


Localized Adjoint Methods in Water 
Resources Problems 
1. Herrera 
Instituto de Geofisica, UNA M, Apdo. Postal 
22-582, 14000 México DF, México 

ABSTRAer 

Lacallzed AdJolnl lIelhod 1 .. " nc.. melhodoloqy of "Ide 

appllcabll !ty, based on t-he author's Green's formulas fol' 

dlscontlnuous flelds. Her.. 1t. Is presented In connectlon wllh 

traosport dlffuslon problems for whlch lhe Eulerlan-Laqraoqlan 

Locallzed AdJolnt lIelhod (ELLAII) has been formulaled by lhe 

LAII ql"oup (K.A. Celta, R.E. Ewlnq and T.F. Russell, lo 

addltloo lo lhe aulhor). The ELLAM development unlfles 

characterlsllc melhods, trc&ls boundary condltlons 

syslem..tlcally, yleldlog consel"vallve schemes. 

1. INTRODUCTION 

The numerical solution of the advective-dlffusíve transport 

equation ls a problem óf great importance because many problems in 

science and engineering involve such mathematlcal modelo The 

numerical treatment of advection dominated processes ls qul te 

difficulL The procedures available derIve from two maln 

approaches: standard semldlscretizatlon and Euler1an-Lagrangian. 

The maln distingulsh1ng feature of the latter ls the USe of 

characteristics to carry out the d1scretization in time. Most 

formulas that have been developed using a standard 

semidiscretization approach have been based on up-stream weighting 

techniques, whose development ls essentially ad-hoc. 

An alternative and very promlslng approach has been 1ntroduced 

by Herrera [1-5] and coworkers. In past work, this has been 

referred as "Optimal Test Functions Method". However, from a 

technical point of vlew, lt would be more approprlate to call such 

procedures "Local1zed Adjolnt Methods". Also, ln this manner the 

method would be more clearly distinguished from other procedures. 

Hence, this ls the term1nology that has been adopted more recently 

[6,7] . 

The starting polnt of localized adJoint methods 1s a very 

simple idea. Let ~ be a d1fferential operator that will be applied
•

to functions defined in a region e and let ~ be i ls formal 
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adJoint. Then. when u and v salisfy suitable boundary ~onditions. 

Green's formula 
•

JOv~udx = IOu~ vdx (1.1) 

ls satisfied. Equation (1.1) al10ws a convenlent interpretation of 

the method of welghted residuals. Conslder the problem of so1ving 

the equation 

In (1. 2) 

subJected lo homogeneous boundary condltions for which Green's 

formula (1.1) applies. In the method of welghted residuals. one 

usual1y considers a system of weighting (or test) functions 

{"'l' .... "'N}. Then, a functlon u' ls said to be an approxlmate 

solution of this problem when 

JfJ'P(X(fu' - ffJ)dx :< O , « "" 1, ... ,N. 0.3) 

Generally. the system of N equatlons (1.3) has many solutions, but 

in order to obta1n a system possesslng a unique solution, it ls 

customary to introduce a representation u' = EA(X~(X of the 

approximate solut10n in terms of the system {~l""'~N}of base (or 

trial) functions. However, this representatlon ls an artlfice that 

bears little relatlon with the exact solution u. 

The following observations permit establlshing the actual 

relation that exists between an approximate solution and the exact .. 
one and derive the actual lnformatlon about the exact solution 

whlch 15 contalned ln an approximate one. From (1.2). lt 15 clear 

that the exact solutlon u. satisfies 

JfJ"'«(~U -fn)dx = O, « = 1•....• N. (l.4) 

Equatlons (1.3) and (1.4) together imply 

!fJ",«fu'dX = Jn~«fudx ... =l, ... ,N. (1. S) 

or 

JfJu' f fII«dx '" JfJuf filO( dx « = 1•...• N. (1. 6) 

'by vlrtue of Green's formula (1.1). Consider the Hilbert space :l, 
of square integrable functions and in which the inner product of 

two functions. u and v, ls given by Jnuvdx. Then, the system of 

equations (1.6) a110ws the following interpretatlon: 

A function u' 1s an approximate solution if and only 1f, lts 

proJect1on on the space spanned by the systelll of functions 

(f.. tpl .... • /<IN}' coincides withthat of the exact s01ut10n u. 

As a lllatter of fact, this js all the informatlon about the 

exact s01ut10n contained in an approxllllate one. 
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In this llght. the representatlon u' = LA ~ can be lnierpreted as 
«« 

a procedure for extrapolatlng the actual lnformation contained in 

the approximate solution. 

The very simple and precise result Just presente<i clarifles 

much the nature of approxlmate solullons and lt would be desirable 

to apply it. in a systematlc manner, to analyze discrete me~hods. 

For this purpose lt is necessary to have available Green's 

formulas similar to (1.1), but that can be applied even when the 

functions considered are not smooth. since in most numerical 

applications the weighting functions are 10cal1zed (Le., they 

have local support) and they usually do not satisfy the smoothness 

requlrements at the boundary of thelr support. Even more, the 

development of a theory appllcable to carry out the analysls when 

both base and test functions are fully dlscontlnuous, ls most 

deslrable slnce standard theory of distributlons ls not appllcable 

to that case. 

