphy on strong ground motion. Bull. Seismol. Sot. Am., 
65: 1239-1257. 

Wong, H.L. and Trifunac, M.D., 1974. Scattering of plane SH 
waves by a semielliptical canyon. Int. J. Earthquake Eng. 
Struct. Dyn., 3: 157-169. 

Yasuura, K., 1971. A view of numerical methods in dlffrac- 
tion problems. In: W.V. T&ton and M. Sauzade (Editors), 
Progress in Radio Science 1966-1969, Vol. 3. Radio 
Waves and Circuits; Radio Electronics. URSI, Brussels, 
pp. 257-270. 

Yasuura, K. and Ikuno, H., 1971. On the modified Rayleigh 
hypothesis and the mode-matching method. In: Interna- 
tional Symposium on Antennas and Propagation, Sendai, 
Japan. Institute of Electronics and Communication 
Engineers of Japan, Tokyo, pp. 173-174. 


