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An abstract theory for boundary value problems that has been recently devel-
oped by the author, is presented. It exhibits the algebraic structure possessed by
linear problems. A characterization is given for complete systems of solutions in
regions of arbitrary form. A systematic development of biorthogonal systems of
solutions is presented and it is used to obtain generalized Fourier series. General
variational principles for boundary value problems are formulated. They include
problems with prescribed jumps and subjected to continuation type restrictions.
Examples of applications are given for fluid and solid mechanics; among them,
theory of plates, Stokes flows, diffraction problems in elastic solids, etc.

L INTRODUCTION

In a sequence of papers [1-28], the author has developed an abstract
theory of boundary value problems, exhibiting an algebraic structure
which systematically occurs in boundary value problems which are linear.
This structure is in the first place, interesting in itself, because of its
simplicity and beauty. But, more important, it has relevant applications.
Thus far, these applications have been mainly along three different lines:
variational principles, numerical solution of boundary value problems and
development of biorthogonal systems of functions, to obtain generalized
Fourier series developments.

The abstract theory is formulated for general functional-valued opera-
tors defined on arbitrary linear spaces which, generally, do not possess a
metric or an inner product. This supplies greater flexibility, for applica-
tions of the theory, than standard approaches to this kind of problems.

The notions of boundary operator, formal adjoint, and formal symme-
try are defined abstractly for these operators. This allows the introduction
of abstract Green’s formulas.

Regular and completely regular subspaces play an important role in the
theory. By a canonical decomposition of the basic linear space D, it is
meant a pair of regular subspaces {I;, I, } which span the total space D.

[161]
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An important result of the theory is a one-to-one correspondence between
Green’s formulas and canonical decompositions; furthermore, an explicit
expression for the Green’s formula associated with any canonical decom-
position is supplied. Another important property is that the regular sub-
spaces I; and I,, occurring in any canonical decomposition, are necessari-
ly completely regular. This is relevant for the representation of solutions,
because completely regular subspaces are characterized by the fact that
they possess connectivity bases.

Problems formulated in discontinuous fields, which satisfy prescribed
jump conditions, occur frequently in applications; for example, diffrac-
tion problems in acoustics, electromagnetism (theory of antennas), and
elasticity (seismology, seismic engineering, etc.). As a very general exam-
ple of application, operators associated to such problems are developed
abstractly and Green’s formulas are given for them.

A general problem with linear restrictions, associated with any func-
tional valued operator P: D - D*, is formulated. The general solution
of the homogeneous equation (Pu = 0) is Np; the space of functions
which take the same boundary values as elements of Np, is introduced
abstractly, and it is denoted by Ip. For the representation of solutions the
notion of c-complete system (complete in connectivity), is very impor-
tant. As mentioned before, a regular subspace possesses a c-complete sys-
tem, if and only if, it is completely regular. The subspace, Ip, is always
regular and, under very general conditions, it is, in addition, completely
regular. Thus, Ip and, even more, Np, possess connectivity bases. This
supplies the basis for the representation of solutions [22, 25].

Most of the developments of the general theory of partial differential
equations have been carried out in the setting of Hilbert spaces [29, 30].
Thus, it was convenient to relate the algebraic theory with that frame-
work. This is achieved by means of a theorem that shows that a system of
solutions is c-complete, if and only if, it spans the same space as the
boundary values of solutions u € Np, of the homogeneous equation.

A first line of applications of the theory is the development of varia-
tional principles. This is a subject which attracted much attention in
recent years (see for example Refs., 31 and 32), because of its relevance
in connection with the numerical treatment of partial differential equa-
tions. This is, at the same time, the most direct kind of application,
because with every Green’s formula, there is a variational principle as-
sociated. Also, a class of variational principles has been developed [19],
which can be applied even when no Green’s formula is available. Besides,
if the functional is convex, the variational principle becomes a maximum
principle; when it is saddle, dual extremal principles are obtained [3, 6, 8].
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The second line of applications has been in connection with the nume-
rical solution of boundary value problems. In recent years by a boundary
method it is usually understood a numerical procedure in which a subre-
gion or the entire region is left out of the numerical treatment by use of
available analytical solutions (or, more generally, previously computed
solutions). Boundary methods reduce the dimensions involved in the pro-
blem leading to considerable economy in the numerical work and con-
stitute a very convenient manner of treating adequately unbounded re-
gions by numerical means. Generally, the dimensionality of the problem
is reduced by one, but even when part of the region is treated by finite
elements, the size of the discretized domain is reduced [33, 34].

There are two main approaches for the formulation of boundary
methods; one is based on the use of boundary integral equations, and the
other one on the use of complete systems of solutions. In numerical
applications, the first one of these methods has received most of the
attention [35]. This is in spite of the fact that the use of complete systems
of solutions presents important numerical advantages; e.g., it avoids the
introduction of singular integral equations and it does not require the
construction of a fundamental solution. The latter is especially relevant
in connection with complicated problems, for which it may be extremely
laborious to build up a fundamental solution. This is illustrated by the
fact that there are methods for synthetizing fundamental solutions start-
ing from plane waves, which can be shown to be a complete system [28].

One may advance some possible explanations for this situation. Although
the principle of superposition is a standard procedure for building up solu-
tions of linear equations, many of its applications have been based on the
method of separation of variables; this has lead to the frequent, but false,
belief that complete systems of solutions have to be constructed specifi-
cally for a given region. Of course, this is not the case; most frequently,
systems of solutions are complete independently of the detailed shape of
the region considered. In Refs. 13, 25 and 28 we have exhibited systems
which are complete for any bounded region, and other ones possessing
the same property in the exterior of any bounded domain.

Also, in some fields of application, procedures which constitute par-
ticular cases of the approximation by complete systems of solutions have
presented severe restrictions and inconveniences. For the case of acoustics
and electromagnetic field computations, a survey of such difficulties was
carried out by Bates [36]. For this kind of studies, the so called “Ray-
leigh hypothesis” restricts drastically the applicability of the method.
However, work by Millar [37] implies that these difficulties are due,
mainly, to lack of clarity, since he avoided Rayleigh hypothesis altogether,
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by adopting a different point of view. Work by other authors has similar
implications (see for example Oliveira [38]).

Motivated by this situation, the author started a systematic research
of the subject [9, 10, 12-14, 16, 17, 22]. The aim of the study was two-
fold; firstly, to clarify the theoretical foundations required for using
complete systems of solutions in a reliable manner, and secondly, to ex-
pand the versatility of such methods, making them applicable to any pro-
blem which is governed by partial differential equations that are linear.

The aims of that research were satisfactorily achieved to a large extent,
and several reports have already appeared [20, 21]; in addition, two more
complete ones are now in press [23, 24]. The task was facilitated by the
progress that has been made in the understanding of partial differential
equations [29]. In addition, the methodology bears some relation with
ideas that had been advanced by Amerio, Fichera, Picone, Kupradze, and
Trefftz, [39-44]. The systematic development of the procedures in a man-
ner which is applicable to any linear problem was made possible, however,
by the algebraic theory developed by the author.

The theory encompases the following aspects:

1. Development of algorithms for computing the solution in the region
and on its boundary.

2. Conditions under which the convergence of the procedure can be
granted.

3. Development of criteria for the completeness of a given system of
solutions.

4. General methods for developing complete systems of solutions.

In addition, the variational principles mentioned before can be used to
formulate these problems. This can be especially useful when part of the
region is treated numerically [33, 34].

The third line of applications has been in the development of biortho-
gonal systems of functions to obtain generalized Fourier series. Bior-
thogonal systems of functions, which occur when applying the method of
separation of variables to fourth order equations, such as the biharmonic
equation, have received much attention in recent years (see for example
Refs. 45-49).

In general, the procedure followed by those authors consists in exhibit-
ing a differential equation satisfied by the boundary values of any solu-
tion. Then the adjoint of this differential equation is constructed, and it
is shown that the eigenfunctions of these two systems are biorthogonal.
In this manner, a formal expansion for any solution of the original diffe-
rential equation is obtained, in which the coefficients are easily derived by
means of the biorthogonality relation. Further analysis is required in order
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to establish the completeness of the system of biorthogonal functions and
the convergence of the expansion. Apparently, Smith [50] was the first to
deal with these problems successfully. Joseph [47] has exhibited in some
recent work the considerable generality of the method by applying it to
a good sample of different problems.

The procedure, however, is not completely satisfactory in some res-
pects. In particular, the development of the differential equation for the
boundary values, and its adjoint, has an ad hoc character which bears
little, or no relation, with the physical situation at hand.

In geophysical studies an independent approach has been followed to
obtain also biorthogonal systems of functions. Indeed, in this field, He-
rrera’s [51] orthogonality relations for Rayleigh waves have been known
since 1964 [52, 53]. The argument used by Herrera to derive such rela-
tions allows complete generality, if suitably formulated, but had remained
unnoticed until recently by researchers working in other kinds of applica-
tions.

Herrera and Spence [27] have explained how the algebraic theory can
be used to generalize Herrera’s {51] procedure to obtain biorthogonal sys-
tems of solutions for a wide class of equations. Essentially, the method
consists in considering the linear space of solutions Np, given a partial
differential equation which is linear and homogeneous. As it is shown in
Sec. XI of this paper, under quite general conditions, the space N p can be
decomposed into two linear subspaces N} and N}, which are commutative
for an antisymmetric bilinear form A,. Generally, product form solutions
yield two families {w,, w,,..} €N} and {wf, w3, ..} € N}, which are
necessarily biorthogonal with respect to the bilinear form 4,. When the
systems of biorthogonal solutions are c-complete; i.c., when, for every
u €Np

(Adou,wy) =0 ¥Ya=1,2, =uy€EN,,

arbitrary solutions can be developed in a direct manner.

The algebraic theory supplies a general framework which places Fourier
biorthogonal systems in a more clear perspective. The biorthogonal sys-
tems are associated with corresponding canonical decompositions of the
space of solutions Np. The bilinear functional 4, which defines the bior-
thogonality relation, is clearly related to the partial differential equations
considered, and is derivable from the corresponding operator by integra-
tion by parts; no auxilliary adjoint differential system is required. The
relation between c-completeness and the notion of Hilbert-space bases is
well established; this is discussed in Sec. X of the present article. The
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generality of the procedure is wide; it is not restricted by the order of the
partial differential equations, and it is applicable to equations with variable
coefficients, as it is the case of Herrera’s [5S1] orthogonality relations for
Rayleigh waves, which hold for waveguides with arbitrary transversal
heterogeneity. Finally, the biorthogonality property appears as a relation
that is satisfied by pairs of solutions in the whole region where they are
defined, instead of satisfying it just at the boundary. This fact is specially
useful when matching solutions in different regions or when modifying
the region of definition.

In this paper the algebraic theory is developed systematically. The
abstract framework in which the theory is developed, is presented in Sec.
II. Formal adjoints and abstract Green’s formulas are introduced in Sec.
III. Section IV is devoted to regular subspaces and canonical decomposi-
tion, establishing their one-to-one correspondence with abstract Green’s
formulas, leaving for Sec. V the introduction of the general problem with
linear restrictions considered by the theory. Generalizations of these no-
tions and variational principles are discussed in sections VI and VII. The
power of the methodology is exhibited in Sec. VIII, by formulating pro-
blems in discontinuous fields, with prescribed jump conditions, in an abs-
tract manner which is applicable independently of the specific operator
considered, as long as it is linear; thus, any linear partial differential (or
system of differential equations) is included. From the point of view of
continuum mechanics, this includes solids and liquids; even more, mixed
systems in which part of the space is occupied by a liquid and another
part by a solid (the details are given in Ref. 19). Results which are relevant
for the representation of solutions are given in sections IX and X. In Secs.
XI-XV, the application of the theory to biorthogonal Fourier series is
presented.

