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ABStRACT. 

There are two main appro3ches to the formulation of 
boundary methods, these are boundary integral equa
tions and approximations by complete systems of solu
tion¿. The latter has been che subject of ext~nsive 
studies by one of the authors oriented to elarifying 
the foundations of the method and increasing its 
versatility. The present paper ia devoted to explain 
the appiication of this procedure to free boundary 
problems such as Signorini's and contaet problem 
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Ihere. are two maln approaches .for the formulation 01 
boundary methads; one is based on boundary integral 
equations and the other one, on the use of complete 
syste~s of solutions. One oC the auchora has given 
previousl)" ex.tensive descriptions oE the lattc.r method 
11-111. lts thC'oretical foundations and development 
e~brace the following aspects: a) approximating pro
cedures and conditions for their convergence; b) for

,j', 1,1.mulatian of variational principles; and e) development 
of complete systems oC s·olutiol"tS".- lt has been shown 
chat a suitable criterion for completeness is c-com
pletcncss. A method of considerable gencrality, for 
gcner.1ting such systems ís described in [61 and [ 101. 
A ¡encral vcrsion of· saparation of variables ~rocedu
res yields biorthogonal systems vhich are c-complete
( 91. COl1Vcnicr.t fe.ltures of e-complete systellls are 
their siaplieity. as in the case of plane waves [111. 
~n4 che fact that che same system can be applie4 CO 
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largc classcs of regions and boundary ~onditions. 

It has been sho .... n [3.10] th<lt undcr gcncr<ll con 
ditioRs a systcm .... hich is e-complete for a regiDn 
has this property for any region .... hic.h cont;:¡ins the 
first one. Ihe possibility of usin~ this property 
to treat problems subjected ta (loating boundary eo~ 
dicions such as seepage flow vas ~uggested previous
1y [12). In che present paper .... e initiate che 5yS

tematic dcvelopment of this subject. First. a very 
simple version of a contact problem i5 presen:ed as 
an example and then theoretical' t'esults that can be 
applied to a general elass of contaet 't'oblems are 
developed. Ihese theoretical developments are based 
on che theory of variational inequalities [13-161. 

2. AN EXAMPLE 

Let O (rig. 1) be a bounded and connected set in ~n 
vith a Lipschit% continuous boundary r-rl U r2 and 
f¡ nra-t. lt vill be assumed that meas(r¡)~o. 

r .' 

J 

FiGURE I .. 

"rite 
v - H1 (O)C;. H-L 2 (n) (1) 

• vhere the symbo14 means densely cóncained. Civen 
the ~unctions. . 

FE L 2 (n) • 

g E Hlf2(r).' 
(2) 

~ E H 3/2(r). 

h e H J / 2(f)o . t 

One ean formulate the distributional boundary value 
pl'oblelll vh~ch consista in finding u e V. such that 

:,' 
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-6u • F in '0. 

u - G on r¡. 
u > (3) 

au/dv > 

(dU/dV-g)(u-h) -

Consider the continuous bilinear form 

a(u,v) .. 1 Vu·Vvdx. u,v E ni (n). (4) 
n 	 . 

As it ls usual y :H 1 (n) ....H1!2(r) and Y1 :H 1 (n) ....H- 1!2(r) 

a re t h e t r a e e o p gr a t ors • Giv e n uE H l/2( r 1) a n d . 

h E H 1/2( r 2.). de fin e . 


o 

K" {vEH 1 {n):y v-íl on fl, yv>h on f2} (5)


o o - o 

and f E V' by 


<f,v> .. 	 1 Fvdx. + f &y vds , v EH 1 (n). . (6) 

n f1 o . 


Clearly, K ls a non-empty. closed and con~ex subset 
of V. 

! 
Using standard techniques [13,141 it follo",s 1 

that problem (3) i5 characterized by the variational 
problem. find u E K such that. 

J Vu·{Vv-Vu)dx~1 F(v-u)dx +.1 gey v-y u)dx. JI vEK n . - n - r2. o o . 
(7) I 

In order to tran5form the variational problem . i 
(7) into a boundary varlational problem. lee w E HZ (n) 

I 


be sueh that. 
 I 
-IJ.", .. F·:'. ......~ n 	 (8) 

I 

. 

. aud define the functions 

g y 1'W E H 1/2(ng o - 
... 	 (9)
U '" y. 'W E H 1/2(0• u o o 

o o 
}h .. h - Y 'W EH'/2e n 

Consider the closed eonvex set 

KO .. {vEV Ir v-G on rl. y v>h . on r2.} (lO)o o o o - o 


where 


V .. (v E H 1 (n) [óv ".0 in n) 	 (11)o 

Then under the transformation 

w (12)
U - u o 

.....,.~ .. , ... 

