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ABSTRAeT 

Applying tbe method of weighted residuals snd then 
interpreting the resulting equations by means of 
Creen's formulas for discontinuoua functions a direct 
method of analysis is constructed. The manne~ in 
which finite elemants, boundary methods and finite 
differences can be incorporated in this scheme is 
explained. This brief article constjtutes a summary 
of the theory which soon will appear in fu1l. 

INTRODUC'fION 

Three of the most powerful techniques for the numeri­
cal treatment of partial differential equations are 
finite elements, finite differences and boundary ele­
ment methods. The fuundations of each one of these 
methodologies, "as originally formulated, appeared to 
be unrelated. 

More recently, however, it has been recognized that 
it is desirable, and it has been suspected possible, 
to develop foundations common for all of them. 
lndeed, for sorne specific cases developments of the 
sort have been done. Zienkiewicz, for example [1983; 
Ziénkiewicz, et. al., 1977, 1979; Zielinskí and 
Zienkiewicz, 19841 has given examples of procedures 
which permit coupling finite elements \o/ith boundary 
methods. Brebbia [19831 on the other hand, stresses 
the unifying power of the principIe of virtual work. 

Regarding finite differences, although it is well 
known tbat sorne specific algorithms, such as central 
differences, can be derived applying the finite ele­
ment formulation, the general theory is based on 
Taylor series deveIopments ILapidus and Pinder, 198a 
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Here a summary of B unifying theory recently devel­
opad by the Buthor la presented [Herrera, 198481. 1'11(, 
appraach is quite general, Mince it iB applicable to 
soy linear aparator. The procedure consista in applv 
iog the method of weighted rsaiduals [Finlayaon, 197~ 
snd then interpreting the resulting equations by 
meaos of general Creen'a farmulas far discontinuaus 
functians, which have just bcen obtained by the 
authar [Herrera, 1984a] far general non-symmetric 
operators. They constitute generalizations af pre­
viaus result whieh have already been published in 
baok form [Herrera, 198/.¡bl. 

Tbe use of Creen's formulas permits formulating varia 
tional principIes for arbitrary non-éymmetric opera­
tars, thus allowiug a very systematic formulation of 
the numerical approach. Even more, by their use the 
constraint imposed by the weighted residuals on the 
diEEerential operator is transformed into a restrie­
tion which is imposed explicit1y on the possib1e solu 
tions, deriving in this manner the information which­
i8 sought about the actual solution. 

Explicit knowledge of the information that i8 being 
derived by each one of the weighting funetions is 
quite valuable, not only as a poverful tool of ana1y­
8is which can be used to eva1uate the error, but also 
as a guide which yields insight aud orientation to 
develop more efficient approximatc methods. 

Tbe unified formulation is presented in Section 3 and 
then it is specialized far finite elements, boundary 
methads and finite differences in Seetians 4, 5 and 6, 
respectively. The finite difference schemes presented 
in Seetion 6, yield exaet values oE the solution at 
the nodes. Such kind of results were first obtained 
by Rose [1964, 1975] for Sturm-Liouville operators. 

BOUNDARY VALUE PROBLEMS 

Let P:D+D* and B:D+D* be functional valued operators 
[Herrera, 1.980, 1984bJ such that B is a boundary ope.!. 
atar for P. Generally, boundary value problems can 
be formulated as fallows. Given funetionals f ED* 
and g E D*, such that f is in the range of P, while g 
i8 in the range of B, tbe boundary value problem con­
sists in finding u E D su eh that 

Fu = f while Bu = g (1) 

The 
if 

theory shows 
(Herrera, 19801 

that equa

(P-B)u 

tians 

= f -

(1) 

g 

hald, if and only 

(2) 
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Typical example in Dirichlet problem, which can be 
obtained by letting 

dV
<Pu,v> J vl\udx <Bu,v> - J u'--dx (3a)(ln

SI ¡H2 
Ilnd 

<f,v> f vf¡¡dx snd <g,v> - J ga d".dx (3b)
dn¡¡ an 

where ¡¡ ia a region, dO its boundary, fg is defined 

in O while 83 are the prescribed boul1dary valuas 011 
an. 
Let Q* be formal adjoint of P and 

