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ABSTRACT

Solution of advection-dominated transport problems by discrete interior
methods is usually accomplished by employing some type of upstream weighting.
Upwinded finite element formulations have also been developed. At present the
authors are developing a procedure, based on Herrera's algebraic theory of
boundary value problem, which systematically uses localized adjoint formulas.
Here, the basic ideas of the method are explained. Also, the present state of
development, as it applies to one and multi-dimensional steady-state and
transient problem is revised.

INTRODOCTION

\ The numerical solution of the advectlve-dlfuslve transport equation is a
problem of great importance because many problems is science and engineering
Involve such mathematical model. The numerical treatment of advection
dominated proceses is quite difficult. The procedures available derive from
two main approaches: standard semidiscretlzation and Eulerian-Lagrangian. The
lain distinguishing feature of the latter is the use of characteristics to
c~ry out the discretization in time. Most formulas that have been developed
~lng a standard semidiscretization approach have been based on upstrea,
~Ighting techniques, whose development is essentially ad-hoc.
~ alternative and very promising approach has been introduced by Herrera
(1-4]. In past work, this has been referred as "Optimal Test Function
~thod". However, from a technical point of view, it would be more
appropriate to call such procedures "Localized Adjoint Methods". Also, in
this manner, the method would be more clearly distlnguised from other
Focedures. Thus, this is the terminology that will be adopted in what
follows.
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The startlng point of localized adJolnt methods is a rather simple ando as a 
matter of fact. old. idea. Let!i be a dlfferenllal operator deflned In a 
reglon O and let :J!. be its formal adJolnl. Then. when u and v satlsfy 
sultable boundary conditlons. Green's formula 

•S O vfudx = So vf vdx ( 1.1) 

ls satisfied. Equation (1.1) allows a convenlent lnterpretatlon of the method 
of welghted reslduals. Conslder the problem of solvlng the equatlon 

(1.2) 

sUbJected to homogeneous boundary condltlons for whlch Green's formula (1.1) 
applies. In the method of welghted reslduals. one usually considers a sYStem 

~~n~~~~~t~?gl~O~n !:~;~Xi~~~~t!~~~ti~: ~f'thl~ ~ro~iemT~~~ one says that a 

O. a = 1•..• N. (1.3) 

Generally. the system of N equatlons (1.3) has many solutions. but In order to 
obtaln a system possesslng a unlque solutlon. it ls customary to Introduce the 
representatlon u· = Ea ~ of u In terms of the system {~1 ~ }of base (or

a a , ..... H 

trial) functlons. However. thls representatlon ls an artiflce that beárs no 
relation to the exact solution u. 
The actual lnformatlon about the exact solutlon contalned In an approxlmate 
one. can be established maklng the followlng observatlons. From (1.2) lt ls 
clear that the exact solutlon u sat1sfles 

(l.4) 

Equations (1.3) and (1.4) together lmply 

111S :J!.u' dx =So. q>a:J!.Udx. = 1.••.•• N. (1.5)O 1'a 

or 


So u':J!. q>a dx = So u:J!. q>a dx, = 1•...• N. (1. 6) 

, 2 
by virtue of Green's formula (1.1). Consider the Hl1bert space L, in which 

the tnner productr of two functions u and v ls given by Jouvdx. Then, the 


system of equatlons (1.6) allows the following conclusion: 

Any functlon u· whose proJection. on the subspace spanned by the system of 


functions {:J!. q>1 , ... ,f q> }. coincides w1th that of the exact solutlon u. ls 
an approximate solutlon. Indeed. thls proJection is all the informatlon 
about the exact solution contained in approximate one. 
In thls l1ght, the representatlon u'=l: '~acan be interpreted as a procedure 

for extrapolatlng the actual lnformation contalned ln the approximate 
solutlon. The very simple and precise result Just presented clarlfles mucb 
the nature of approxlmate solutlons and 1t would be deslrable to apply lt. In 
a systematlc manner, to analyze discrete methods. For tMs purpose 1t 1. 
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necessary to have aval1able Green's formulas similar to (1.1), but whlch are 
applicable even when the functlons consldered are not smooth. Ihis ls because 
in moat appllcatlons welghting functlons are localized (l.e., they have local 
aupport) and they usually vlolate the amoothness assumptlons at the boundary 
of thelr support. Even more, the development of a theory spplicable to carry 
out the analysls when both base and test functions are fully dlscontlnuous, ls 
most desirable slnce standard theory of distributlons ls not appl1cable to 
that case. 
Herrera {1-4], recently developed an "algebralc theory of boundary value 
problems", In whlch the analysis of the lnformatlon contained in an 
approximate solutlon can be carrled out, when both tri al and test functlons 
are fully dlscontinuous. 5uch setting la ideal for local1z1ng the adjolnt 
equat Ion (1. 6). 