1IL. PRELIMINARY NOTIONS AND NOTATIONS

Let D be a linear space over the field F of real or complex numbers.
Elements of D will be denoted by u, v, .... Write D* for the linear space
of linear functionals defined on D; i.e., D* is the algebraic dual of D.
Hence, any element o« € D* is a function o: D = F which is linear.
Givenv € D, the value of the function « at v will be denoted by

a(v) = (e, WE F
In this work, functional-valued operators

P:D-D*
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will be considered. Given u € D, the value P(u) € D* is itself a linear
functional. According with (2.1), given any v € D, (P(u),v) € F will be
the value of this linear functional at v. When the operator P is itself linear,
(P(u), v) is linear in ¥ when v is kept fixed. Therefore, as it is costumary,
we write

(Pu, v) = (P(u), » EF

for this value. In this work we shall be concerned, exclusively, with func-
tional valued operators that are linear.

On the other hand, let D2 = D @ D be the space of pairs (u, v) with
u € D andv € D. We may consider functions § : D* - F. The values
of such functions on a pair (4, v) € D?, will be written as f(i, v). Such a
function is said to be a bilinear functional if it is linear in « whenv € D
is kept fixed, and conversely.

Recall that given any functional valued operator P: D - D* which is
linear, one can define a bilinear functional §: D* = F by means of

B(u, v) = {Pu, v

Conversely, given any bilinear functional §: D> — F, we can associa-
te with it an operator P: D = D* which is linear. Indeed, given any
u €D let

P(u) = a €D*

where o € D* is defined as the linear functional whose value at any
v EDis

{a, v} = B(u, v) (2.6)

Then P: D — D* is linear. This establishes a one-to-one correspondance
between bilinear functionals and operators P: D — D* that are linear.

Given P: D — D*, take § : D? — F as the bilinear funcifional (2.4).
Define the operator P*: D — D¥ as the one associated with the trans-
posed B* of the bilinear functional §;i.e.,

(P*u, v) = B*(u, v) = B(v, u) = (Pu, w)



168 HERRERA

When P* : D — D* satisfies (2.7), P* will be called the adjoint of P.
Notice that given P: D - D*, P* always exists and it is a mapping of
D into D*,

For any operator P : D = D¥*, the null subspace of P will be denoted
by Np;i.e.,

Np = WED|Pu=0

A few relations between the null subspaces of functional valued operators
will be used in the sequel.

Definition 2.1 One says that the operators P: D - D*and Q : D -
D* can be varied independently, when

Lemma 2.1. Let P: D - D* and Q: D - D* be linear operators.
Then the fellowing assertions are equivalent

a) Pand Q can be varied independently.

Forevery UED and VED

b) 3 u€D_y Pu=PU and Qu =QV
c)3 u€D,y, Pu=PU and Qu =0, 2.1D
d)3 u€D, Pu=0 and Qu =QV

Proof. Assume (2.9) holds; given UED and V€ D, write U = U; +
Upand V = Vy + V, where U;, V, € Np whileU,,V, € Ng. Then
u =V, + U, satisfies (2.10). Hence (a) implies (b). It is clear that (b)
implies (¢) and (d). In view of the symmetric role played by P and Q in
lemma 2.1, to finish its proof it is enough to show that (c) implies (a).
Assume (c), then givenv € D, takev, € D such that

Py, =Pv and Qu, =0 . (2.13)

Define v; = v — v,. Then it is seex that v = v; + v,, with v; ENp
while v; € N, . This completes the proof of lemma 2.1.

Assume P:D - D* Q:D - D* and R:D - D* are such that

P=Q+R (2.14)
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Then it is straightforward to see that

Np DNy N Ng (2.15)

A stronger result holds when @* and R* can be varied independently.
Lemma 2.2 Assume P, Q and R are such that P = Q + R, while
Q* and R* can be varied independently. Then

Np =Ny NNy . (2.16)

Proof. In view of (2.15), it is only necessary to prove that when Q* and
R* can be varied independently, Np C Ny N Ng.

Assume PU = 0 and QU # 0. Then, 3VED_,{QU, V) # 0. For
such V, take v €D_yQ* = Q*V while R*v = 0. Recall

0 # (QU, V) = (Q*V, U) = (Q*v, U) + (R*v, U)
(QU,v) + (RU,v) =(PU,v) = 0 . (2.17)

Hence, UEN, = U € Ng . A similar argument replacing Q by R, yields
U€ENp = UENg. Therefore, Np C Ny N Ny and the lemma is
established.

IIL. FORMAL ADJOINTS AND ABSTRACT GREEN’S FORMULAS

Definition 3.1, B : D = D* is a boundary operator for P:D — D*
when

(Pu,v) =0 ¥ vENp = Pu=0 (3.1

Definition 3.2. Given P: D — D* and Q:D — D¥* define S = P
— Q* Then P and Q are formal adjoints if S is a boundary operator for
Q while S* is a boundary operator for P.

Notice that this is a symmetric relation between P and Q as can be
easily verified.

Definition 3.3. An operator P: D - D¥* is said to be formally sym-
metric when P is a formal adjoint of itself.

Theorem 3.1. Given P:D - D* define A =P — P* Then P is
Sformally symmetric if and only if -




170 HERRERA

(Pu,v) =0 WvEN, = Pu=0

Proof. Let S = P — P* = A. Then P is formally symmetric, if and
only if S and S* = —S are boundary operators for P. Clearly this is equi-
valent to (3.2).

Theorem 3.2. Given P:D - D* and Q:D - D*, define P:. D
- D* by

(Pa, 5) = (Puy, vy) +{Qu,, vy)

where D = D ® D. Then P and Q are formal adjoints, if and only if, Pis
formally symmetric.

Proof, The following lemma can be used to prove this theorem.

Lemma 3.1. Let

Then
NA = NS ® Nsu

whereS = P — Q* i )
Proof. Forevery# € D and ¥ € D, one has

(Aa, 8) = (Suy, vy — (S*uy,vy)

Thus # €N, ¢ u; €Ng while u; € Nge. This completes the proof
of the lemma.
Using this lemma and (3.3) it is clear that

(Pa, ) =0 VY o€EN; =Pa=0
if and only if
<Pul,vz)=0 V’UzENS* :Pul =0
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and simultaneously
(Quz, Ul) =0 A+ Uy GNS = Quz =0. (3.9)

Clearly, (3.8) means that S* is a boundary operator for P, while (3.9)
means that S is a boundary operator for Q. Application of definition 3.2,
yields the desired result.

Definition 3.4. When P: D — D* is formally symmetric, a relation

P—P* = B-B* (3.10)

where B: D - D* and B* are boundary operators for P, is said to be
a Green’s formula.

Definition 3.5. An operator B :D — D* is said to decompose A,
when B and B* can be varied independently and simultaneously

A =B_B* (3.11)

Remark. When B decomposes 4, —B* also decomposes 4.
Theorem 3.3.If B : D = D* decomposes A, then

N4 = Ny N Nps (3.12)

Proof. A straightforward application of lemma 2.2, using the facts
thatA = B — B*and D = N + Npu, yields this theorem.

Corollary 3.1. When P: D —~ D* is formally symmetric and B decom-
poses A, B and B* are boundary operators.

Proof. This follows from definition 3.1, because A is a boundary opera-
torand Ng D N, aswellas Ngs« O N,.

Corollary 3.2. Under the hypotheses of corollary 3.1,

A = B-B* (3.13)

is a Green’ formula.

Proof. Because both B and B* are boundary operators.

Definition 3.6. Relation (3.10) is said to be a Green’s formula in the
strict sense, when B decomposes A = P — P*,
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In what follows we shall be concerned only with Green’s formulas in
the strict sense. Thus, frequently, we will delete the latter designation.
Also, it will be assumed that an operator P : D = D* is given and that,
associated with it, we have A = P — P*,

IV. REGULAR SUBSPACES AND CANONICAL DECOMPOSITIONS

Green’s formulas in the strict sense can be characterized by properties
of the null subspaces Ny and Ngs«. The following discussion is oriented
to supply such characterization. )

Definition 4.1. A linear subspace I C D, is said to be regular for P,

when 5o, k= PP
a) IDNA ,
b) (Au,v) = 0 Mu€l and ve]

Definition 4.2. A linear subspace I C D is said to be completely regu-
lar | for P, when

(Au,v>) =0 MYveEI ¢ uel 4.3)

An alternative manner of defining completely regular subspaces'is as a
commutative subspace that is largest. The precise meaning of this state-
ment is given next.

Lemma 4.1. A linear subspace I, which is commutative, is completely
regular, if an only if, for every commutative subspace I', one has

I'>r=r=1]

Proof. 1t is easy to verily.
Lemma 4.2, 1 C D is completely regular, if and only if, I is a regular
subspace and

(Au,v) = 0 MuveEl=>uel

Proof. The equivalence statement (4.3) is the conjunction of (4.2) and
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(4.5); thus, any regular subspace satisfying (4.5) is completely regular. To
prove the converse, it is only necessary to show that when I C D is
completely regular, (4.1) holds. But this is immediate because, if u € N4
and I is completely regular, then {4u, v» = 0 YvED DI Hence,u €I
by virtue of (4.3).

Definition 4.3. An ordered pair {I,, I} of regular subspaces such that

D=1I+1I

is said to be a canonical decomposition of D, with respect to P.
Lemma 4.3. Assume B : D & D* decomposes A. Define

Il =NB 5 12=NBIK

Then the pair {1,,1,} is a canonical decomposition of D.
Proof. The fact that B and B* can be varied independently, implies
(4.6). Assume u €I, and v €1,, then

(Au, v) = (Bu, v)—{(Bv,u) = 0 4.8)

Also, I; = Ny D N, by virtue of (3.12). This shows that I, is regular.
In a similar fashion it can be shown that I, is regular.

Theorem 4.1. A pair of subspaces {1, I} is a canonical decomposi-
tion of D, if and only if, I, and I, are completely regular

D=11+Iz and NA =Il nIz

Proof. It is clear that any pair of regular subspaces {/,, I; } that satisfy
(4.9) is a canonical decomposition. Thus, only the converse statement
need to be proved. The following lemma will be useful for this purpose.

Lemma 4.4. Assume {I,, I} is a canonical decomposition of D.
Then,

Uy EII and <Au1, Uz) =0 ¥ Uy 612 = Uy ENA (4-10)

Similarly
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Uy eIz and (Auz, Ul) =0 'V'Ul Ell = U,y ENA (4.11)
Proof. To prove (4.10), assume u;, €I, is such that
(Aul, Uz) =0 ‘V‘Uz EIZ . (4.12)

Then, given WED, let W, €I, and W, €I, be such that W = W, +
W,. Clearly.

(Aul, W) = (Au1, W1)+(Au1, W;) =0. (4.13)

Hence u; € N,4. That (4.11) also holds is clear, by virtue of the symme-
tric roles played by I, and I,, in lemma 4.4 and definition 4.3.

An immediate corollary of lemma 4.4, is that when {I,, I, } is a cano-
nical decomposition

L NI =N, (4.14)

Hence, in order to complete the proof of theorem 4.1, it remains to prove
that I, and I, are completely regular. To this end, given u €D, write
u=uy + u, with u; €I, and u, €I,. Then, if for every v, €1,,

(Au, Ul> = <Au2,vl) =0 (415)

one has u, € Ny C I, by (4.12). Hence, u = u; + u, € I,. This
shows that I, is completely regular and a similar argument yields the
corresponding result for /,.