Herrera [1-5), recently developed an "algebraic theory of 

boundary value problems" w1th precisely that property; that ls, in 

which the analysis can be carrled out when both trial and test 

functions are fully dlscontinuous. Such setting ls ideal for 

localizing ~e adJolnt equation (1.~). 

"Locallzed adJolnt methods (LAM)", which are presently being 

developed by the LAM group (M.A Celia, R.E. Ewing, l. Herrera and 

T.F. Russell), consist in making systematic use of that theory to 

analyze the information contalned In approximate solutions. Since 

the quality of the results obtained with a numerical method 

depends, in an lmportant manner, on the weighting functions used. 

one of the maln goals of locallzed adJoint methods, thus far, has 

consisted in developing improved welghtlng functions. In this 

paper the LAM methodology ls explained in connection w1th 

transport diffusion problems. 

2. GREEN-HERRERA'S FORMULAS FOR TRANSPORT-DIFFUSION EQUATIONS 

The general abstract. boundar'i ~ problem consldered by the 

theory 15 formulated in a linear 5pace of functions D and 

corresponds to one w1th prescribed jumps. It is defined by the 

system of equations: 

Pu == f; Bu g; Ju J (2.1) 
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•where p. B and J are functional valued operators, whlle fcO, geO
•and JcO are prescr i bed functional s (the data of the problem). 

Rere, O 1s the algebraic dual of O (1. e. O 1s the space o{ 

linear functionnals deflned on O). lhe general theory supplies a 

systemat1c procedure for derlvlng the operators P, B and J, as 

well as Q, e and K, to be introduced later on. The1r deflnitlons 

depend on the dlfferentlal operator, the boundary conditlons and 

smoothness conditions considered. The linear functionals f, g and 

J. are determined by the data of the problem; In particular, when 

the sought solution 1s smooth, the prescribed Jump J=O. 

The bilinear functlonals B and J are constructed so that they 

are boundary operators for P, which are fullv disjoint [2.5). In 

this case the system of equations (2.1) is equivalent to the 

single equation 

(P - B - J)u = f - g - J (2.2) 

This equation 1s a var1ational formulation of the problem, as can 

be verifled observing that (2.2) 1s equlvalent to 

«P - B- J)u,v> = <f - g - J,v> y veD (2.3) 

This 1s said to be .. the varlatlonal formulat10n In terms of the 

data of the problem", because accord1ng to (2.1) Pu, Bu and Ju are 

prescribed. 

Maklng use of the Herrera's general ~ formula for 

operators in discontlnuous flelds [2.51 

P - B - J =Q - e - K (2.4) 

the variatlonal formulation (2.3) ls transformad into 
• • lO 

«Q - e - K )u,v> = <f - g - Jfv> ~ vcD (2.5) 

Where for any bllinear functlonal, the star refers to the 

corresponding transposed bilidear functional. Formulation (2.5) 15 

sald to be .. the variatlonal formulation In terms of the sought 
•• lO 

informatlon", because Q u, e u and K u are not prescribed..... . 
Generally, Q Uf e u and K u supply information about the sought 

solution at the interior of the region of definltion of the 

problem;:' the complementary boundary values and the average of the 

solution (and its derivatives) across interelement boundarles 

(where the base and test functlons chosen may have jump 

discontinuities), respectlvely. 

Maklng use of the varlatlonal formulatlon in terms of the 

sought lnformation, the arguments that lead to the formulatlon of 
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Locallzed Adjolnt Methods. constltute a mere repetltlon of those 

presented ln the Introductlon. Glven a system of welghtlng 

functlons {IPI•..• , IPN}cD. an approxlmate solut1on ls agaln' any 

function u'cO whlch satlf1es 

«Q -C -K )u'.IP«> = <f-g-J,IP«> ,«=l •...• N (2.6) 

elearly. equatlon (2.6) lmplles 

«Q -C -K )u'.IPa> = «Q -e -K }u.IPa>' «=l •...• N (2.7) 

since an exact solutlon also sat1sfles (2.6). Equat10n (2.7), ls 

the basis fOi the analysls of the lnformatlon contalned In an 

approximate solutlon and constltutes the foundatlon of Locallzed 

Adjolnt Methods. In particular, when the test functlons are chosen 

satisfylng the adJolnt dlfferentlal equatlon (QIP«=Ol, the
•lnformatlon ls concentrated at the nodes (K u) and complementary. 

boundary values (e u). 
' 

excluslvely. 