LOCALI2ED ADJOINT METHODS 

"Localized adjoint methods" conslst in making systematic use of the resulting 
equatlons to analyse the lnformation contained ln approxlmale soluliona, 
Since tha quallty of tha results obtalned wlth a numerlcal method dependa, in 
an lmportant manner, on the welghtlng functlons used, one of the maln goals of 
localized adjolnt methods, thus far, has consisted in developlng lmproved 
welghtlng functlons. 
In recent years the authors have applled localized adjoint methods to 
advectlon dlffuslon equatlons. The numerlcal results lndlcate that this klnd 
of methods possesses deflnlte advantages over other procedures (5-8). Further 
lmprovements are expected to come trom work presently under way, ln whlch 
Herrera' s theory ls applled In space-time. The localized adJoinl methods 
derived in this manner, clarlfy and perfect Eulerian Lagrangian procedures 
(9.10) . 

In what follows Herrera's (1-4) algebralc theory of boundary value problems ls 

briefly explalned. For a more detalled presentation and proofs of the 

results, the reader ls referred to the original papers (1,2,4). 

Tbe general abstract boundary value problem to be considered corresponds to 

one w1th prescribed jumps and 1t ls deflned by the system of equations: 


<Pu.v> = <f,v> ; <Bu, v> =<g,v> ; <Ju,v> = <j,v> VeD (2. 1) 

Where D ls the linear space of admisslble functlons, P, B and J are bilinear 
func tionals , whlle f, g and j are prescrlbed functionals (the data of the 
problem). GeneraUy, the b1l1near forms P, B and J are associated wlth the 
dlfferential operator, the boundary values and the jumps aceross 
dlscontlnuitles. When the sought solution ls smooth, the prescrlbed jump j=O. 
Under the assumptions of the general theory, the three equations (2.1) are 
equivalent to the single varlatlonal formulation 

«P-B::'-.¡J.)u,v> = <f - g - J,v> veD (2.2) 

This var1ational formulation ls said to be "the varlatlonal formulatlon in 
terms of the data of the problem", because Pu, Bu and Ju are prescrlbed. 
Maklng use of the General Creen' s formula fQr. operators In discontinuous 
~ (1.4) 

(2.3)«P-B-J)u,V> =<{Q-C-K)v,u> 

-, 
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the variational formulatlon (2.2) ls transformed lnto 

«Q-C-K) v.u> = <f-g-J,v> (2.4) 

This is said to be "tpe '{.ariation<ll formulation in terms of the sougut 
information", because Q u C u and K u are not prescribed. Generally, Q u 
supplies \nformation at the interior of the region of definltlon of the 
p¡oblem, C u supplies informatlon ~bout the complementary boundary values, and 
Ku ylelds the average of the solutlon (and derivatives) accross surfaces of 
discontinuity. Regarding the general Green's formula (2.3), tt ls assumed that 
tha bU inear forms P and Q are formal ad.101nts, In the sense of the theory. 
The boundary bll1near forms B and e, can be constructed using arguments whlch 
are essentially standard. However, the constructlon of the operators J and K 
is not standard. The systematic manner supplled by Herrera's algebralc theory 
wl11 be succlntly explained now. 
Let the reglon of defin! t Ion of lhe problem O. be decomposed lnto two 
subreglons 01 and 0II and assume the dlscontlnultles of the trial and test 

fuhctions can only' occur on the common boundary r, separatlng 01 and 0ll' 

Then, let the space of admlssible functions be D=Dl + D , where DJ and DIl 
II 

are linear spaces whose elements are functions defined In 01 and ° ,
11 

respectively. 
After having constructed the operators B and C, two classes of functlons, SID 
and Sr 0, are considered. Elementes belonging to S1 wl11 be said to ,be left 
smooth while those belonglng to Sr will be sald to be rlght-smooth. The 

1 rc1asses S and S , are taken to be con.1ugate subspaces¡ 1. e. , 

«P-B)u,v> = «Q-C)u,v>, ue SI &veS (2.6) 

G!ven any element ueo¡ wrlte u = {uI,uII} wlth ule 01 and un e 0u' Define 

u = {u ' U } where u e 01 ls left-smooth extension to 01 of uI1C 0 11 , whlle
1 II 1t

uI1e 011 ls the left-smooth extenslon to 011 of uJe DI the exlstence of such 

extenslons ls a fundamental hypothesls of the theory (see [1]). Then, 1t ls 
possible to define 

u'1 = (u1 + u) /2 (2.Sa) 

[u] 1 =u 
1 
- u (2.Sb) 

Equatlons (2.6) together. imply 

u u'1 - {u]1 12 (2.7) 

Observe that ule ° and [u]le D. These functlons wl11 be called the (abstract) 
average and Jump, respectively, basad on the left-smoothness crlterlum. 
Correspondingly, gl ven any function ve 0, one conslders the functlons v vI • 

,11 
r rv , v and [v]r, which are defined replaclng the left-smooth class 01 


functlons, by the right smooth class of functlon~. 