Theorem 4.2. With every operator B : D - D* that decomposes A
associate a canonical decomposition {I,, I, } by means of (4.7). Then,
such correspondence between operators that decompose A and canonical'
decompositions is one-to-one and covers the set of canonical decomposi-
tions of D. Under this mapping, any canonical decomposition {I 1: I}
is the image of a unique operator B : D - D* given by

<Bu, v = (Auz, Ul> (4.16)

where u, and v, are the components of u and v on I, and I, respectively.
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Proof. In order to show that such correspondence covers the set of
canonical decompositions, given any canonical decomposition {I;, I,},
we exhibit an operator B : D = D* that decomposes A and such that
satisfies (4.7). To this end define B by (4.16). Notice that B is well defin-
ed by virtue of the second of equations (4.9). Equation (3.11) is satisfied,
because

(Au, V) = (Au,, vy) + (Auy, vy) = (Auy, vy) — (Av,, uy) “4.17

Next, we prove that equations (4.7) hold. It is straightforward to see that
I, C Ng; to show that I; D Npg, assume that u €Np (i.e., Bu = 0),
then

<Au, Ul) = <Au2;v1) = (Bu, Ul) =0 V‘vl ell . (4.18)

Hence, u €I, because I, is completely regular. This completes the proof
of the first of equations (4.7). The proof of the second one is similar. The
fact that B and B* can be varied independently, follows now from (4.6),
in view of (4.7) and definition 2.1. After this has been shown, only the
assertion about the one-to-one character of the mapping remains to be
proved. The following chain of equilities

(AU2,UI> = ((B—B*)u2, vl) = (Buz,vl) = (Bu, Ul)
= (B*v,,w) = (B*v, w) = (Bu, v) 4.19)

shows that B : D~ D*, given by (4.16), is the only operator that decom-
poses A and satisfies (4.7), for a given canonical decomposition {1,,15}.
To establish (4.19) the relations B*u, = Bu; = B*v, = 0 were used.

V. THE PROBLEM WITH LINEAR RESTRICTIONS
AND THE SUBSPACE Ip

The results of the abstract theory of boundary operators can be applied
to discuss the representation of solutions of a wide class of problems with
linear restrictions which include boundary value problems for partial
differential equations. In this section the space Ip which characterizes the
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boundary values of the homogeneous equation Pu = 0, is introduced and
under general conditions it is shown to be completely regular. This result
is used in further sections to develop procedures for representing solu-
tions. Later variational principles for such problems will also be developed.

Definition 5.1. Consider P: D - D* and a subspace I C D. Given
UE€D and VED, an element u €D is said to be a solution of the pro-
blem with linear restrictions or constraints, when

Pu=PU and u-VeEI

With every linear operator P: D - D*, it is possible to associate a sub-
space Ip that is regular for P. It is defined by

IP =NA +NP

where N, and Np are the null subspaces of A and P, respectively.

Lemma 5.1. The linear space Ip defined by equation (5.2) is a regular
subspace for P.

Proof. Condition (4.1) is clearly satisfied by Ip. In order to show that
(4.2) is also satisfied, given any u €Ip and vE lp, write u = up + uy
andv = vp + vy, where up, vp € Np whileu,, vy €N, . Then

<Au, v = <Aup, UP> = (Pup, UP)—' (PUP, uP> =0

Definition 5.2. The problem with linear restrictions (5.1), satisfies

a) Existence, when there is at least one solution for every U € D and
Ve,

b) Uniqueness, whenU = O0andV =0 = u = 0;

¢) Uniqueness on the boundary, when

U=0and V =0 = u€N,

By a boundary solution it is meant an element u € D such thatu — UE
Ip whileu — VEL

Clearly any strict solution is a boundary solution.

Lemma 5.2. The problem with linear restrictions satisfies existence,
uniqueness or uniqueness on the boundary, if and only if, the problem

Pu=PU and u€l
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or alternatively

Pu=0 and u-VeEl (5.5)

enjoy corresponding properties.

Proof. Let us prove the assertion of the lemma with respect to (5.4).
This follows from the fact that if wED is defined by w = u — V,
with V € D fixed, then

Pu=PU and u-Ve€lsPw=PU-V) and weErl. (5.6)

A similar argument with 4 — U yields the other part.

Theorem 5.1. Let I C D be a regular subspace for P. If the problem
with linear restrictions satisfies existence, then the pair {I, Ip} con-
stitutes a canonical decomposition of D.

Proof. In view of definition 4.3, it is only necessary to prove that

D=1I+1I

because both I and Ip are regular subspaces. This is immediate, because
given u € D, take u; € D, such that

Py, =Pu ; u, €I

and write 4, = u — u;. Then u = u; + u,, withu, €I and u; €1,.

Corollary 5.1. Under the assumptions of theorem 5.1, I and Ip are
completely regular subspaces.

Proof. In view of theorems 5.1 and 4.1.

Corollary 5.2. Under the assumptions of theorem 5.1, when the pro-
blem with linear restrictions satisfies existence, it also satisfies uniqueness
on the boundary.

Proof. Because

InIP =NA

Corollary 5.3. If the problem with linear restrictions satisfies existence,
there exists a Green’s formula in the strict sense
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P—-p*=pB-B* (5.10)

such that u € D is a boundary solution of the problem with linear restric-
tions, if and only if

Bu = BV while B*u = B*U (5.1D)

Proof, This result is implied by theorem 5.1 in view of theorem 4.2 and
definition 3.6. '

VL. CANONICAL DECOMPOSITIONS IN SUBSPACES

Let D; C D be any subspace of D. Consider P, D, — DfF, defined
by

(Pyu,v) =(Pu,v) , Mu€D; and VED, 6.1

Definition 6.1. A subspace I C D; C D is said to be regular or com-
pletely regular for Pin D ,when it is completely regular for P, .

Theorem 6.1. Let I C D be completely regular for P. Let D; T D be
any subspace of D. Then I is completely regular for P in D,, whenever

Proof. Because when property (4.3) is satisfied for every u € D, then
it is also satisfied for every u € D, CD.

The subspaces of D which contain /, constitute an algebra with respect
to the operations D, + D,;D; N D,. Theorem 6.1 shows that when/
is completely regular for P : D - D* in D, then it is also completely
regular for P in this algebra of subspaces. When on the contrary it is
known that I C D is completely regular in subspaces D; and D, separa-
tely, it has interest to establish sufficient conditions for the complete
regularity of I in Dy N D, and D, + D,. The first of these questions is
easily answered. ‘

Theorem 6.2, Let 1C Dy and I C D,. Assume I is completely regu-
lar in Dy or alternatively, in D,. Then I is completely regular inD, N D,

Proof. Notice that D, "D, C Dy and D, ND, C D,. Hence, this'
theorem is a corollary of theorem 6.1.

The following theorem supplies an answer to the second question.

Theorem 6.3, Let I be completely regular for P in subspaces D, D1
and D, DI Then I is completely regular for P in D, + D, if and only
if, for every u; € D, and u, €D,
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(Auy,v) = (Auy,v) MvEI = u, €D,
Proof. Assume I'C D, + D, is completely regular in D, + D,. Then if
Ay —uy),» =0 VvEI=uy, —u, €EICD, . 6.3)

Therefore u;, =(uy —u,) +u, €D,. Conversely, if (6.2) holds, then
given any u €D, +D, write u=u; —u, with u; €D, and u, €D,.
Now

(Au,» =0 MvEI=>u €D, = u€D,

Since 1 is completely regular in D, and u € D,, it is clear that

(Au,» = 0 MvEI = y€Er . (6.4)

This establishes the implication (4.3) in the right-hand sense. The implica-
tion in the opposite sense is clear, because / is a commutatlve subspace.
This completes the proof of the theorem.

A result that is useful in many applications, is given next. Let 4 : D
=D* A':D->D* and A" : D - D* be antisymmetric operators, while
Iy CD, I, CD,I{ CD, I} C D are linear subspaces such that

a) A =4"+ 4" (6.5)
b) A'and A" can be varied independently.
¢) {I}, I3} is a canonical decomposition of D with respect to A'.

d) {1y, 13} is a canonical decomposition of D with respect to 4"
e) Define

L =nnly; L =5L0I (6.6)

Theorem 6.4. When hypotheses (a) to (e) are satisfied, the pair {I,, I, }
is a canonical decomposition of D with respect to A.

Proof. This theorem can be established using the following result.

Lemma 6.1. The pair {I,, I, }, satisfies

D=1I+1I, . 6.7)
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Proof. This lemma can be shown observing that

I'I’GNA: +1I; NNy +1; NNy + 1, ANy =D, 6.8)
I, =1 ﬂl’,’DI’,’ﬂNA, + 1 NNy» (6.93)

and
1, =I'2r\]'2'nNA'+I'2 NNy (6.9b)

To prove (6.8), we show*
Iy NNy +I) NNy = Ny (6.10)

and we observe that for any v € I} there are x € Ny andy €Ny
such that

v=x+y (6.11)

because A’ and 4" can be varied independently. Then y € I, since I} D
N4 ~». This shows that x €I N N,.. Given any u’' €N, ., we have

u=v+w (6.12)

withv €I] andw €L} ;i.e.,
u=x+y+r+s, (6.13)
where XEN, . NIj, yEN,», rEN, NI, and s €N ~. This shows

that (v +s)EN,  NNy» CNy NIy Hence u' €I NN, +1; NN,
In a similar fashion we can show that

I, NNy + Iy N"\Ngw = Nyo (6.14)

* The proof of (6.8) here supplied is due to Prof. John Evans, from the Univ. of California at
San Diego, whose contribution is here gratefully acknowledged.
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Equations (6.10) and (6.14) together, imply (6.8), because N 4"+ Ny
=D, since A' and A" can be varied independently. The theorem follows
from the fact that I, and I, are regular subspaces for A, as it is not dif-
ficult to verify.

VII. VARIATIONAL PRINCIPLES

There is a very straightforward result that will be used when formulat-
ing variational principles. Let S:D — D* be symmetric and fED¥*;
then

Su=feQ'w) =0,

where

Qu) = 5 (Su, w) — £, w

Here, the derivative Q' of Q : D = F is taken in the sense of additive
Gateaux variation [54], which is probably the weakest definition of deri-
vative. Relation (7.1) was given in Ref. 3, has been used in previous work
[6, 8], an a related result has been given by Oden and Reddy [31]; it fol-
lows from the fact that when S is symmetric

QW) =Su—-f

The theory developed in this paper will be used in this section to for-
mulate two types of variational principles for problems with linear restric-
tions.

The first one applies when there is available a canonical decomposition
{I;, I,} one of whose elements (the first one, to be definite) is the linear
subspace I which specifies the restriction in problem (5.1). In this case
P — B, where B: D — D* is the operator associated with the canonical
decomposition by means of (4.16), is symmetric; by its use one obtains
variational principles for which the variations need not be restricted.
However, it must be observed that the mere existence of such canonical
decompsoition is not sufficient to permit the formulation of these varia-
tional principles; it is required, in addition, that the actual decomposition
of every vector u €D in terms of its components u; and u, can be carri-
ed out easily, because this is necessary in order to construct B by means
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of (4.16). 1t will be shown that there are cases, such as when the problems
are subjected to restrictions of continuation type, to be discussed later,
which do not fulfill this requirement in spite of the fact that for them the
pair {I,, Ip}, constitutes a canonical decomposition whenever the hypo-
theses of theorem 5.1 are satisfied. In such cases in order to obtain the
components u,, u, of any u € D, it would be required to solve the pro-
blem with linear restrictions (5.1).

When the operator B cannot be constructed, the second type of varia-
tional principle can be applied. It is associated with the operator 2P — A,
which is always symmetric and can be used if variations are restricted to
be in the regular subspace I; the results are enhanced when the subspace is
completely regular.

The following lemmas lead to the desired variational principles.