P - B Q* - c* (4) 

be a Green's formula. Here, the atar refers to the 
transposed bilinear functionaL Then u E D ís solu­
ti011 of the boundary valne prohlem, if snd only if 

<Q* - C*)u = f - g (5) 

The boundary values associated with any function u E D 
are characterized by Bu and C*u. Thus, Bu are the 
prescribed boundary values while C*u are Xhe comple­
mentary boundary values which can be evaluated only 
after the solution has been obtained. When P snd B 
are given by (3a), one can talte Q = P and e = 13 in (4) 
to obtain a Green's formula. Hence 

dU<Q*u,v> = f u6vdx <C*u,v> = - J v-dx (6 )
dnn an 

Thus the preseribed boundary values Bu are associated 
with the values of the function u on an and the com­
plementary boundary values C*u with the normal deriva 
tive on an. For Elastieity, when the displacements ­
are prescribed on the boundary dn, the complementary 
boundary values are the traetions. 

Observe also that Pu is prescribed in the boundary 
value problem, while P*u, in view of (6), is associ­
ated with the sought vaIues of the function in the 
region n. 

UNIFIED FORMULATION 

The unified formulation is based on the application 

of weighted residuals and subsequent use of Green's 

formulas for problems in which the admissible func­

tions may be discontinuous. 
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Let w be a portition of Q into a finite colleetion Df 
E subdomains n , c=l, .•• ,E, fBabusl,a, et. al., 1977, \ 
19781. If theespaee of admissiblc funetions D is imade DE funetiaDS whieh are smooth in every onp of 

I 
~ the subdomains Qe separately, then one can ¡-¡till define , 

P:D+D*, 8:D+0*, Q*:D+D* snd C*:D+D*, by menns of 
(3a) and (6), if the integrals are interpreted as 
sums of the contríbutions coming from every one o[ 

E Ithe subdomains (Le. f'" ¿; f snd simílarly [or f). 

e 0-1 ne (ln 


However, equatian (4) has to be modified to be 


p - 13 - J = Q* - C* - K* (7) \ 
~ 

Where the "jump" aperator J:O....D* is given by [Herrera, ¡ 
1980J 1 

<Ju,v> = J{I uJ a; vl~J }dx (8a)r a; - (ln 

while the "average" operatar K*:D .... O* is give.n by 

. d;' av
<K*u,v> = f{lv]-- - u[--J}dx (8b)r dn on 

Clearly K'~ J*, for this case. Here, r is the union 
o';: all interelement boundaries, while 

dU dU 
e[ u J = u - u [~J - (9a)

f e an --a;­
dU
1 ou [1 d~ __e)

-(~- +u = 2(u f +u ) (9b)
e '(ln 2 (ln ón 

at every point :¡s E alt e () oDf' In equations (9). the 
unit normal vector is taken pointing outwards from De' 

Green's formulas (7) for arbitrary formally symmetric \ 
operators in discontinuous fields were published by 
the author (Herrera, 19801 and have just appeared in 
baok form [Herrera, 1984bJ. The extension to non-sym­
metric operators will son appear [Herrera, 1984al. 
For arbitrary linear boundary value problems with 
prescribed jumps, including initial value problems, 
since the region n may be space-time, the problem 
is formulated by means of the functional equation 

(P - B - J)u = f - g - j (lO) 

In general, f, g and j are clefined in terms of the 
data for the differential oparatar, the boundary values 
sud the prescribed jumps in D, on 3D and on interele­
ment boundaries r, respectively. In this manner Pu, 
Bu and eu are prescribed, while Q*u, C*u and K*u 
supply pieces of information about the sought solu­
tion. Indeed, knowing Q*u is tantamount to know u 
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Taking into Rccount (12), it ia clear thut equations 
(13a) are also Botisfied by the exact salutian u 
(recall j '" O); Le. un exact ís necessaríly an sp 
proxímate solution. Therefore, by substraetion one 
geta 

<Q*(u' -u),r.{) > - <C*(u' <K*(u' - u),'I" > = O 
C( C( 

1 , ••. ,N (14 ) 