. : 

. \'. 
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vhere v E H2 (rl) is a fixed elemencsatisfying (8), 
problc~ (7) and thercforc (3) is cquivalent to the 
boundary variational problem, find u El{ such that 

o O 

I (v-u )dU lilndx> I (v-u)g dx. V vEK (13)
r2 o o - - r1 o ° ~ . o 

The method ve propose for solving the boundary 

variational problem (13). i5 based on 'che use of a 

basis {';1 ,,,,2 •••• } cf Vo" The .construction of such 

basis has been extensively studied by Herrera [6,10J 

rece~tly for a large class of systems of partial di! 

ferential equations. For Laplace's equacion. lor 

exa~?le. ie has been shovn that a basis of Vo. vhen 

n is bounded and simply connected, i6 che system of 

haroonic polynomials [6J 


n n{ Re % • 1m z ; n lO 0.1,2 t ••• } (14) 

Given sucb basis define 

(lS) 

Lec 

{Pl.P2 •••• } be a basis ol HO(rl) (16) 

{ql.q2 ••.• } be a basis of HO(r t ) (17) 

le viII be assumed tbac q. ~ O, j • 1.2 ••••• Ele
menes v m 9f che convex su~set Kom. vill"be required

• f •to sa t1S y . .: .' ... '. . . 

r p. (v -G )dx"O / q. (y v -b ) dx > O r J m o - J o.m ° ... 1 . r2' . 

More prec.isely 
. , 

K • {v Ev Iv satisfies (18)} . (19)
om m. om m 

Ii Ko is replaced by Rom in the definition of the 

boundary variational problem (13), one obtains a 

family of variaeional problems. Lec e Kom be che
u om 
solution of such problem. then it can be shovn tbat 

uom·u o · The examp1~ given here is a particular case 

of che general theory explained next. 