Lemma 7.1. Let 1 CD be a completely regular subspace for P, then
given UED and V€D, an element u€ D is solution of the problem
with linear constraints (5.1), if and only if

Pu = PU
and
Au-"M,v =0 ¥Vvel

When I is regular, but not completely regular, the above assertion holds
for elementsu €V + I

Proof. The mere regularity of I C D, is enough to guarantee that Eq.
(5.1) implies (7.4) and (7.5). When, in addition I C D is completely
regular, conversely, (7.5) implies that u — V €1, hence, Eq. (5.1) follows
from (7.4) and (7.5), in this case. The second part of the lemma is now
straightforward.

Lemma 7.2. Assume {I',.Ic} constitutes a canonical decomposition of
D with respect to P, and let B: D = D* be defined by (4.16), taking u,
and v, as components of vectors on {I, I.}. Then u €D is a solution of
the problem with linear constraints (5.1), if and only if

Pu=PU and Bu = BYV. (7.6)

Proof. By theorem 4.2, B satisfies (4.7). Hence, u — V €I if and only
if Bu—V) = 0.

Lemma 7.3. Assume P ;D — D* is formally symmetric and IC D is
regular for P. Then
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a) (7.4) and (7.5) hold simultaneously if and only if
(2P A, vy = (2PU AV,v) MvEl.
b) When B decomposes A, and I = Ng, Eq. (7.6) holds, if and only if
(P— By = PU—- BV

Proof. Rearranging, equation (7.7) becomes

2Pu — U),v) ={Au — V),v) Mvel]
Clearly, (7.4) and (7.5) imply (7.9). Conversely, (7.9) implies
(2Pu—-U),v») =0 MvEN, CI, (7.10)

which in turn implies (7.4), by virtue of theorem 3.1, because P is formally
symmetric. Once this has been shown, (7.9) reduces to (7.5). This proves
(a).

Equation (7.8) can be obtained substracting one of equations (7.6)
from the other. Conversely, (7.8) implies :

Plu-U),v» =Bu V)w=0 MveENCD, (7.11)

because Ng« DN,4. The first of equations (7.6) follows from (7.11),
because P is formally symmetric. Once that equation has been shown,
(7.8) reduces to the second equation in (7.6)

Theorem 7.1. Assume P: D - D* is formally symmetric and {I, I,}
constitutes a canonical decomposition of D. Then u € D is a solution
of the problem with linear restrictions (5.1), if and only. if

Q'u) =0, (7.12)

where

Qu) = %((P' B)u, u)—(PU— BV, w) . (7.13)
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Here B :D - D* is the operator associated with {I, 1.} by means of
(4.16).

Proof. Recall that P— P* = A = B — B*; hence, P — B is symmetric.
Applying (7.2) to this symmetric: operator, theorem 7.1 follows from
lemmas 7.2 and 7.3.

Theorem 7.2. Assume P is formally symmetric and I C D is a comple-
tely regular subspace for P. Define

Xw) = (Pu, u) - (QPU — AV, w) . (7.19)

Then u €D is a solution of the problem with linear restrictions (5.1), if
and only if

X'(w),v» =0 MveET. (7.15)

When I is regular but not completely regular, an element u €V + I is
a solution of (5.1), if and only if (7.15) holds.

Proof. 2P — A is symmetric with quadratic form (2Py, u) , because 4 is
antisymmetric. From (7.14), if follows that

X'(u) = (2P — A)u— (2PU — AV) . (7.16)

Theorem 7.2, follows from lemmas 7.4 and 7.5, by virtue of (7.16).

VIHI. THE PROBLEM OF CONNECTING

An advantage of introducing abstract boundary operators is the large
class of problems that can be formulated using them; a rather general
example is the problem of connecting. This is an abstract version of pro-
blems formulated in discontinuous fields with prescribed jump condi-
tions.

Consider two neighboring regions R and E (figure 1) with boundaries
oR and OE, respectively. For simplicity R and E are illustrated as bound-
ed; however, the theory can be applied even if they are unbounded. By
reasons that will become apparent in some of the examples to be given,
the common boundary between R and E will be denoted by 3;R = 03 E.
The general problem to be discussed consists in finding solutions to specif-
ic partial differential equations on R U} E subjected to a given smooth-
ness condition or more generally, to a jump condition across the connect-
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ing boundary 93R = 93E. Problems of this kind occur frequently in
applications; the smoothness criterion may be in potential theory, for
example, that 4 and 9u/dn be continuous across 93 R, or in elasticity, that
displacements and tractions be continuous across that part of the bound-
ary. However, more complicated criteria may be included in the theory;
this is the case for example, when R is occupied by an inviscid liquid while
in E there is an elastic solid.

In general we consider two linear spaces Dg and Dy which may be
associated with functions defined on R and on E, respectively. The linear
space D = Dg ® Dy is made of elements # €D that can be thought as
pairs [ug, ug], where ug € Dy while ug € Dg. An operator P: D - D*
possessing the additive property

(Pﬁ, 0 = <PuR , UR) + (PuE, UE) (8.

will be considered. If the operators PR :D - D* and PE :D ~ D* are
defined by

(Ppa, 0 = Pug,vg) ; gt v) = (f’uE,vE) ,
then
P =py +B,

Operators Pg : Dy = D} and Pp : Dy - D} can also be defined, they
are given by

(Prug,vg) = (Pug,vg) ; (Prug,vg) = Pug, vg)
Then
(Pa, ) = (Pgug, vg) + (Pgug, vg)
Using these operators, the following can be defined

2y

A =P — P* Adg =Pr—Pt; Ay =P —P%;

a a

A = Py — P} ; Ap = Pg - P}
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They satisfy

A=Ay +4g (8.7)

(.;112, o = (.ARuR,UR)+<AEuE, UE) (88)

The null subspaces of A Ag, Ag, A r and Ag will be denoted by N, Ng,
Ng, Np and N, respectively. The relation

N = NR QNE (8-9)

will be used later; it is equivalent to
# = (ug, ug)EN » up ENp  and up ENg (8.10)

This latter relation follows from (8.8). . i

It will be assumed that there is a linear subspace S C D of smooth
elements 4 = (ug, ug). When d = (ug, ug) €S, ug €Dy and ug € D
will be said to be smooth extensions of each other.

Definition 8.1. Let S C D = Dy ® Dy be a linear subspace. Then S
will be said to be a smoothness condition or relation if every up € Dy
possesses at least one smooth extension ug € D and conversely.

The smoothness relation S will be said to be regular and completely
regular for 1;, when as a subspace, it is regular and completely regular for
P, respectively. i A

Lemma 8.1. A smoothness condition $ C D is regular for P, if and
only if .

a) Agug =0 and Agup =0 = [uR,uE]€§ (8. 1a)

b) Foreveryi = [ug,ugl€Sandd = [vg, vg1ES  (8.11b)
<Aﬁ, v = (ARuR,vR)+(AEuE,vE) =0.

In addition, a smoothness condition SC D is completely regular for P, if
and only if
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(Ad, & = (Agug, vg) +(Agug,vg) =0 ¥i€S » a€d . (8.11c)

Proof. This lemma follows from definitions 4.1 and 4.2.

As an example, assume each of the boundaries aR and 0F of regions R
and E (figure 1) is divided into three parts 9;R and 9;E (i = 1, 2, 3),
where 3R = 9, F is the common boundary between R and E. Let n be
the unit normal vector on these boundaries, which will be taken pointing
outwards from R and from E. On the common boundary ;R = 0,E,
there are defined two unit normal vectors which have opposite senses,
one associated with R and the other one with E. Some times they will be
represénted by np and ng; more often, however, the ambiguity will be
resolved by the suffix used under the integral sign. Take

dyR= 3,E e
]
_— 0;F
o, R Figure 1
DR = {uR eHs(R)} (8.123)
Dg = {ug EH'(R)} (8.12b)

Define P, Dgp — D} by

(P y J' vy d +f Uup R dx f 0o VR gv (8.13)
UR>UR? =] vpVugzdx R 54X — R . (8.
K R R R 2,R a,R on

and let Py : Dy - Dy satisfy the equation that is obtained when R is
replaced by E in (8.13). Then



188 HERRERA

PPN SR
o -j;,E ‘vE an  YE on) %X

2 Oug
_/;aR‘vR'an'—uRW dx , (8.14)
while
N = (a€Dluy = up = dug/on
dug/on = 0, ond;R}. (8.15)
Let

a

S = {A€Dluy = ug ; dug/dng = dug/dng , on d;R}. (8.16)

Functions ug €Dy C H'(R) (s = 3/2) are such that their boundary
values ug, dug /on belong to H®° 72(d4R) and H* "2 (3,3 R), respectively
(see for example Lions and Magenes [29]). A corresponding result holds
for functions uz € Dy = H*(E). This shows that every up € Dy can be

extended smoothly into a function ug € Dg, and conversely. Thus Sis
a smoothness relation.

Whend = (vg,vg) €S,

(ARuR, UR)+(AEUE,UE)

=.[R[ [a:: auE]—( “E)a dx  (8.17)

for arbitrary 4 = (ug, uE)GD Using (8.17) it can be seen that condi-

tion (8.11) is satisfied by s cC D this shows that S is regular for P.
When § is regular, it is easy to construct a regular subspace which
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together with S constitutes a canonical decomposition of S , for the
operator B

Definition 8.2. An element tt = [ug, ug] € D is said to have zero mean
when [ug, —ug] € $. The collection of elements of D with zero mean will
be denoted by M.

Lemma 8.2. The set M of zero mean elements is regular or completely
regular, if and only if, $ is regular or completely regular.

Proof. Clearly M is a regular subspace of D, if and only if, so is $. This
lemma follows from lemma 8.1, because conditions (8.11) are invariant
under the change of sign implied by the definition 8.2 of M.

Theorem 8.1. When the smoothness relation $ is regular for P, the pair
(S, M} constitutes a canonical decomposition of D.

Proof. In view of lemma 8.2, M is regular. Therefore, in order to verify-
definition 4.3, it remains to prove that

D=8 +M (8.18)

To show (8.18), given any 4 = (ug, uE)GD, choose smooth extensions
up €EDp and up €D of ugp €Dy and up €Dy, respectively. Then

_ 1
o= u-3d], (8.19)

u = %(uk tup, up +ug (8.20a)
[u] = (ug — ug,up — ug) (8.20b)

The fact that the pair {§, M} constitutes a canonical decomposition of
D, implies that given any 11615, the elements u €S and [U] E M are
defined up to elements of N,. Elements u and [u] satisfying (8.20) will
be called the average and the jump of d, respectively. A

By means of (4.16), it is possible now to define an operator B : D~->D
that decomposes A and satisfies (4.7) with I; = § and I, = M. Such
operator will be called the jump operator and will be denoted by J. It is
defined by

2WJa, 0 = AAu,, by) = —(A[a), v) (8.21)
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Notice that

A

Ja=0ea€ed (8.22)

which motivates the terminology.