Tha system of N equations (14), shows that a11 what 
is required of Bn approximate solutían is that cer­
tain linear cambinations of the weighted averagcs 
(clafinad by <Q*u','I" » of the valuas in the interior 
of the finite eleme~ts O (e=l, ... ,E), with thosc af 
the complementary bounda~y valuas (dafinad by 
<C'~ut ,'P » and with those of the averages on the 
intere1gment boundaries (defined by <K*u' ,'Pa»' be 
precisely equal to tnose associated with the exact 
solution. Thus, if these weighted averages are com­
puted after an approximate salution ha~ been obtained, 
the values associated with the exact solurion are 
derived. Thus, this is information about the exact 
solution; indeed, the only information about the 
exact solution that one can derive from an approximate 
solution. Observe, the solutíon of system (13) is 
non-unique but the informatíon about the exact solu­
tio'n supp1ied by au approximate solution u t, ís the 
same independently of the speeific approximate solu 
'tion u' considered. 

Keeping Dirichlet problem as illustrative example, 
equation (13a) is equivalent to (14). The latter 
states that 

fu' ó.'P dx + 
O a 

f 'P _ 
ao a 

au'a--ndx + f { ti' 
r 

Laa'Pn~u. _ 
aú t 

['" ]-}dx' 
.,. C! an ' (lSa) 

be equal ta 

f n uó.'P dx+ 
C( 

J'Pa·a~dx+ f{ura'PJan dn r tan] - ['P J-ª-l!}dx 
a dn 

(1Sb) 

In view of the fact that either one of the equivalent 
systems (13), possesses infinitely many solutions, in 
the finite element method one usually as sumes that u' 
is given by 

u' (16) 

where {Il>l,'" ,4>N} e D is an additional family of fune 
tians, the base functions. Since the informatian 
(about the exact solution u) supplied by the approxi­



in the interior of the Bubdomoin (finite elements) 
ne; C*u iB aSRociated to the complcmentary boundary 
values on an, whilc K*u represents the average values 
across the intcrelement boundaries. For example. in 
finitc clemeor formulations the sought solution ia 
usually smooth, so that j = O. Whcn equatiuns (9) 
apply, this implics thnt the avcrage 6 acrOBS inter­
cJement boundaries coincides wjth the function. 
Therefore, knowing K*u is tantamount to know the fune 
tion u ond au/an there. 

Equation (10) is equivalent to 

(Q*-C*-K*)u=f-g-j (11) 

by virtue of (7). The advantage oE (11) over (10) is 
that the latter involves the sought information Q*u, 
C*u and K*u, explieitly. This will be diseussed more 
thorougbly in the next section. 

FINITE ELEMENTS 

Equation (11) is a funetional equation, since f, g, 
j E D ,"; i. e. f, g a n d j a re 1 in e a r fu n e tiana l s de fin e d 
on the spRce D of admissible funetions. Tbus, we can 
write 

«Q* C*-K*)u,v> <f-g-j,v> V vED (12 ) 

instead of equation (11). In what follows it will be 

assumed that the sought solutian is smooth, so that 

j .", O. 


Equation (12) ls satisfied, if and only if, the fune 
tion u E D is ao exact solution. Generally, the dimen 
sion of D is lnfinity and approximate methods are ~ 
formulated replaeing D by a finite family {<Pl,'" ,<PN}CD 
of linearly índependent functions; these are called 
test or weíghting funetions. Thus, we say that u' E D 
is an approximate solution when 

(P-B-J)u',<P > = <f g, <Po? (l3a) 
a 

01: equivalently 

<Q*u' <P > - <C*u' <P > - <K*u' <P >'a 'a 'a 

.. = 1, .•. ,N (l3b) 

Observe, the system of N equations (13a), impases re­
strictions on (í.e. it supplies information on) the 
values of the funetion in the interior of the finite 
elements na (through Q*u') the complementary boundary 
valuas on aQ (C*u') and the average value of u on tha 
interelement boundaries r(K*u). . 
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mate salutian i9 indepdndent of the particular base 
system {<t>l,'" ,1>N} used to represent u', it is clt~ur 
that the base funetians {tI •... ,tN} only define the 
nature oi the interpolation usad to cxtend the actual 
information available. 