3. EULERIAN-LAGRANGIAN LOCALIZED AD.JOINT HE11fOD (ELLAH) 

LAM procedure was appl1ed by the LAM group [6,7] to the 

one-dimensional translent advectlon-diffuslon equatlon 
2 

.fu a au + V 8u - D ~ = f",(x. t); (x, t)cll (3.1)
at 8x 8x2.. 	 x,t 

subJected 	to the lnitial and boundary condltlons: 

u(x.O)=U1(x) (3.2a) 

u(O.t)=uo(tl and aulax(l,t)=ql(t) (3.2b) 

Rere, Q ls the space-tlme rectangle [O,lJX(O.T].
x.t 


For any function v. the adjoint operator 


• 	 2 
.f v = _ay _ ~(vv)- D ~ . (x,t)cQ (3.3)

8t 8x 2 ' x.t8x 
satisfies 

• a 	 8v Bul8(v.fu -u.f v E at(uv)+ 8x vVu+D(~x ~ vax1 (3.4) 

which is a divergence form in space-tlme. Integratlng (3.4) in the 

regien Q and applying a generalized verslon of dlvergence
x,t 

theorem [8], which ls appllcab!e to functlons w1th Jump 

discontinuities. lt ls obtalned 

¡re. {vlu -ul·v}dxdt t{(vv+n;..:..88V)u-v~8U}lldt + tuvlTdx5
.t.><, t 	 O X X O O O 

(3.5) 

where !: lnc!udes al! the curves where Jump disconlinultles can 

occur and for any function w. the notatlon (wl denotes the Jump in 
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w across ¿: 

[w] = w - w (3.6).. 
As lt 1s usual when formulatlng inltlal-boundary value problems'ln 

a weak manner, a bilinear form <Pu,v> is introduced weightlng the 

differential operator ~u with the function v. In a similar fashion 

the bilinear form <Qv,u>=<Q u,v> 1s defined weighting ~ v with the 

function u. Thus 

<Pu,v>=I~" v~udxdt while <Q U,v>: In u~ vdxdt (3.7)
>tx,t ••K, t 

To accomodate the boundary and initial condltions (3.2) the 

operators B and C are defined by 

(3.Sa) 

and 

<C·u,v>= -IT(v~) dt - ¡l(uv) dx - ST{(Vv +~88xv)u}ldt (3.gb)
o 8xo o T o 

• so that «B-C )u,v> lncludes all the boundary terms appearing In 

(3.5). The deflnition of the blllnear forms J and K depends on the 

smoothness condi tlons to be satlsfled by the sought solution u. 

Usually for transport diffuslon problems physical requirements 

impose the conservation oC mass condition,wh1ch impl1es 

continuity oC u ·and Bu/Bx, unless the equatlon coefficients are 

dlscontlnuous. For these smoothness condltlons the general theory 

of the author [2.5J ylelds 

(3.9a» 

and 

(3.9b) 

where the jump [ J 1s taken as in (3.6), while for any funct10n w, 

W1s the average across E, deflned by: 
-w = (101 + 101 )/2 (3.10)• 

In view of (3. S), one has 

«P-B-J)u,v> =«Q -C -K )u,v> (3. 11) 

wh1ch 1s Green-Herrera formula (2.4) , as it applies to the 

transport diffusion equat1on. The weak varlat10nal formulation In 

terms of the data of the boundary value problem, wl th speclf1ed 

jumps. is now glven by (2.3) 

«P-B-J)u.v>=<f-g-j,v> V veD (3.12) 
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where f. g and J are linear functlonals defined in terms of the 

data of the problem. They are such that f=Pu, g=Bu and J=Ju when u 

ls a 	 solution of the problem. Tbus 

<f,v>= IQvfQdxdt V veD (3.13a) 

T Bv
<g,v>= -1 {(Vv + ~a )} u dt o x O O 

whlle j ls the ldentlcally zero funcllonal, when a smooth solutlon 

15 sought. The varlational formulation In terms of the sought 

information ls given by (2.5): .. 	 .. .. 
«Q - e - K )u,v> = <f - g - J,v> ~ veD (3.14) 

Equatlon (3.14) can be applled to analyze the lnformation 

contained in approxlmate solutlons. In thls manner a 

generalization of Characterlstlc Methods. called 

Eulerian-Lagrangian Localized AdJolnt Method (ELLAM). has been 

developed by the author In collaboration wlth Celia, Ewlng and 

Russell [6,71. 

3. GENERAL COMMENTS ANO CONCLUSIONS 

Many numerlcal methods use characterlstic analysls to 

accomodate tbe advective component of transporto Such 

Characteristic Methods lnclude Eulerian-Lagranglan Methods (ELM) 

(9-11 1. Modlf1ed Method of Characteristics (MMOC) (12,13]. and 

operator splltting methods (14,15]. Tbe ELLAM approxlmatlons 

provide a systematlc framework for development of Characterlstlc 

Metbods for numerlcal approxlmatlon of advectlve-dlffusive 

transport equations. The Localized AdJolnt Method (LAM) procedures 

lead naturally to the definition of speclal space-time test 

functlons that produce the generalized CM approximations. Tbe 

resultlng set of approximatlng equations subsumes many of the CM 

approximatlons proposed ln the l1terature. It therefore. unif1es 

these methods. In addition, the development lnherently provides a 

systematic procedure for proper lncorporation of a11 types of 

boundary condltlons in a mass conservatlve manner. 
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