Equation (8.21) will be used extensively when formulating variational
principles for problems with prescribed jumps in discontinuous fields,
and it is worthwhile to ellaborate it further. Letd = 4, + d,;0 = v, +

Uy, where 4, = (uyg, uyg) €S8, 4, = (435 ,u25) €M and similarly for
v. Then

(jﬂ, 0 = (Aaz, 61) = (AR Uy p, le) + (AEqu, le)
= NApu,p,vg) = 2(dgtl,, 6,) = Adghy, 0,) , (8.23)
where (8.8), (8.11c), and the definition 8.2 of M have been used. Hence

Ga, w = Aglal,v) = —(Ag[a], » (8.24)

In addition

(Aa, ) = (Ax[v], wd— (Agxlal, v) (8.25)
because A =J —J*.
—— The use of formulas (8.24) and (8.25), will be illustrated applying them

to the previous example. In view of (8.16), the smooth extensions up €
Dg and u,'; € Dy of up and ug, respectively, satisfy

’

Up = ugp ; Oup/ong = dug/dng, ondzR (8.26)

In addition

_ auR aUR}
(Agug,vg) _./;,R {vR'—é;—uR—a; dx (8.27)
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Applying

a[a] A
(Ja, o) f l(‘)R - lalg (a';)R} (8.28)

Equations (8.20) yield

alaly _ dup du
[8lg = ug —ug; 3y == -5 ; ond;R  (8.29)

_ ' 3(v) 1 (ov ov
@r =30 +vR) 5 5 =3 (a—,f+a—,f) ond;R (8.29b)

by virtue of (8.16). Equation (8.28) can be simplified if the component to
be used is indicated by the index under the integral sign; thus

(Ja, o) / {[] ]ldx
of, oo oo

where [0:d/0n]g = Oug/0n — dug/dn, on 9;R. The last equality in
(8.30) follows from the second equation in (8.24), but can also be seen
because there is a double change of signs on each term appearing in the
integrals; one due to the change in the sense of the unit nermal and the
other one due to the change of sign of the jump of 4. Equation (8.25)
yields

(Aa, o =ﬁ’ |[u]5;+u[g:;] [gﬂ— [0 l—ldx (8.31)

IX. BOUNDARY VALUES AND CONNECTIVITY BASES

In Sec. V, it was shown that generally (precisely, under the assumptions
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of theorem 5.1), the subspace Ip is completely regular. As it has been
illustrated by means of examples [13, 19, 22, 23] in applications to
boundary value problems the characteristic feature of elements belonging
to Ip is that they assume boundary values corresponding to solutions of
the homogeneous equation Pu = 0. Taking this into account, the pro-
perty

(Au,v) =0 MvE€Ilp = u€lp |

which is satisfied when Ip is completely regular, can be interpreted as a
purely algebraic characterization of the boundary values of solutions of
Pu = 0. Such characterization in connection with some specific problems
apparently was originated by Trefftz [43].

Frequently, it is preferable to restrict attention to spaces of boundary
values

D = DIN, , (9.22)
Ip= IP/NA (9.2¢)

A corresponding notation will be used when a canonical decomposition
(I, I} is available. Given u €D there is a unique element of D associat-
ed with u; this will be represented by the same symbol, unless such am-
biguity leads to confusion. The same usage will be followed in connection
with boundary operators.

In applications it is preferable not to use the whole set [p in order to
characterize boundary solutions. This can be achieved by means of ¢
complete subsets.

Definition 9.1. A subset E C I is said to be c-complete (complete in
connectivity) when

(Auw)=0 MweEE =>u€]
When in addition, for every finite subset {w;, w,, .., w,} C E, the

functionals {Aw,, Aw,, ..., Aw,} are linearly independent, E is said to be
a connectivity basis.
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The following lemma is straightforward, but will be useful in applica-
tions.

Lemma 9.1. Let I C D be a commutative subspace for P. Then I is
completely regular, if and only if, it possesses a c-complete subset.
Proof. Because when E C [ is c-complete, one has that

Au,w) =0 V¥wEIl = (Auw)=0 VWWEE = uc] (9.4)

Clearly (4.3) follows from (9.1) and the fact that I is commutative sub-
space for P.

X. CONNECTIVITY AND HILBERT-SPACE BASES

The concepts of c-complete subset and connectivity bases are purely
algebraic. A connection between these notions and Hilbert-space bases is
given in this section.

Given a separable Hilbert-space H, we consider the space D = H @ H.
Elements of D will be written as i = [u,, u, ], with u; €EH and u, €H.
With every subset B C D, we associate two sets

By = {u €H 34 = [u,,u;]€EBICH (10.1a)

B, = {u €H 34 = [u,u,]€BICH (10.1b)

The notation A : D = D* will be used to represent an antisymmetric
operator given for every u € P and v € D by

(Al), = (ul,vz)—(uz,vl) : (10.2)

In what follows I p C D will be a commutative linear subspace for 4;
ie.,

Ua,®» =0 ¥Ma€i, and ¥E€ET, . (10.3)

The subsets Ip, C H and Ip, C H are defined replacing B by Ipin
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(10.1). When T1p C D is a linear subspace, both Ip, C H and 1p, C
H, are linear subspaces, but they are not necessarily closed.

Assume
Ips D 1p2; Ipp D Ipll (10.4)
Define
Ho = Iy N 1p, (10.5)
Clearly H, C H is a closed Hilbert subspace and

Ho = Ipp + 1p, . (10.6)

Define

Ipso = Projo Ipy 3 Ipyg = Projg Ip, (10.7)

Here proj, stands for the projection on the subspace Ho.
Lemma 10.1. Let 1p C D be a linear subspace for which (10.4) holds,
then

Ipso = Ipy NHo 5 Ipyg =1Ipa N Hy. (10.8)
Tpy = Ho +1py 5 Ip, = Hy + Ip, (10.9)
Hy = Ipio = Ipso - (10.10)

Proof. Recall, when (10.4) holds, 15, and Ip, are orthogonal sub-
spaces of H, because Tp, O 1, Equation (10.6) implies

H=H,+1pn+1p (10.11)

This equation exhibits H as a sum of orthogonal subspaces. Equations
(10.8) to (10.10) easily follow from equation (10.11).
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Define

=
I

{[uy,01€D|u, €141

N2 = {[0,u, €EDlu, €15,{}. (10.12)

Let I, C D be such that:
i) There is a dense linear subspace E C H such that

ED Ip +1p, (10.13a)
ii) Forevery 1€ E = E 9 E, one has

(Aa,0) =0 ¥Yo€lp ® n€ip . (10.13b)

Then, there is a unique subspace fﬁ C D, which is completely regular for
A D = D*and such that

IpC 1 (10.14)

Even more, if B C 1}, is such that

span él = 71,1 and spanfBz/f\ipz , (10.15)

then B C I is c-complete for IS with respectto A : D - D*
Proof. Notice that in the presence of assumption (ii), (i) implies

Ip D Ny +N, (10.16)

This in turn implies that (10.4) is satisfied. Let B = {Wy, Wy, ..} C fp
be any denumerable subset which satisfies the first of equations (10.15).

Such choice is clearly possible, because H is separable. Write w, =
[We1, w,, L, @ =1, 2,... There is no lack of generality by assuming



196 HERRERA

that such subset is chosen so that { W11, W21, W3q,.. Iis orthonormal.
Define I, C H by the condition

u €1 © u; €Ip and ) a2 < w (10.17)

a=1

where
a, = (uy,wg,) . (10.18)

Let the mapping 7, : 15, = H be given by

7'2(”1) = Z a,Wa (1019)

a=1

for every u, € If;l Clearly 7, is well defined by virtue of (10.17).
Write

I = {8 =[u,@)€D lu, €15, }+ K, . 10.20)

With this definition 1§ and 1%, satisfy a relation similar to (10.1a).
Next, we proceed to prove that indeed 15 possesses the properties
asserted in theorem 10.1. These will follow from

a) A2, 0) =0 ¥a€ly and sET (10.21)
b) Forevery 6t €0 one has
(Aa,9) =0 ¥s€l, »aeis . (10.22)
In order to prove (a), notice that

Wea, Wpy) = Wa1,Wg,) Ma=12 . and B = 1,2,... (10.23)
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Forevery v, €15,

(vl ’ waz) = E (wa2 ’ wpl )(vll wﬁl y
B=1

D Way, e )y, Wyy) (10.24)
=1

When i = [ul,u2]€ff, and ¥ = [vy,v,]1€ 15, then

Uy, v2) = Z(Ul,waz)(ux,wal)

‘Z }:(Wanwm)(vn Wy YUy, W) (10.25)

a=1 8=1

Equation (10.25) together with (10.23) imply (10.21).
To prove (b) recall that when the first of equations (10.15) holds, for
any @ = [u,, u, ] € D, one has that

u; €Tp, and (A4, W) =0 ¥WEBCI, »acil . (1026)
This can be seen by noticing that the premise in (10.26) implies

aa = (ul,waz) = (uz’wal) (10.27)

so that

00

U = Z aAaWa, +q: ; qZEI}ln (10.28)

a=1

Therefore Z ag < oo, necessarily. Equation (10.28), permits writ-
ing a=1
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0= [uy,7,(u)+9€ 1%, (10.29)

where 4 = [0, g1 € N,.

Therefore, in order to prove (b), it is only necessary to prove that the
premise in (10.22) implies that #; € Ip,. This is straightforward, because
the premise in (10.22) implies by (10.16) that

-

(A, 0 =0 ¥vEN, ; (10.30)

i.e. that

(u,v) =0 ¥u, €T3, (10.31)

Hence u; € 1p,.

Once (b) has been shown, it is seen that 1¢ P 2 1 p, because any ele-
ment 4 € ] p satisfies the premise in (b). Hence, 15 pis completely regular
by virtue of lemma 9.1, because I p is a c-complete system for 15.

In order to show that 15 p is the only completely regular subspace such
that 16 D 1p, recall that if I O 1p is completely regular, then 1601
by virtue of (10.22). When 1'is completely regular I'isa largest com-
mutative subspace, thus 1' D I° HenceI' = I°.

In the previous proof, B satisfied the first of equations (10.15) but was

otherwise arbitrary. However, the fact that 15 p is unique 1mplles that the
linear space 1; constructed in the manner explained before, is the same

independently of the particular system B chosen. In particular, the same
mapping 7, : Ip, = H, is defined independently of the particular B
used, as long as the first of equations (10.15) is satisfied.

In connection with the mapping 7,, there are two points which are
worth observing. In the previous construction, we could have started with
a system B which satisfied the second of equations (10.15) and such that
{wys, Ws3,, ..} is orthonormal and we could have defined If,2 CH
replacing (10.17) by the condition

u, €1f, ¢ u, € Ip, and QZ:I by < oo (10.32)
where

by, = (uz,W,y,) (10.33)
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Then, define the mapping7, 15, = H by

r@) = ) baWa, (10.34)

a=1
This leads to replace (10.20) by
IS = @ = [r1(), u 1 €D lu; €T, 1+ Ky (10.35)

However, deﬁmtlons (10.20) and (10.35) are equivalent, because one
can show that IP as defined by (10.35) is completely regular for 4 : D~
D* and 1§ D I p. This shows by the way that

n(Ip) = 15, OH, 5 7.(I5;) = Ip, NH, (10.36)

Therefore, one can write

i 15, H, 5 T Ip > H, (10.37)

By virtue of (10.26), in order to prove the second part of theorem 10.1,
it is only necessary to prove that when equations (10.15) hold, for every
# €7D, one has

(A2, W) =0 M WED = u; €Tp, (10.38)

Assume B satisfies (10.1 5), then without lack of generality, we can choose
B, = {wn‘, W32, W3z, ..} as orthonormal and spaning [p,. If 4 =
[y, u, ] € D satisfies the premise in (10.38), then

(ul’waz) = (u20 wal V-a = , 2, (10.39)

Using (10.39), a direct computation shows that

W)=Y Z(wal. 52)U2. W)Uz, W,g)  (10.400)

a=1
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and

CHBEEDY > (Waz» Way )tta, W, vz, way)  (10.40D)

a=1 g=1

whenever v = [v,, vz]elf, and v, €H,. Taking v, = 0, equations
(10.40) together imply

W1,0,) = (up,v;, =0 ¥, € Ip, ; (1041)

ie., u; € I p,. This shows (10.38). Hence, theorem 10.1.

There is a corollary of theorem10.1 , that will be used later.

Corollary 10.1. Under the assumptions of theorem 10.1, let 4 =
Uy, u J€EH, @ Hp and v = [v,, v,]EH, ® Ho, be such that i € 1§ and
VE 15. Then

U, = vy, <& U, = v,y (1042)

Proof. When u;, = v,, then [0, u, — B1€T%u, —v, € I7,. This
implies u; — v, = 0 because U —v; €Hy. A similar argument shows
the converse.

