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Summary 

He r r e r a 's Op t j mél 1 T e s t F11 n e t ion ~1e t h o d i 5 h r i e f] r e x p 1 él j 11 e el • 
From numerical experiments carried out up to n 0\\1 , it is con
cluded that the on]y proeedure with a comparahle efficiency is 
the version of Petrov-Ga]('rkin duc to HlIghes :md Rrooks. (omp;¡.!:. 
isons of the test functions used in these two methods show that 
Hughes and Brooks' test functions are a good approximation of 
thc author's optjmal test functiOl1S in a we11 defined range of 
Peclet's nllmhers. Outside this range, however, Herrera's opti
mal test fllnctions can be expected to be more effieient. 

Introduction 

The numerical solution of the advective-diffusive transport

equation is a problem of great importance because many problems 

in science and engineering have mathematical representations 

characterized by sharp fronts. This happens when the process is 

advection dominated, in which case its numerical treatment is 

ver)' difficult. Considerable work has been expended :in develop

ing discretization formulae for this kind of prob1ems rl-~]. 

Most have focused on upstream weight:ing techniques. A fundamel¡' 

tal criticism to these methods is the essential1y ad-hoc nature 

of their deyelopment. Th1S is manifested through the presence of 

an arbitrary parameter, the choice of which has to be decided 

by the ana1yst. An alternative and very promis:ing approach has 

been introduced by the author [4 9]. In the past sevpral re 

searchers [2,3J, when developing test functions, have considered 

them optimal when they yield exact values at the nodes. More 

generally, the author has proposed to consider a system Qf 

weighting functions optimal when they yield exact values at in

ter-element boundaries for arbitrar)' excitation terms. When th 

is done, this criterium of optimalitv
, 

reduces to the notion of. 
T(Trefftz)-completeness which has been introduced h)' the author 
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14J. Herrerals approach consists in uSlng optimal test functions 
(OTF) systematically. 

Numerical comparisons ha ve been earried out hetween the resu]ts 

obtained using the 8uthor's method and other procedures 19J. In 

general, it was found that the OTF method yields more satisfac

tory results. The only procedure whose results were very close, 

is the Petrov-Galerkin method of Hughes and Brooks [31. ]n this 
# . 

paper Herrerals OTF method 1S descr1bed. Thcn, aeomparison 

between the test functions used in these two methods 1S carried 

out. They are shown to be quite similar up to fairly large val

ues of the element Peclet number. The optimal test functions 

used in the authorls approach are derived via the solution of 

the adjoint differential equation. The test functions of Hugh.es 

and Brooks are derived in a relatively ad-hoc manner and using 

very different considerations. However, they tUTn out to be good 

approximations of the solutions oí the adjoint dif rential eql~' 

tion (OTF), except for very large values of the element Pec]et 

number. This explains the good pre rmance oí Hughes approach in 

the corresponding range of PecIet numbers; outside of which the 

advantages of the author's approach are more cleal' (Fig. 2). 

Herrerals OTF Method 

Let us introduce the approximation for one-dimensional steady

state transport equation with sources, given by 

- d eD du _Vdu + Ru =o f r2 ( x), O~x~~ (1).f u= dx dx 

u(O)=g (2a)o 

u(~)=g~ (2b) 

First type boundary conditions are ehosen for convenience of 

presentation only. The numerical procedure has been implemented 

for general differential equations and general boundary condi

tions [6-8J. 

The domain [O,lJ is divided into E subintervals, or elements 

(not neeessarily equal) , {[XO,x1J, [x¡,x 2 J, ... ,[xE_1 , ]}, wpen 

xo=O, and xE=L This yields E+l nodal points {xo,x¡, ... ,xE}. 
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We ndopt thc representatían 

E 
ucO) E u. "'. (x) (3)

j=O 1 1 

where U. are the nodal va]ues of u(x). A test funetion w(x) wj]l
1 

be taken loealized in the union of two neighboring suhinterva]s 

[x. l' x . Jan d rx . ,x. 1]' w her e x. i s a n y in te rj o r no de (F j g. ]).
J- J J J+ J 

In addition, the test funetion w satisfjes 

w(x. })=O ( 4 a) 
. J 

w(x j + 1)=O (4b) 

w(x.-) = w(x.+) (4e)
J J 

Conditon (4e) states that the }imits fram the rigbt and from thc' 

left agree at the node x. ;i.e. w is eontinuous at node x .. How-
J ] 

ever, generally, the derivat.ive of the test funetion w will 

have a jump discontinuity at x (Fig. 1).j 

Multiplying !u by w, integrating from to x ' and applyingx j _1 j + 1 

"generalized Gauss Theorem" for funetions with jump diseontin

uities (see, for example [lO]L it is obtained. 

x. 1J + . 

f 
 u!" wdx (S) 


x· J - 1 

Here, the 11 j ump" [], i s defined by 

LUD~ Ji = (6) 

x·
] 

*while the adjoint operator! is defined by 

* _ d dw d
! w=dx (D dx ) + dx (Vw) + Rw (7) 

In the author's proeedure, the optimal test funetion w satisfies 

! *w=O. In this case, combining(S) with (1), it is obtained 
x .J+ 1 

A. U. l+A.U.+A. U. 1 = wfndx (8)
] - J - J J J + J + ,rx .¡ 


j -1 
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where 

A =(D dw ) . A.= A =_'(D dw ) 	 (9)i - dx x. ]' J 	 í+J dx . J -	 . x
j 	+ J 

When equation (8) is applied jt each one of the interior 

no d e s (i. e., j =J , ••• , E - 1), t h e tI n k no wn va] ue s (U) , ... ,LJ E _ J) o f 

the so}ution there, can he ohtained from the resulting system 

of E-l equations. Before e]osing this Section, we observe that 

the optima1 test funetion w used in (El), may he thought as de

fined throughout th€' whole interval IO,l], if its va]ue i5 iden 

tica11)' zero outside [X j -1 ,x j +J]' In vjew of equations (4), such 

test function is continuous on [O,.r] but íts derivative ha5jumped 

discontinuitíes at interior nodes. 

Comparison with Petrov-Ga1erkin 

The procedure explained befo re has been applied to advection 

dominated problems using semi-diseretization [9]. The results 

so obtained are quite satisfactory, being oscillatíon free, to 

a 1arge extent. The on1y method whose results are elose for a 

large range of Peclet number5 i5 the Petrov-Galerkín version of 

Hughes and Brooks f3J. After a more careful analysis it was 

, 	 found that this is due to the faet that the weighting functions 

used in both methods are close to each other. 

For the case when D~l, R~O and V is constant, in equation (1), 

Hughes' test function is 

d<b v,= CP+~[(cotho:) - 1/0:] Vd~ 	 (10) 

where cP is a basis funetion and 0:= Vh/2 is the eIement PeeIet 

number. In Fig. 2, the test funetions for both methods 'are eom 

pared for o:=J ,3,5,7 and 10. 

Thus, we can conclude that the weighting funetion used in HB

Petrov-Ga1erkin method is a good approximation of Herrera's Op

timal Test Funetion, up to Peclet numbers of l. Beyond this 

value, they are clearly different and because of their opti 

mality property Herrera's test functions can be expected to be 

more effieient. 
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