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SURFACE MOTION OF TOPOGRAPHICAL IRREGULARITIES FOR
INCIDENT P, SV, AND RAYLEIGH WAVES

By FrANCISCO J. SANCHEZ-SESMA, MIGUEL A. BRAVO, AND ISMAEL HERRERA

ABSTRACT

Trefftz’s method is applied to solve the diffraction of P, SV, and Rayleigh waves
by surface irregularities in an elastic, isotropic and homogeneous half-space.
_The diffracted wave fields are constructed with linear combinations of solutions
which form c-complete or T-complete (T after Trefftz) families for the wave
equation. Boundary conditions are satisfied in the least-squares sense on the
‘irregularity and on a finite interval of the half-space surface. Excellent agreement
‘was found with the solution by Wong (1982). '

INTRODUCTION

A close relation has been suggested between earthquake damage and topographic
and geological irregularities (Poceski, 1969; Hudson, 1972). The influence of local
conditions is relevant in seismic risk assessment (Esteva, 1977) and in calculating
the response of long structures (Esquivel and Sanchez-Sesma, 1980).

Many research papers on the subject have appeared. For SH-wave diffraction,
the problem has been dealt with using analytical solutions (e.g., Trifunac, 1971;
Wong and Trifunac, 1974), integral equations (e.g., Wong and Jennings, 1975),
boundary methods (e.g., Sanchez-Sesma and Rosenblueth, 1979; England et al.,
1980; Sanchez-Sesma et al., 1982a), and finite elements (e.g., Smith, 1975; Aranda
and Ayala, 1978).

For incidence of P, SV, and Rayleigh waves, the solution is more complicated
because of the coupling of boundary conditions. To solve this problem many
techniques have been proposed. For small slope irregularities, the perturbation
method (Herrera, 1964; Hudson, 1967; Mclvor, 1969; Hudson and Boore, 1980) and
asymptotic expansions have been used (Sabina and Willis, 1977). Under the as-
sumption of periodicity, solutions have been obtained for different wave fields and
scatterers (e.g., Aki and Larner, 1970; Bouchon, 1973; Bouchon and Aki, 1977; Bard
and Bouchon, 1980; Bard, 1982). The finite difference method has also been applied
to problems of wave scattering (e.g., Boore, 1972; Boore et al., 1981; Harmsen and
Harding, 1981). For a semi-spherical cavity and incidence of elastic P and S waves,
a solution, which employs power series expansions of the involved wave fields, has
been obtained (Lee, 1982).

A boundary method has been applied to solve cases of incidence of P, SV, and
Rayleigh waves at canyon-like topographies (Sanchez-Sesma, 1978; Wong, 1982)
and alluvial valleys (Dravinski, 1982). This method uses solutions of discrete line
sources of P and SV waves placed outside the region of interest to construct the
scattered fields. Boundary conditions are satisfied in the least-squares sense on the
surface of the irregularity. The method can be considered as a generalized inverse
one (Wong, 1982). However, the use of the line sources, calculated approximately
from Lamb (1904) integrals can make impractical this approach because of the
strong computational effort needed in some cases. On the other hand, the location
of sources and their number requires great care and the use of iterative criteria.

In this work, a different approach is presented. We use Trefftz’s method. In
recent years, considerable progress has been made in the formulation and under-
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standing of this method which has just been published in book form (Herrera, 1984).
In a previous paper (Sanchez-Sesma et al., 1982a), a brief but systematic exposition
of the method was presented in connection with diffraction of SH waves. Here, the
diffracted fields are constructed using, instead of Lamb sources, c-complete or T-
complete (T after Trefftz) families of solutions of the wave equation (Herrera,
1984). Then, multi-pole expansions for the potentials are formed in terms of Hankel
functions. Since each one of the members of this set does not satisfy in itself the
free-boundary conditions on the half-space surface, the matching on the boundary
should include also the free plane surface, but fortunately not all. This fact requires
some comments. The results by Dominguez (1978) on the dynamic response of
surface and embedded footings show the small influence of the free boundary; only
a small part had to be discretized in order to get good results. Calculations for a
dynamic contact problem (Sanchez-Sesma et al., 1982b; Bravo and Sanchez-Sesma,
1985a) showed that convergent results can be obtained if the length of this zone is
of, say, two or three times the characteristic dimension of the vibrating body.

The formulation of the problem is briefly presented, and numerical results are
given for a semi-circular canyon under incidence of P, SV, and Rayleigh waves.
Comparisons with results by Wong (1982) show excellent agreement. The solution
with multi-pole sources is, computationally speaking (save for the increase in the

52 E= azR
Fic. 1. Regions R, E, its boundaries, and cylindrical coordinates.

number of variables), similar to the solution of the scalar SH case (e.g., Sabina et
al., 1978; England et al., 1980; Sanchez-Sesma et al., 1982a). Then, the cost is greatly
reduced and the formulation of the problem becomes very simple. Moreover, general
theory (Herrera, 1984) shows that the property of T-completeness is independent
of the particular shape of the region considered.

This approach has been applied to study the response of two-dimensional alluvial
valleys (Bravo and Sanchez-Sesma, 1985b) and, using an azimuthal decomposition,
to study diffraction of elastic waves by three-dimensional surface irregularities
(Sanchez-Sesma, 1983; Sanchez-Sesma et al., 1984).

FORMULATION OF THE PROBLEM

Consider the elastic half-space and a two-dimensional surface irregularity, which,
in Figure 1, are denoted by E and R, respectively. Let 6, E and 9, R be the free
boundaries of the regions, and d;E = d;R be the common boundary between them.
Under incidence of elastic waves, the total field is obtained by superposition of
diffracted waves on the free-field solution, i.e., on the solution in absence of
irregularity.