The following general result will also be used in the sequel.

Lemma 10.2. Let E; C H be a dense linear subspace of H. Assume
H' C H is a closed Hilbert subspace of H. Then if the mapping u: E, -
H' defined for every u, C L by

u(uy) = proj (uy) (10.43)

is one-to-one, one necessarily has H' = H. In equation (10.43), proj (u, )
stands for the projection of u,onH'

Proof. Assume H' isa proper subspace of H. Let £y € H, be a unit vec-
tor orthogonal to H' and let H'' be the orthogonal complement of %,*
then, H" D H'. Let u" be the projection on H"”. Then u": E, » H" is
also one-to-one, because of the fact that H" D H' implies that for every
X €E; one has fu(x) 1< lu"(x) I. Let {x1, x3, ...} C E,;, be an ortho-
normal system that spans #. Under the assumptions of the lemma, there
exists a sequence of real numbers a; such that
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i = ') tag, , =12 ... (10.44)

Multiplication of (10.44) by £,, yields
(Eo, x;) = a; (10.45)

because u"(x;) € H"'. Hence

Z al = |1gI1? =1 . (10.46)
i=1

This shows that ¢; = 0 as i = oo; therefore, a; is bounded. At the same
time, by virtue of Pitagoras’ theorem

0 # NPl = —af (10.47)

This implies that a; # 1 for every i = 1, 2, ... and also that the mapping
p' is bounded away from zero; i.e., the mapping is bicontinuous since u'’

is also bounded.
However, if {y,, y;,..}C E, is such that Ynas=>to then

#'(»,) > 0 while Iy, > 1. This implies that (u")! is unbounded,
which in turn contradicts the fact that u” is bicontinuous.
Theorem 10.2. Let assumptions of theorem 10.1 hold. Then, for any
subset B C 1p the following assertions are equivalent
i) Forevery i € E one has

(42, W) =0 ¥WEB = aci, (10.48)

~

ii) Bis c-complete in 1% with respectto A D - D*.
iii) span B; = Ip, and spanB, D I}, . (10.49)

iv) span B, = fpz and spanB; D1Ip, . (10.50)
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Proof. We prove first that (iii) = (iv). To this end we show that when
(iii) holds, then

span {proj, B} = H, , (10.51)

where proj, stands for the projection on H,. Indeed, if u€EH, = 1 P1
N 1 p, is such that

a, = (U,wy,) =0 ¥Ma= ,2,.. (10.52)

b

thenu € 15, and

oo

1) = D GWay =0 (10.53)

a=1

ie., [u, 0]€ If, This implies u € I}L,z N H,. Hence, u = 0 by virtue of
lemma 10.1, and (10.51) is established. Here, it was assumed that {w,,
Wi1, ...} = B; were orthonormal.

Equation (10. 5 1) together with span B, D 1T P,, imply span B, =
Ip, = Ho + 1 P1 Hence (iii) = (iv). The converse can be shown in a
similar fashion.

To prove that (i) = (iii), we start showing the first of equations
(10.49). Let p: Ip, = span B,, be defined for every u; € Ip, by

p(uy) = E CWay (10.54)
a=1
where
Co = (U3, wy) (10.55)

and {w,,, W3, ..} are again assumed to be orthonormal. Clearly u is
the projection of the linear subspace Ip; on the span By C Ip, and
recall that 1 p, is dense in Ip,. Now, this mapping is one-to-one, because
if uy € Ip, then
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p(uy) = puy) = (U —uy,w,,) =0 Ma=1,2 ., (10.56)

and therefore [0, u, — u}1€ 1, by (i). This implies u; — u} € 1p,;ie.,
Uy —uy €Ip N 1p, C Ho. Hence, u; = uj by corollary 10.1. Applica-
tion of lemma 10.2, yields the first of equations (10.49). In a similar
fashion one can obtain the first of equations (10.50). Form these two
equations the desired result follows.

Either (iii) or (iv) imply equations (10.15), because they are equiva-
lent. Hence, (iii) = (ii) or equivalently (iv) = (ii), by virtue of theo-
rem 10.1

To show that (iﬂi) = (i), recall that 1 pC pr Therefore, when (ii)
holds, for any 4 € E C D one has that

(A2, W) =0 ¥WEB = (Au, ) =0 WMvElClp. (1057

This shows that the premise in (10. 57) implies the premise in (10.13b);
hence, u € 1 p- This proves that BC I p satisfies (i).

XI. AN INTRODUCTORY EXAMPLE

To fix ideas let us consider a simple example. Let u(x, ¥) and v(x.y)
be solutions of the biharmonic equation in a horizontal strip (Fig. 2);i.e.

Figure 2
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A’y = A%y =, 1 <y <1, ol x < oo (11.1a)
such that
=y =0 . Ou_0u_ -
u=v=0; ay_ay—o’ at y = 1 . (11.1b)

Then, one can define an antisymmetric bilinear functional Ay, by

1
_ 0Au By du  dAv
(Aou, ) —[ { ox Aua—£ + Av'a — uw} : dy (11.2)
X =

where +—e0 < ¢ < 400, Well known reciprocity relations for the bihar-
monic equation imply that the expression for Ay given by (11.2) is in-
dependent of £ whenever equations (11.1) are satisfied.

Separable solutions satisfy [46, 47]

¢, (x,¥) = f,()en* (11.3)
where
sin? 2\, — 42 =0 .

It can be shown [47] that for everyone of the roots A, of (11.4), one has
that

i) ReX, # 0
ii) If A,, is a root, then —A,, is also a root.

Using (1 2), it is seen that

1
o A ..
3¢ A |
+ B — 9 ax’"} dy  (116)
X =0
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which holds for every &. Hence

M tAy F 0= (A,0,,6, =0 . (11.7)

Let us restrict the definition (11.3) by the condition Re A, = 0 and in-
troduce the notation (n =2 1)

Pr(x,¥) = frp)en” (11.8)
Then it can be shown that
<A0¢n,¢,’:‘) # 0. (11.9

The notation established by Egs. (11.3) and (11.8) classifies separable
solutions into two disjoint groups. Define N} as the linear manifold of
functions spanned by the system {¢;, ¢,, ...} while N3 is defined cor-
respondingly, using {¢], @3, ... }instead. Let

Np = NL +NB . (11.10)
The properties characterizing the subspaces Np and N3 are

u—>0 asx - +o whenever uEN} , (11.11a)

u >0 asx - —oo whenever ¥ENE . (11.11b)
The null subspace;N, o of Ay, will be needed. This is
Nyo = {WENp I{4ou,v) = 0 MUvEN,} (11.12)

By virtue of (11.7) and (11.9), the only function belonging to this space
is the zero function, i.e.

Ny = {0}. (11.13)
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We notice the following properties of these spaces:

a) N} and N} are commutative subspaces; i.e.,

(Aou,v) =0 VUuEN; and vENp 3 a= ,2 1 14)
b) Nz D Ny «=12 (11.15)
c) Given uENp

(Aou,v) =0, NMVvEN, = u€EN;, - a= ,2 (11.16)

d) For every u € Np, there exist elements u; € N and u, € N} such
that

u=u +u, . (11.17)
e) Ny = N, N N% . (11.18)

Notice that property (11.15) is trivially satisfied in this case. However,
in further applications of the theory this will not be so.
We recall that the families

B = {¢y,¢;,,.. C N} (11.19a)
and

B* = {¢F,¢%,.. C N} (11.19b)
have the following properties given any u € Np, one has

(Aou, ) =0 n= ,2 ..= u€N} (11.20a)

and
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(Aou, ¢8) =0 n=1,2,.. = u€N} (11.20b)
From equations (11.7) to (1 9), it follows that

(A00,,9%) =0 ifn+m, (11.21)

and
(Ao¢,,,¢,’,") 0 ifn=1,2,.. . (11.22)

Hence, multiplying each of the functions of the families of separable
solutions by suitable constants, one can assume that

(Aody, %) = 8, (1 23)

Clearly, properties (a) and (b) show that N} and N} are regular subspaces
for Ay : Np = Np. Then, (d) imply that {N}, N} }is a canonical decom-
position of Np. Properties (e) and (c) follow from theorem 4.1. In view
of definition 9.1, equations (2.20) show that BC Np and B*C N} are
c-complete for Np and N3, respectively. In addition, the families B and
B* are biorthogonal by virtue of (11.21) and by multiplying them by
suitable constants they can be transformed into biorthonormal families.
Now, any function ¥ € Np can be written as

u=3 a0, + Y bo} . (11.24)

n=1 n=1

It is convenient to recall that each of the systems of constants a,, b,
(n = 1,2,..) possess only a finite number of non-vanishing elements
because Np and N} were defined as the linear mani-folds spanned by
separable solutions. Later actual infinite series will be considered, but
this has been here avoided to keep this introductory example sufficiently
simple. When the systems {¢;, ¢,, ... }and {¢f, ¢7, ... }are biorthonormal,
it is straightforward to verify that

a, = ({Aou, ¢} (11.252)
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b, = (Aos,,w . (11.25b)

Using the notions thus far introduced we can summarize our results as
follows:

“The space of biharmonic functions Np defined in a horizontal strip
admits a canonical decomposition into two-subspaces|{N}, N3}, such
that the families of separable solutions {¢;, ¢,, ..}CN} and {9}, ¢5, ...}
C N} are c-complete for N} and N3, respectively. Even more, these two
systems are biorthogonal and by a suitable choice they can be taken to
be biorthonormal. In this case any function of the space Np can be
represented by means of (11.24), where the coefficients a, and b, (n =
1, 2, ...) are given by (11.25).”

This part is devoted to explain how this simple scheme can be formu-
lated in a manner that can be applied to a very general class of partial
differential equations relevant in continuum mechanics and other fields
of application. In the very simple introductory example given here, the
space Np is not equipped with a topological structure. However, in more
general situations to be treated later, topological considerations will
have to be included.

XIl. CANONICAL DECOMPOSITIONS
OF THE SPACE OF SOLUTIONS

When P : D - D* is associated with a differential equation, the homo-
geneous equation is

Pu=0. (12.1)
Thus, the space of solutions of the homogeneous equation is the null sub-
space Np, of P.
Let A = P—P* and assume A; : D - D* and A, : D > D* are
antisymmetric operators such that
a) A=A, A4, 12.2a)

b) A, and A, can be varied independently; i.e.,

D=Ng, +N,, , (12.2b)
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it is possible to construct canonical decompositions of the space of solu-
tions Np. The corresponding theory has been developed systematically
in the appendix. Here, we only recall a few results and give some ex-

amples.
When u € Np and v € Np, ones has

(Ayu, ¥+ (Au, v» = {(Au, v) = 0 (12.3)
This shows
(Ayju,v) = (Au,v), MYu€Np, VENp (12.4)
In view of (12.4), one can define an operator 4 : Np > N;, given by
(Aogu, ¥ = (A4, v) = —(4,u,v) MuUuE€ENp, VvEN, . (12.5)

Let Np CNp and N} CNp be two commutative subspaces of solutions,
which span the space Np;i.e., ‘ :

i) Np = N} + N3 (12.6)
ii) Forevery u; € N} and vy € N}, one has

(Aptty,vy) = 0 (12.7)
iii) For every u, € N} and v, € N}, one has

(Agty,v,) = 0 (12.8)

When (i) to (iii) are satisfied, given any solution u € Np, one can write
u = u, +u,, with u; €N} and u, € N}, by virtue of (12.6). Therefore,

(Aou, v = <A0u1,02)+<A0u2,Ul> Mu GNP . UGNP (12.9)

where (12.7) and (12.8) have been used. In view of the above, it is not
difficult to establish the theorem that follows.