Equations (14) con be used to carry out an analysis 
oi the errora which iB independent of the intcrpo­
lating functions usad. This can theo be complemented 
by the analysis oi the error introduced by the inter­
polating [unetiona {<t>l,'" ,tN}. 

For Laplace operators, by integration by parts it i9 
seen that the funetional < (P-B-J)u' ,v> = «Q*-C*-K*)u,v> 
can also be written as 

(). , 
(P-B-J)u' ,v> -lílu'l7vdx - I{[ u '1 dV + l vl'~--}dxenr enn 

+ I {v OU' + u'~}dx (17)
élnélQ on 

When conforming elements are used, the functions are 
eontinuous across interelement boundaries so that 
[ u J ~ [v J = O on P. 

When in addition, u' = v O on the boundary, the fune 
tional of equation (17) reduces to the well known 
functional 6'Vu 'Iv dx. When less restrictive condi­
tions apply, the functional (12) has to be used. 

BOUNDARY ELEMENT METHODS 

Observe that 

<Q*u' cP > <QCP ,u'> (18), a a 

Therefore, if 

QCPa = O fora=l, ... ,N (19) 

then the term eontaining Q*u' in (13b) drops out, 
redueing to 

<C*u',cP >+<K*u',CP > = <g-f,cp",>, a=l, •. ,N (20)
a a ... 

This is a system of equations ínvolving the comple­
mentary boundary values C*u' aud the averages across 
interelement boundaries K*. Thus, a boundary method. 
Usin~ (14) it ís seen that this system is equivalent 
to 

<C*(u' - u),'" >+ <K*(u' - u},cp > O; 1)=1 .... ,N (21)
a a 
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The Buthor has shown [Herrero, 198/lbJ, that when thp 
ayatem oC weinhting functions ~u i9 T-complete, the 
ayatem (21) impliea that C*u' '" C*u nnd K*u' '" K*u. 
Hence, the exact complementary boundary values and 
tlle exact valuea on interconnectinf:'; boundaries r. 
are obtsined in that case by solving (20). For 
problema in several dimensions T-complete systems ore 
not finite and the ayatem (20) yields approximstc 
values only. Howev"er, there is nn import ant case for 
whicJq T~/¡!omplete systems are finite;' tllese are on'!'~dinlenRiona' 
problems. Thus, foy ordinary dliferential equations one gcts 
exact volues and thase will be discussed in the next Section. 

Applicstion of formula (20) allows formulating twa 
classes of boundary methods. If the test functions 
~a are required to be smaoth in n (Le. J'P a = O), 
boundary metbads in a restricted sense are obtsined. 
In this case 

<K*u' ,~ > = <K'~ u'> o (22)''Ya 'Ya' 

because the theory shows that K~a '" O if and only if 
.T<P =- O. Equations (20) reduce toa 

<C*u',~ > <g - f'~a> , a=1, •.• ,N (23)a 

which is Trefftz method for non-symmetric operators 
[Herrera, 1984c). 

FINITE DIFFERENCES 

As an illustration of boundary methods in the extended 
sense, consider the case when P:D~D* is associated 
with an ordinary differential equation. Thus 

1 
<PU,y> f y lu dx (24) 

O 
where l is an ordinary differential operator which is 
linear. The interval [0,11 has been taken for defi­
niteness. Let l* be the formal adjoint of l. Then 

1 
<Qu,v> =- f v l*u dx (25) 

O 
The results of the analysis for arbitrary differen­
tial operators will be presented elsewhere [Herrera, 
1984aJ. Rere, attention ia restricted to second 
order equations. Thus, we take 

d 2u du
lu = --+ al dx + a2 u (26)

dX2 

The operators B and C* depend on the boundary condi­
tions to be prescribed. For definiteness it is here 
sasumed that u(O) snd u(l) are prescribed, in which 

] 

1, 
l 

1 

i 
¡ 

1 

.~ 
¡ 
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caso. 	suitable boundary operatara are 