For harmonic dependence of time given by the factor exp(iwt), the displacement
vector i, must satisfy the reduced Navier equation

eVPi+ AN+ ) VY- + po’a=0 1)
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F16. 2. Semi-circular canyon of radius @ and incident plane waves. (a) Homogeneous plane wave with
incidence angle v. (b) Rayleigh surface wave.

This method

———— Wong (1982)

Fic. 3. Amplitudes of the horizontal (u.) and vertical (u,) displacements for incidence of P waves
upon a semi-circular canyon. Normalized frequency 5, = 0.5 and incidence angles v, = 0°, 30°, and 60°.
Comparison of results with the ones obtained by Wong (1982).

where A\, u = Lamé constants, p = mass density, and « = circular frequency. The
elastic constants and the density should be particularized for each medium.
Boundary conditions are those of zero tractions at 9, R and 9; E and continuity of
displacements and tractions across d,R = d,E. In addition, the diffracted fields
must satisfy the Sommerfeld-Kupradze elastic radiation condition at infinity (Som-

merfeld, 1949; Kupradze, 1965).
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METHOD OF SOLUTION
Let us write the total fields in the form

N N
=09+ Y A0.E5P)+ Y B.w.E(SV) (2)

n=—N n=—N

for the region E, and

M M
af= ¥ Cown"(P)+ X Dni,"(SV) (3)
m=—M

m=~M
for the region R. In equation (2), i = displacement vector of the free-field solution,
w,Z(P) and w,%(SV) are the displacement vectors of the P and SV scattered fields,
respectively. In equation (3), w,,?(P) and w,,"(SV') are the displacement vectors of
the P and SV refracted fields, respectively. A,, B,, C., and D, are unknown
coefficients to be determined from boundary conditions; and N, M are the order of
the approximations.
Let us write the two types of fields of solutions, P and SV body waves, as
potentials of the form

N
os(P)= Y A.H,?(gr)e™ (4a)
n=—N
N .
Yve(SV) = Y B.H,?(kr)e™ -(4b)
n=—N
for the region E, and
M -
or(P) = _ZM Crnd m(gr)e™ (5a)
M .
Ya(SV) = Y DpJd.(kr)e™ (5b)
m=—M

for the region R. Here, ¢ = w/a = P wavenumber, k = /8 = S wavenumber, o =
V(A + 2u)/p = P-wave velocity, 8 = m = S-wave velocity, and r, § = cylindrical
coordinates. In equations (4) and (5), H,®(+) = Hankel function of the second kind
and order n, and J,,,(*) = Bessel function of the first kind and order m, respectively.
Expressions for the associated displacement and stress fields can be found in the
literature (e.g., Mow and Pao, 1971).

By imposing boundary conditions at a finite number of points on the boundaries,
a system of linear equations for the coefficients is obtained, in which the independent
part is given in terms of the free-field solution. Because of each one of the solutions
which appear in equations (5) does not satisfy in itself the boundary conditions in
&, E, the numerical treatment must be extended to part of the half-space surface. It
is convenient to form an overdetermined linear system and solve it in the least-
squares sense (Sanchez-Sesma and Rosenblueth, 1979; Wong, 1982). Once the
coefficients are known, equations (2) and (3) allow for the calculation of displace-
ment fields.
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We could include two additional terms in equations (4) and (5) to consider the
diffracted Rayleigh waves. In that case, the treatment of boundary conditions should
be slightly modified. However, as we are interested in-the surface displacement
amplitudes on and near the irregularity, the diffracted fields are constructed only
with body waves. This fact may introduce some errors in the amplitudes and phases
of the displacement fields. Current research on the subject is being performed.

3

Rayleigh waves

x/a
This method

—— —— Wong (1982)

F16. 4. Amplitudes of the horizontal (u.) and vertical (u,) displacements for incidence of SV and
Rayleigh waves upon a semi-circular canyon. Normalized frequency 7, = 0.5 and incidence angles v, =
0° and 30° for SV waves. Comparison of results with the ones obtained by Wong (1982).

NUMERICAL RESULTS

In order to show the performance of the method, the surface displacements were
calculated on the boundary of a semi-circular canyon for incidence of P, SV, and
Rayleigh waves (see Figure 2). All results are given for a Poisson ratio of 1/3, and
a normalized frequency 7, = wa/w8 = 0.5, where a = radius of the canyon.

The orders of the expansions and the number and location of the collocation
points are obtained using a “trial and error” procedure which is based upon the
error analysis of boundary conditions and the stability of the surface displacement
field. Further research is needed for practical assessment of the calculation param-
eters. The results presented here were obtained with an order of the exterior
expansions of 8 and a total of 60 collocation points, uniformly placed along 4, E and
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& E in a length of three radii at each side of the canyon; they are displayed in
Figures 3 and 4. In all cases, comparison is provided with Wong’s (1982) method.
The agreement is excellent. The largest differences appear for the case of incident
Rayleigh waves. A still better agreement could be expected if the diffracted Rayleigh
waves were included in the analysis.

CONCLUSIONS

Some results are presented for the surface displacements generated by incidence
of P, SV, and Rayleigh waves upon a semi-circular canyon on the surface of an
elastic half-space. These results were obtained by means of Trefftz method (Herrera,
1984) using T-complete multi-pole expansions for the displacement potentials.
Boundary conditions on the irregularity itself and on a part of the half-space surface
are satisfied in the least-squares sense.

An excellent agreement with the solution by Wong (1982) is found. This fact and
the simplicity of the procedure presented confirm, as we have indicated previously
(Sanchez-Sesma et al., 1982a), that the method can be used with advantages in
many problems of earthquake engineering and seismology.
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