Theorem 12.1. Given P: D — D*, A, and A, satisfying equationsv
(12.2), let N, CNp and N} CNp be linear subspaces for which (i) to (iii)
hold. Define
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IP =NP +NA (12.10)

and assume IpCD is completely regular for A D = D¥*. Then, if
(NPHNA1)+(NP NN4,)CNy (12.11)

the pair {N}, N3} constitutes a canonical decomposition of Np, with
respect to Ay : Np = N3, as given by (12.5). When this is the case,

Nyo =Ip NN, (12.12)

Proof. The proof is given in the appendix.

We illustrate the material contained in this section by considering a
very simple example. Take, as in Sec. XI, D = C”(R) and let R be the
unit square 0 < x < 1,0 < y < 1 (Fig. 3). Define

7

22

Figure 3

v
x

1 av 1 a_U
(Pu,v)=£vv2udx+[ ust ledy—_J; uge dy (12.13)

“0

Then

y=1
(Au, vy = J’l {v Ou a"} dx (12.14)
0 y:

Define
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(A,u, v =Il v %ﬁ i gi] dx (12.15a)
; y R
1
(Au, v) = —J. [v—g-yu- u%}] dx . (12.15b)
n y=0

Then equations (12.2) are satisfied, because

= du _ -
{uEDIu—ay—O, at y = 1 (12.16a)
ou
= {u€D|u= _ay =0, aty =0} (12.16b)

Notice that the space of solutions Np C D, is made, in this case, of the
functions which are harmonic in the unit square and vanish on the sides
of the square; i.e.,

Np = (u€D v2u=0, onR u=0 at x =0, 1} (12.17)

The space of solutions can be decomposed into two subspaces

Np = (UE€ENplu=0, aty-=1}, (12.18a)
Np = u€ENplu=0, aty=0}. (12.18b)

Then, it is straightforward to verify (i) to (iii) as well as (12.11). Hence,
{N}, N} }is a canonical decomposition of the space of solutions Np.

The assumption (12.11) is similar to the condition that an overdeter-
mined problem has only the trivial solution. It can also be derived, in
some applications, by means of analytic continuation arguments. For the
specific example given here, it follows from the fact that the only func-
tion which vanishes at x = 0, 1, is harmonic in the square and vanishes
together with its normal derivative, either at the top or at the bottom of
the square, is the zero function (i.e. the function which is identically
zero in the square). '

In applications, A, : Np —> N}‘, has many alternative expressions.
For example, if one defines the bilinear functional A()), by
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1
(AQ, v) = w&_ & de : 0<A<1. (1219
o oy oy ea

Then, in the example here considered, for every u € Np and v € Np,
one has

(Ao, v) = (A, 1) , ¥AE]O, 1 (12.20)

A corollary of theorem 12.1, that will be used when discussing bior-
thogonal functions, is that for every u € Np, one has that N} and N} are
completely regualr for A, ;i.e.,

UEN) # (Agu, 1) =0 VUVEN} (12.21a)
and

UENS & (Adqu,v) = 0 MUVvEN; (12.21b)

In the specific example given in this section, relation (12.21a) implies
that a harmonic function u that vanishes at the sides x = 0, 1 of the
square, vanishes at the top, if and only if, the integral (12.19) vanishes
for every harmonic function v, that satisfies the same conditions. Clearly,
harmonic functions that vanish at the bottom of the square have a similar
property due to (12.21b).

XIII. FOURIER BIORTHOGONAL SYSTEMS

Let {N}, N3} be a canonical decomposition of the space of solutions
Np with respect to 4,.

Definition 13.1. Let B, = {w;,w,,..}CN} and B, = {w{, w3, ..}
C N} be c-complete for Np and N2, respectively, then B, and B, are
biorthogonal with respect to each other when

(Aow,, wh) =0, whenever n ¥+ m . (13.1)

They are biothonormal when

(Agw,, wk) = 8, (13.2)
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Lemma 13.1. Assume the pair By = {w;,w,,..}CN} and B, =
{wf, W;, ..}CN3}, is a c-complete pair of biorthogonal systems for
Ay : Np > N such that

Apw, ¥ 0 ¥n =12, (13.3)

Then, it can be normalized (ie., by multiplication, by a scalar of every
one of its elements, one can derive a pair which is biorthonormal).

Proof. Clearly, the assertion of the lemma is true if (44, w,, W, # 0
foreveryn = 1, 2, .... Assume

(Aowy, wp» = 0 (13.4)

for some n. Then
(Agw,, wi) =0 ¥m=1,2, (13.5)
This implies w,, € N3;i.e. w, ENp NN} = N,,. This contradicts (13.3).
Notice that when biorthogonal systems B, C N} and B, C N}, which

are c-complete, are given, with every u €Np = N}p + N2, one can asso-
ciate unique sequences [a,, a,, ...}, [b;, b3, ...] by means of

a, = (Aou, wk ; b, = (4w, v}, a=12,.. . (13.6)

Let &CNP/NAO be

&= WENp/Ngo 1D Il <o, D 1B, < o},  (13.7)
a=1 g=1

Then, on &, one can define the inner product

@, v) = i a,a, + ) b, (13.8)

a=1 g=1

where a,, b, are associated with v by means of equations corresponding
to (13.6); in addition, the bars in (13.8), denote the complex conjugates.
Let H be the closure of & in this inner product.
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Of special interest is the case when H CNp/N, 40~ In this case one can
show that the system B, U B, is orthonormal for the Hilbert-space H,
with inner product given by (13.8). This inner product and the cor-
responding metric, will be said to be induced by the biorthogonal system
B;, B;. Notice that

u = Zaawa +E bywg , (13.9)
=1

a=1

W, v) = (Ayu, v*) (13.10)

v ==Y Bw, Y Twr (13.11)

a=1 a=1

Convergence in (13.9) is with respect to the induced metric, or any
equivalent metric.

For applications, it is of course extremely important to establish
criteria under which the induced metric is equivalent to a metric which is
relevant for the problem considered. Some aspects of this cuestion were
discussed in section X.

As recalled in Sec. XII, equation (12.19), one usually has many alter-
native expressions for the operator Ay : Np > N;. Let A(A) be a family
of bilinear functionals, susch that

(Agu, v) = (A, v) (13.12)

for every u €Np and vEN, p. Consider, as before, a canonical decomposi—
tion {N},N3} of Np. Let w, EN} and w} EN3, n = 1,2, .., be two
families of solutions such that

(AQIW,, WEY = fon QN AQGIW,, wE) (13.13)

in some range a < A < b. Here A, is a fixed value belonging to this
range and f,,,,, (\) is for every n,m = 1, 2, ... a function of A. Then
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“Either f,,, () is a constant or

(Agw,, wk) = 0" (13.14)

This is a general form of the alternative previously formulated by the
author [S1].

As an example, let Np be the linear space of functions which are
harmonic everywhere in the plane, except, possibly, at the origin. Let
Ag : Np = Nf be

ou ]
(Aou, v) =fclu5—ua—;”dx , (13.15)

where C is any circle with center at the origin and 9/dr stands for the
directional derivative in the radial direction. By the procedure explained
in Sec. XII, it can be shown that a canonical decomposition of Np is the
pair {N}, N3}, where N} is the set of functions which are harmonic
in the whole plane, including the origin, while N3 is made of the function
u € Np, such that u — b, logr is square integrable in any region of the
plane that excludes a neighborhood of the origin. Here

_1( o
bo = 27 e or dx

It can be shown that the only element of N , is the zero function.
A family of bilinear functionals A(\), with property (13.12), is

(A, v) =f {'u—g" —u a—v}dx (13.16)
r or
C(K)

where C(A) is a circle of radius A and center at the origin. If w, EN};
and w,’,“eN’,n = 1,2,.. are families of solutions of product form;
ie., if

w, = [,(rp,(0) ; w; =g,(r)q,0) ; (13.17)

then, using (13.16) it is seen that

(AW, Wi = (8 NF M) = (Vg OKA(MW,, wir) . (13.18)
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Application of the alternative (13.14), yields

Ll {w,",‘, aa:)" w, %ﬁ- dx =0 (13.19)
unless
{8, AN =g, =const. 0 < A\ < oo (13.20)
Solutions of product form are
{wy, wy, ..} = {1, rcosf, sin e, ...}CN}, (13.21a)
and
{wi, w3, ..} = {logr, r™! cos®, r! sin 8} CN: (13.21b)

With these definitions, equations (13.19) and (13.20) imply that

n+1 # m when n is even
(Aow,,wr) =0, if n # m and (13.22)
n—1 %* n when n is odd.

This would give groups of two functions which are orthogonal to all
the others. However, due to the manner in which they have been chosen,
equation (13.22) holds whenevern # m.

XIV. BIORTHOGONAL FUNCTIONS FOR
STRIPS AND WAVE GUIDES

The procedure explained in Sec. XII, for deriving biorthogonal systems,
is applicable to arbitrary formally symmetric systems of equations. When
the equation is not formally symmetric the procedure of Sec. III, theorem
3.2, can be used to transform it into a formally symmetric one.

There are many problems of mathematical physics which can be for-
mulated using auxiliary potential functions. An example is linear elasticity
‘which can be formulated in terms of potentials from which the displace-
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ment fields are derived. When a potential is used for elastostatic problems
in a strip, the potential is biharmonic.

This leads to two alternative procedures. when dealing with systems
which admit a potential function representation; one is to obtain directly
displacement fields of product form to which the alternative (13.14)
applies directly, and the other one is to obtain product form potentials
which satisfy the biharmonic or any other corresponding equations, to
which the alternative (13.14) is applied.

The first approach was first used by Herrera [51] to obtain orthogonality
relations for Rayleigh waves. It yields product form displacement fields
which are biorthogonal with respect to the bilinear form A4,, which
involve the displacement and the associated tractions and is given by
equation (14.10).

The second approach, on the other hand, yields product form proten-
tials which satisfy biorthogonal relations with respect to a bilinear form
which does not involve the displacement fields directly. For example,
when the potentials satisfy the biharmonic equation, the bilinear form
is [25, 26]:

2 ) ] av?
Aot 0 = [ ‘wd’g—n“’—v2¢7,%+v2w£ ¢§n’”}

Ry

The fact that in the bilinear form (14.1), the quantities involved in the
boundary value problems relevant in elasticity do not occur, is a short-
coming of this approach that may lead to complications [46].

Application of the first approach, on the other hand, does not preclude
the use of potentials; indeed, the use of them may be very valuable to
construct the displacement fields of product form which satisfy the
equations of elasticity, as will be seen in some of the examples given here.

For the development of biorthogonal systems of functions, it is con-
venient to consider a cylindrical region R = R, ®(—oo, ), (Fig. 4), where
R, is a region of the n-dimensional Euclidean space & (here, only n =
1, 2, will be considered). The points of such region will be denoted by
(x, y), where x €ER,,, while —o0c <y <oo, It will be assumed that the elas-
tic tensor Cj;p,, satisfying the usual symmetry conditions [54]

Cire = Coqi = Gipg
is defined in R. When considering biorthogonal systems of functions it

is convenient to let Cy;,, be a function of x €R, but to be independent
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Figure 4

of y. For simplicity, let C

, Simplx iipg b€ C” in Ry. In addition, Cy,, will be
strongly elliptic;i.e.,

Cipg tMipng > 0 whenever &f #0; am # 0 (14.3)
The reduced equations of elastodynamics are

oT1;
i 2 _
ox, (u) + pwiu; =0 . (14.4)

Suitable boundary conditions on the lateral boundary of the cylinder are

u=0; x€04R, . (14.5a)
Tw) =0 ; x€0R, . (14:5b)
Here, as it is usual
ou

Tyu) = Ciquaf (14.6a)
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and
T(w) = 7, (14.6b)

It is also assumed that the boundary 8R, of R,, is decomposed into
two parts 9; R, and 9,R,. This induces a decomposition of the lateral
boundary of the cylinder into 8, R =09;R,®(—o°, ) and 3, R =0,R;®
(—oo, +o0), The linear space Np of functions to be considered will satisfy
(14.4) and (14.5) in a distributional sense [55] in every subregion §2 of the
cylinder R, x(—oo, %0); for every such subregion the displacement field is
assumed to be such that u € H3*/2(£2). Observe that equation (14.4)
becomes the equation of elastostatics when w = 0.