By as.mmption, equatlon (2. S holds whenever ucS and ve Sr. However, P-B.­

(Q-C) , in general. Thus, one defInes 


R =P - B- (Q - e)• (2.8) 
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•In addltlon, the operators R1:D --> Dand R :D -> D• are deflned, for 
1I 

every u = {uI'U1I } e D, by 

R U,v> = <Ru , v >; <R u,v> = <Ru ,v > (2.9)
1 1 1 11 11 II 

whlch hold for every V={V ' ~I ) e D. Using these operators, J and K are
1
 

lven by (1]: 


r< Ju, v > = < R 1 (u] 1. v > (2. lOa) 

and 


•

<K u,v > " <R¡U·1 , (2. 10b) 

As a final remark, lt ls observed that the validity of equatlons (2.10) ls pre 

served ir R ls replaced by R [1].
1 II 

ADVECTION-DIFFUSION EQUATIONS 

The methodology ls applicable to steady state and time dependent problems in 
one and several dimenslons. 
A.- One Dimensional Problems. The steady state leads to ordinary 
dlfferentlal equatlons, for whlch four algorlthms were developed by Herrera et 
al. (3] They were derived by seeklng nodal lnformatlon only. 

Algorlthm 1.- The value of the function and its derivative; 

Algorithm 2.- The value of the functlon onlYi 

Algorithm 3.-The value of the derivative only; 

Algorlthm 4.- The function at sorne nodes and the derivative at some 


olhers. 

For sleady state the adveclion diffuslon equation wlth linear soúrces 15 

fu sd (Ddu/dx)/dx - Vdu/dx+Ru = fn(x), oi xi t (3.1) 

and 

f·v E d(Ddv/dx)/dx - d(Vv)/dx + Rv (3.2) 


The domaln [O,t] 15 dlvlded into E subintervals or elements, not necessaryly 
equal, [xo,xl1 •... [x ,x l. In order to concentrate all the lnformatlon at

E-1 E 

•nodal polnts, test functlons are required to satisfy f 11'«=0' locallY. For 

algorithms 2 to 4, three-d1agona1 matrices are contained, whlle algorlthm 1 
y1e lds tetra-diagonal matrices (31. Thus far, t wo procedures have been 
eiployed for constructing the wieghtlng functions whlch satlsfy the equatlon 
f 11' «=0 In [6] the (variable) coefflclents of the equatlon were 

approxlmated by piece-wlse polynomlals. whlle In (6] polynomlals were used to 
approxlmate the test functlons, which were requlred to satlsfy the equation 
a·~, «=0 at collocatlon polnts only. Using a seml-dlscretlzatlon approach. 
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the extension to time dependent problems ls stralghtforward. For thls case 
the advection-diffusion equatlon can be written as 

fu= a u/a t - f n (x,t) (3.3) 

where f 19 dlfferentlal operatar in x, given by equatlon (3.1). Thu9, In [7) 
the term 8u/8t wa9 lncorporated in the rlght-hand side of equation (3.1), at 
each time step, and the solution procedure for steady state problems was 
applled to the resultlng equation. 

B. - Problems In Several Dlmenslons. The resul ts for advect ion dominated 
transport-dlffusion problems, In several dlmenslons, have been presented in 
[8]. The procedure dlffers :from that :for one-dimensional problems, mainly, 
due to the :fact that T-complete systems (11] are infinite in this case. or 
course, only a finite number of test functions are used in actual 
appllcatlons, introducing a truncation error in this manner. 

C.- Numerlcal Results. For one dimensional steady state problems the 
procedure ylelded (5,61 very efficient and highly accurate algorlthms, which 
advantageously compare with other algorithms. 
For time dependent one-dimensional s ltuations , only algorahms 1 cnd 2 were 
applied. These correspond to the use of fully discontlnuous and C weightlng 
functlons, respectlvely. Two test problems were treated to demonstrate the 
performance of the new method: the propagation of an lnltlal step 
discontinuUy and of a Gauss hilI. The results and the efflciency of the 
procedure were compared wlth other methods, testlng the effect of changlng 
several parameters such as e (in time), element PecIet number, as well as 
Courant number. The concluslon was reached that solutlons obtalned wlth thls 
method are as least as good as those from the best avallable interlor methods 
[7 ]. 
Similar conclusions were drawn in the case of two-dlmenslonal problems. For 
detalls see [81. In general, localized adJolnt methods allow very effectlve 
treatment of boundary conditlons, but this ls specially noticeable for 
two-dimenslonal problems, due to lts greater dlfficulty. 
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