l. t\OTATION 

(V,n·u) i5 a real Hilbere space with topological 
~~~l (V'~U-U*): <"¡">.denoces th~ dua1iCY'pai!ing on 
\ . "V. "(ii. (- •• ) .1- ) loS a real H11bert space l.d.enc.i 

. {¡ed Wl.th ita dual, in wbich V ia densely and co~-

~ .~. - .."  , 
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tinously embedded: V H 	 v'. K ia a nonempty, 
of 

o
closed and convex subset V. 

a:Vxv·a i5 a continuous bilinear form (not 
necessarily sym~etric) vhich satisfies che condition 
c:(K-ellipticity) there is a constaRe a>O such that 

a(u-v,u-v)~allu-vIl2. V u,vEK. 

AEl(v.v') is the corresponding continuous linear 
aperator: 

a(u.v) .. cÁu.v>. u,vEV. (20) 

yEl(v, B) is a linear c:onti~uoussurjection 
with kernel dense in H~ B ~eiog a HiIbere spaceVo 
isomorphicAto the quotient space V/Vo. and the quo
tient map y:V/Vo+B norm-preserving. , o o 

AEl(v.V:') is the linear continuous composition 
pA\ whete P:V'+V~ is the restriction to of funcVo 
tionals 00 V, called the formal aperator determined 
by a(e,-), V and V :o 

a(u,v) - <Au,v>. uEV, vEV • (21)
o 

Hen~e (e!. [13J). the follo';"ing ~b8traCt Creen' s fOE 
mula holds: 

<Au.v> - (Au,v)·. (ilu,yvl. uEn , vEV, (22)
o o 

where Do·{uEv:AuEH1, dEL(Do'S') is the abstract 
Creen's operator and [.,.) i5 the duality pairing on 
IXB' • 

j:K+(-~.+~l is a ~roper. convex and lower semi
continuous functional. In addition f E V'. 

4. ABSTRAe! BOUNDA.RY VALUE o PROaLEU 
o, 

Wich che above notacion in force. we now consider 
the variational problem (P) corresponding to a kindo 
of abstract boundary value problema. Toward this 
end. let K.be characterized only by boundary con
straints: 

., o 

IC + V CIC. 	 (2.3)
o 

Clearly. condition (23) iscquivalent to 

(24)IC + V '. ICo 

Lec al:VxV·~ and aa:BxR+~ be concinuous bilinear 
'fo7:'ms such that 

-o 

. I 

:o, ~t 
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a{Il,v) .. ill(U,V)+a2(YU.YV), u,vE'V, (25) 

satisfies condition (e). Similarly,' let h:R·(-~.+~] 
be a functional such that 

'j(v) -h{yv), vEK (26) 

is proper, convex and lower semi-continuous, Let 
FE H and g E :S', and define 

f (v) '" (F, v) +[ g. yv1 vE V, . (27) 

which belongs to V'. Then the variational problem 
(P) takes che following \orm: 

Find u E K such that... 
al(u,V-U)+a2~Yu.YV-YU)+h(~V)-h(YU), } (28) 

>(F.v-u)+[g.yv-yu]. y'yEK- ,," . . . 

The following the~rem dct~rmines che abstract 
boundary value problem ,to whic~ (28) is ~quiyalent • 

.':' .,/" ;;-, ,'t 4 ~ ~ .,¡. 

T h e o r e m 1. LeA: A1 E'..c (V • V ') aIld Az e ..c (B • B 1) be 
~he optta~o~4 C044eapORdln9 to al(' .~) and 3aC","). 
llúpec.t¿vef..lj. Le..tAe..c (V. V¿) be ~he 60ltmal opelta.~oll
deteltmined by a: ('ro) (CIl. equlua!ent!y, a(-oa», , 
V and Yo' a¡¡.! i:l?t al eL(Do.B') be._lhe. aba~lta.c.t . 
Glteen'a Ope4a~QIt de6lne.d by (22): 

• ,! . '" • '," - ." • 

UÉD • vev. (29), o 

Then ~he Plloble.m (28) la equ¿ua!ent ~o~he p40btem
.: . 

find u e K auc.h ~ha~ 

,Au - F -i.n H, 

[31u+A2(Yu).yv-Yul'+h(y~)~~(yu) (0)

vE K}, ~[ g. yv-yuI • y 

P :- o o f • Lce u e K be t h e so 1 u t ion o f prob 1 e 111 

(28) .-Th"'Cn. in accordance with (23). we f;.ln set 
v"u-vo e K, Vo evo. <lnd obtain Au.. F in H. since Vo is 
dense in 11, and.uEDo_ Now. upon using (29). che 
boundary inequ31ity oE (30) follows frolll (28). • 

ConVl\rsely. let u e K be a solution of probleCl 
(~O). rhen u e Do 3nd because of (29) t U la a 801u
tl.on of (28). 

'-'."':-~:~~"-'... 

http:ll�pec.t�vef..lj
http:ill(U,V)+a2(YU.YV
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5. BOUNDARY VARIATIONAL PROBLEH 

In order to transform the ahstract boundarv value 
prob~em (30) into a boundary variational p~oblea, we 
introduc e eq ua t ion .. Au=F in HU i.n K as an a cid i t ional 
constraint. Hence, reconsider problem (30) on the 
closed convex set 

-K - {v E K .: Au - Fin H}. (31) 

Then problem (30) tr~nsfor~s into" the ~roblem 

Fiad u E K 8uen tha t 

(3¡u+Á 2 (yu),yv-yu]+h(yv)-h(yu) } 
(32) 

. ~[ g, yv-yuJ, "IJ v E K 
l::', 

Theorem 2. Th~ ab~t4act bounda4Y value p40btem 
(11) {04, ~qu-i.vale:nt.ty, tite. va4-i.at.-i.0l1al p40btem (28») 
la equivalent. to the bouI1da4y va~iatlonal p~oblem • 
(32). . 

Proa!. lt i5 clear( ChatO solutions of (30) are 
a150 solutions of (32).Tne converse follows by 
observing chat· given v E K, c:here exist av E K sueh 
tbat v-vEvo and, consequently. (32) holds for sueh 
a v. 

6. HOMOGENEIZATION OF THE DOMAIN CONSTRAINT 

For convenience in out' sc:udy on internal approxiQa
tions of problem (3¡). we make homogeneous che do
maln constraint oí K and incorporac:e it into the 
space V. Tovardthis end. let ~ 

wE D : Av - F in H (33) .. 
o 

be a known functian, and consider the change of 
dependent variable 

(34) 

Then, according to the definitions 

'o - g-eh w-A 2 (yv) e B' } 
(35)

h (v) - h (v+yw), 'ti v E B 

• 
v. .and 

VA - {v E V :. Av - o in HI} (36) 

K A - { ~ e v A : v+w E K} " 

the folloving result i8 ea~ily established: 

. ,,, .. " .- .. '.'-'.--~'.'" 

. I 

http:qu-i.vale:nt.ty


,.. 

41 

Theore~ 3. Via the ~~lation (3¿)t'~ht p~obl&m 
(32) 	 Ü equivaZe.nt to .tite pl!.obtem 

Fiod U E KA such that. 
o 


[alUo+A2(Yo)·yv-YUol+hv(V)-hv~Uo) } 
 (37) 

. >[ g • yv-yu ]. 'Y v E KA 
-	 o o 

7. INTERNALÁP~~OXIHATIONS 

Let {v K} >1 be ao internai'approximation'of 
,. m 	 m [ 1 .

{v K 	 j in die sense of15 ;.' ,A' 	 A· .. . .... - .. . 

(39) 

{) (V lm>l ls ~ f~mily oí finite dimen-. 

si~naT subspace of VA'vith parameter 

m=dim Vm; 


iO V vEVA,. 3 vinEVm: vm....v i~V as m-; 

(38)iii) 	For each m,!:.l. ~m i;s ~ nonempey. closed 


and convex subset of Vm; 


Iv) V 	vE KA' :3 v~ EKm :. vm+v. in ":1 as ,m-; 

v) 	 1 f v E Km and ~m+V (veakly) in V as 

m+<lO, 

m
chen v E KA.. . ....,. 


';j .••. :.... 
For each m!l. ve associate to problem (37) the 
discrete problem: 
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