Clearly
31',-]-
J v; — (u)dx +j u;T(v)dx —f v;T(udx = 0 (14.7)
Q ox; 3, & 3,8
for every u € Np and v € Np. Here
3,2 =00N3§R ; 09,2 =0QNIR (14.8)

For any real number A, R, (A) = R, ®\ denotes the cross-section of the
cylinder at y = \. Then, equation (14.7) implies that the bilinear func-
tional

(AW, v = f (0,T;(u) — u,T,(v) ) (14.9)
Ry\)

defined forevery u € Np anv € Np isindependent of A, when —eo < A <o,
In order to have A()\) uniquely defined, it is assumed that the unit normal
vector used in the computation of the tractions T, points upwards in the
direction of increasing y.

Hence, one can define Ao : Np > Nj by

(Agu, V) = (AN)u, V) . (14.10)

It can be shown that the only elements belonging to tne null subspace
N, , is the identically zero displacement field.



220 HERRERA

We decompose the cylinder R, into two subregions R +and R_; a
point (x, ) €ER, when y > 0. R_ is defined correspondingly. The linear
space Np is decomposed into two subspaces N} CNp and N} CNp,
defined as follows: An element u € Np belongs to N}, if and only if, u
is bounded in R, while Tii(u) is square integrable in R ;N}, is defined
replacing R, by R_. Under suitable assumptions of regularity for the
region R,, it can be shown that with these definitions assumptions (12.6)
to (12.8) are satisfied. Thus, the pair {N},N},} constitutes a canonical
decomposition of Np with respectto 4y : Np = Ng, as given by (14.10).

Let w, € N} and w; € N3, be given by

w,(x,¥) = e (x) ; wrx,y) = o) , (14.11)

where Re(k,)-> 0. Application of the alternative (13.14), using equa-
tions (14.9) and (14.10), yields

j (wh Tw,)—w, -TWX)}dx =0 ; if k, # k,,  (14.12)
Ry

These are Herrera’s [51] orthogonality relations. The generality of equa-
tion (14.12) must not be overlooked; it holds for any elastic fields of the
form (14.11), in a cylinder or wave guide, for general inhomogeneous and
anisotropic materials. We recall also that the range of the indexes in the
elastic tensor C,-qu may also be varied; we will be mainly interested in
cases for which they can take the values 1 to 3 or, alternatively, only
1 and 2. Of course, the relevance of relations (14.12) depends on the
existence of product form solutions; this has been discussed for a few
special cases but a systematic discussion of the subject is lacking.
For applications to plane strain, one must take

Ciipg = Nopgdy; + u(8;,8, +8,85) (14.13)

and when considering generalized plane stress A must be replaced. By
2Au/(A + 2u). In such applications, the range of Latin indexes is 1 and 2.
Then, relation (14.12) is available and all what is required is to construct
displacement fields of product form which satisfy (14.4) and (14.5).
Notice that when R is a strip, R, is a segment which will be taken to be
(=1,1). The boundary oR, is made of two points, —1 and 1. It will be
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assumed that 3, R, = 9R;i.e., only the case when the lateral boundary of
the strip is stress-free will be considered. v

For static problems, biharmonic potentials of product form have been
given by Joseph [47]. Let

U,(x, ) = e ¥y, (x) (14.142)

and
Urix, y) = én?y, (x) (14.14b)

be such potentials. When they are taken as the Airy functions and the
boundary condition

Txx = Txy =0; atx =01 (14.15)
is imposed, one gets
ky sin k, cos k,x — k,x cos k,, sin k,x (14.16a)
for evenleigenfunctions. The odd eigenfunctions are
k, cosk, sink,x k,xsink, cosk,x . (14.16b)
The eigenvalues corresponding to even and odd eigenfucntions, satisfy

2k, +sin2k, =0 . 2k, —sin2k, =0 (14.17)

respectively.
The displacement fields associated with the potentials (14.14), can be
derived from [46]:

Wm

5, =1-)

U, U,
14

P P (14.18a)

ow,, 0*U,
2u W - xdy -1 -»)Q, (14.18b)
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92U, 02U,
2uw,, = oy 2uw,, = 2(1 »)V23U, - P (14.24)
Thus
2WwWay = Nype™ 5 2uw,, = [201 — v)(YY + w_)

+( =22y, le™™? (14.25)

Therefore, the orthogonality relations derived from (14.12) are

Il Wiy Ty (W) + Wi, 7 (W) — Wy, (W)
0

— Wyy Ty (W )dr =0 ; k, # k, (14.26)

where

Ty (W) = [(1L =)y + ¥ /r — Y /r?)  wdiy,le™  (14.27a)

Tyy (Wy) = =N [(2 = 0)(Wy, + Yp/r) + (1 = )2y, le ™ (14.27b)

The expressions for the displacements wi(x, y) and the tractions asso-
ciated with them can be obtained by changing A, by —A, everywhere in
equations (14.25) and (14.27).

XV. SOLUTION OF BOUNDARY VALUE PROBLEMS
USING BIORTHOGONAL FUNCTIONS

Boundary value problems can be formulated as problems with linear
restrictions of section V. Let D = N, be, as before, the linear space of
solutions of a homogeneous equation and A, : Np > N} the corres-
ponding bilinear form, which 1s assumed to be antisymmetric. 'I'ake an
operator B: Np = Np that decomposes 4,. When N} CN, is a linear
subspace and the linear functional Bu GN; (generally, defined by some
boundary values) is given, the problem with linear restrictions consists
i finding uEN},. By virtue of theorem 5.1, when this problem with
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linear restrictions satisfies existence {N}, Np }is a canonical decomposi-
tion of D = Np with respect to 4,.

Assume there are availabe c-complete biorthogonal systems B, =
{w;,w,, ..}CN} and By = {w}, w3, ...}C Ny, then

oo

u = 2 a,w, + v} (15.1a)
a=
while
U—u = b w* +v3 . (15.1b)
a, =AU, w}) ; b, = (4w, D (15.1¢)

while v} and v} belong to the null subspace of A,.

Frenquently, a c-complete biorthogonal system is available for a canon-
ical decomposition {N};,N}}, but one is interested in a problem with
linear restrictions in which, as before, a different canonical decomposition
{N}, Npg }, is involved. In such cases the following construction is useful.

Therem 15.1. Assume {w;, w,,..}CNp and {w}, w}, ..}CN3 are
biorthonormal. Define w,€Ng, n = 1, 2, ... by

wr¥—w, EN} ; w, ENg (15.2)

Then {wy,w,..}CNp is ccomplete and biorthonormal with {w,,
Wi, ...} C Np.

Proof. Under the assumptions, the construction of {wy,w, «.}CNp
is always possible, because {Np, Ny }is a canonical decomposition of Np.
Now, due to (15.2) it is possible to write

wh =w, +e, ; (15.3)

o * ’ 1
where e, = w; —w, ENp. Hence
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(Aw,,w,, ) = (4w, w, ) +{Aw,, €,,)

nm

Any u € Np, can be written as u = u, + up with u; € N} and ug € Np.
Therefore :

(Au, w)) = (Auy, wy) = (Auy, wp) (15.5)

This shows that

(Au,w) =0 ¥n =12 = (Au;,w) =0

¥n=12. =u €LNIL =Ns,  (156)

Hence
(Au,w,) =0 Mn= ,2,. =>u=u, +ug€ENp (15.7)

Examples of the applications of these results to boundary value problems
in elasticity were given in [27].

APPENDIX
CANONICAL DECOMPOSITION OF Ip
Let B: D — D* decompose A and Ny = I. In addition, assume

A, :D = D* and A, : D > D* be antisymmetric operators that satisfy
(12.2). Thenm by lemma 2.2.

Ny =Ny NNy, (A.1)

Given any u €D write u = u} +u% where 4§ EN,, and u} EN,,
Then
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(Au, v) = (A,ul, v]) +(A4,ul, v]) (A.2)

Notice that
(Ayu, v) = (Aud, v3) ; (Au, v) = (Auf,v]) (A.3)

Clearly, we can define operators By : D = D* and B, : D - D* such
that B; decomposes A, while B, decomposes 4,. They.are given by

(Byu, v) = (Bu?, v?) ; (Byu, v) = (Bu,vd) . (A4)

Define
Dy = Ng, DIDN, ; D, = Np DIDN, . (A.5)

Then
D=D,+D, ; I=D, ND, . (A.6)

When u = u; +u,, with u; €D,, u, € D, and similarly for v, one uas

(Aluz, U2> = (szl, u1> =0 (A7a)

Because

(Au, U) = (A]“l, Ul) = <A1u1, 02) + (Aluz, 02)

+ (Azuz, v2> + (Azul, Uz) + <A2u2, U1> R (A.7b)

Hence

(Aul, Ul) = (Alul, vl> (A.8a)
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(Au,, v) = (A uy, vy) . (A.8b)

Write
Iy =IpN Dy, ; Ip =1IpND, . (A9)
Define for a = 1, 2, the operator 47, : Ip —> I; by
(Agu, v) = (A u,v), Yu€Elp &veED (A.10)

Lemma A.1. When {I,Ip} is a canonical decomposition of D, with
respectto A : D = D*, one has

Ip = Ip +1Ip, (A.11)

Proof. Notice that fp, CD, while Ip, CD,. In general any u€Ip
can be written as

u=u; +u;, u€lp & u, €lp, , (A.12)

because u = u) +u,, with u} €D, and uy €D,, by virtue of (A.6).
Write u; = u, +w with 4; € Ip and w € I, this is possible because {I, I}
is a canonical decomposition of D. The fact that u; € D, while wEICD
(Eq. A.6), implies that u; €D;; hence, uy €p ND; = Ip,. Writing
U, = up —w, itiseasy to see thatu = u; +u, and u, €Ip,.

Theorem A.1. Assume Ip N(Nyy ® Ny,) CNy. Then when {1, 1p}is
a canonical decomposition of D with respect to A, {Ip,, Ip, }is a canon-
ical decomposition of Ip, with respect to A, : Ip > I (@ = lor?2).

Proof. In view of lemma-A.l, it is only necessary to prove that /p,
and I». are regular subspaces. Denote by Ny the null subspace of
A,.Take a = 1| and assume u €Ny, Clp, then

(Aqu, v = (Au, ) = (Aul,v), VMvEID (A.13)

This shows that 4§ €1Ip; hence u} €I, NN,, CN,. A similar argu-
ment for a = 2, shows that Ny, Clp, (a = 1,2). To show that Ip,
and Ip, are commutative subspaces, notice that u € Ip and v € Ip implies
(Au, v) = 0. Hence, the desired result follows from (A.7a) and (A.8).
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RESUMEN

Se presenta una teoria abstracta de problemas de frontera desarrollada recientemente por el

autor. Ella exhibe la estructura algebraica asociada a problemas lineales. Se da una caracterizacién.
de sistemas completos de soluciones para regiones de forma arbitraria. También se sistematiza la
utilizacién de sistemas de funciones biortogonales que contribuyen a ampliar la teoria de series de'
Fouries generalizadas. Se desarrolian principios variacionales generales para problemas de condicio-
nes de frontera, con saltos presctitos y sujetos a condiciones de tipo de continuacién. Se exhiben
aplicaciones a mecdnica de fluidos y de solidos; entre ellas, teoria de placas, flujos de Stokes,
problemas de difraccion eldstica, etcétera.