I 
<!3u,v> "" u(O) (~~(O) - a¡v(o)] - u(l) (~:(l) 


I 
ilnd 

du du
<C*u,v> "' v(O)--(O) - v(l)--(l) 	 (27b)

dx dx 

Consíder a partition oi' the unit ínterval {o,11, such 
that the nodes {xo ,x¡, ... IXE} eatiefy O=xo<x¡< ... xE=l. 

rhen 	 . 
E-l dv 

<Ju,v> '" E ([ u) . (28a) 
i=l ~ 

and 
E-l dü 

<K*u,v> ¿ {[v]. 
~ dx - tI . ~d~ + a ¡ ~. [ v J. } (28b) , 	 ~ x. ~ ~ 

i=l ~


I \~hD re 


I 
I 	 2u. = u(x.+) + u(x.-) [u]. '" u(x.+) - u(x.-) (29) 

l 
 1. ~ ~ ~ ~ ~ 


I 	 and similarly for the derivatives. 


I 
Application of the resulte oi Section 5 allows obtain­

íng the exact values oi the solution at the nodes. 

Indeed, consider the boundary value problem

1 
¡ 	 U(O) - go u(1) = g¡ (30) 

I 
,¡ 	 where ¡; is given by (26) ,0 f is a prescribed function 

in (0,1) and go, g¡ are given numbers. If no conti ­
ouity restriction is imposed at the nodes, then a T­
complete system {~l,'" '~N} is made of 2E functions 
(i.e. N=2E), because the differential operator ¡; is 
second order. In view of equations (27b) and (28b), 
the system 

<C*u,'I' >+<K*u,'I' >=<g-f,'I' > , a=I, ... ,2E (31)a a a 

involve 2E unkowns; these are, the values of u at the 
E+l nades and the values of du/dx at E-l interior 
nades. 

Ir we are not interested on the derivative, it may 
be convenient to eliminate it froID the system of 
equations. This is aehieved by imposing additional 
conditions on the test functions. Let us require 
<C*u,'I'a> <C'I'a,u> = O ; i.e. C'I' =0. Henee 'l'a{O)='I'a(l)=O. 
Tn addition, let 'l'a be eontinu8us. Then a T-eomplete 
system is made E-1 functions, only, and bY inspection 
it is seen that system (31) involves only the values 
of ti at the interior nodes. 
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In arder te illustrate the procedure just explainetl \ 
ve considcr three specific cases. These correspond 1 

to the choiees al'" O vith a2 "' O (Case 1), a2. '" -1 
(Case 2) and (12 '" 1 (Case 3). In addition x.+1-x.=h=b, \iB independent of i. 1 1 

TABLE 1 \, 
Case xet_1<x<x x a< x < xex+la 


1 
 I{J '" (xa+l - x)-­I{J =x-x ex 

2 


ex et-l 
lPa = sinh(x - x ex _ 

1
) l{Jex = sinh(x x)ex+ 1 ­

3 IP =sín(x-x 1) lP '" sin(x + - x)a. 0.­ ex ex 1 

The system of equations (31), become: 

0.= 2, •.. ,N-l=E-2 (32a) 

, 
\ 
í 

I
; 
¡ 

\ _ g /h 2 (32b)
1 

Notíce that these are central differences. 

Case 2 \. 
u + uo._l - 2uo.cosh b 1 xCX+lex+1 

b 2 ="b2 J frto.dx ; ex=2, ... ,N-l"'E-2 (33a) 
x a- 1 

(33b) 

vhere ve have vrítten b = h, for clarity. 

Case 3 

Ua+l + u 2uacos ba_1 ­
a=2, ••• ,N-l=E-2 (34a)

b 2 



(34b) 

In a similar fasbion one can derive finite difference 
achernes which would yield the exact values of the 
derivative at prescribed nades only ar as a matter 
of fact the exact values of the solution at sorne 
nades and the exact valucs of the deri~ative at otber 
oncs. Por illustrations aud more thorough diseussion 
of su eh construction the reader is referred to 
t Herrera, 1984 a,d]. 
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