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Localized Adjoint Methods: A New Discretization 
Methodology"., . 

Ismael Herrera*·1 
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ABSTRAer. Localized Adjoint Method ls a. new and ,promislng methodology 
I of wide appllcablllty, based on Herrera's Algebralc Theory of Boundary 
1, Value Problems. Thus, the general theory ls briefly explalned and then Its 

appllcatíon ls illustrated with transport dÍffuslon' problems ' for which tlle 
Eulerian-Lagrangian Localized Adjolnt Method (ELLAM) has been formulnted by 
the LAM group (M.A.Cella, R.E. ¡;::wlng and T.F.. Russell, lo additlon to the 
author). The ELLAM developmeot unlfies' characterlstic methods, treats 
boundary conditíons systematícally, yielding' conser,vative schemes. 

• 	 ! 
; 1/ 

1. INTRODUCfION. The Localized ,AdJoiot . Method (LAM) Is, a new and 
promislng methodology fol' discretlzingpartlal· dlfferenUal equatIons which 
has been introduced by Herrera [1-71 and coworkers, and which ls being 

'1' 	applied to a wide range of problems (8-19).· The basic algebralc theory was 
developed by Herrera el. al. In [1-5J and then appplled to develop hlghly 
accurate algorithms for ordinary dlfferentlal equations in [4, 8, 91. Celia 
el. al. 112J' developed efficient algorthms' fol'" multl-dimenslonal steady 
state problems as well as one-dimensional advectlon-disperslon problems 
110, 11]. More recently, the LAM group (M.A. Celia, R.E. Ewing, l. Hel'rera 
and T.F. RusseH) developed the Eulerian-Langrangian Localized Adjoint 
Method (ELLAM) [6, 7, 17, 181. Multlphase flow, slmulation has been dealt 
with by Herrera and Ewing 1131 and Ewlng and Celia [14]. Contaminant 
transport has been considered by Celia et. al. {ll, . 16, 17]. 
Multi-dimensional nested grids are being developed by Neuman [19]. In the 
present artlcle tbe general methodology\ is brlefly explained, introducing 
new explicit formulas for the case when the coefficlents of the 
dirrerential operators are continuous. The appllcatlon of tlle procedures 
are illustrated with the transpOI't dlrfuslon equations 16, 71. 

The numerical solution of the advective-dlffusive transport equation 
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LOCALlZED ADJOlNT METlIODS 67 

is a problem of great Importance' becausc' many problcms; In' science and 
engineering involve such ma.llematical'· model. ' The ' numerlcal ': treatmcnt of 
derive from two main approaches: standard semldiscretizatlon and 
Eulerian-Lagrangian. The maln distinguislling feature of tlle' latter is tlle 
u'se of characterístics to carry out the discretizatlon in time. Most 
formulas tllat have. been developed uslng a standard semidiscretization 
approach have been based on up-stream weighting techniques. whose 
development is essentially ad-hoc. This is in contrast with LAM app¡'oach 
which Is very systematlc. 

There 1s a point on terminology, tllat must be menlÍoned. In some past 
work "Localized AdJoint Methods" were called "Optimal Test runcHon 
Methods", and 1t has been only more rccently that, the new terminology has 
been used. sincc it is more precise and also. It more clearly distinguishes 
this method from otil,er p¡'occdures. ' 

The starting point of Locallzed AdJolnt Metbods 'is a very simple but 
fundamental question. What is the relation between an approximate solution 
and the exact one. To be more precise. we proceed to give an answer to this 
question in a very simple situation. Consídcr the p~oblem of solving tlle 
equation . ' 

ofu in (1.1) 

subjected to homogeneous ~oundary conditions for, which Green's' formula 

Snvofudx = S~Uof\dX "1 í;',' , ,(L2);,:,', . 
• 	 • • • t • ~ '. H " ~,., ; ''}' f ~', ,,1 ; , 

applics, when:i is tlle formal adJolnt of :i.. In tlle method of wclghted 
residuals. one usually considers a syste~' of; weighting '(oi- test)" fUllctions 
(wl.... ,w ). Then. a runcHon u' is said to be.,.an ap~rox~mate"solution ofN
thls problem when 

a. = 1, ....N:"· f 0.3) , 

Generally, the system of N equaUons (1.3) has many solutions, but in order 
to obtain a system possessing a unique, solution, .It ,is customary to 
introduce a representation u' = I:A tf¡ ,of thc approximate, ,solutlon in terms , a. oc' '.,' ,) , ' 
of the system {tP¡ ..... tf¡N} of' base (01' triall', functions.", HowcveI', this 

-,ft', ' l' 

representation is an artifice that bears Httle relation 'with' the ' exact 
solution u. 

The foHowing observatlons permit establishing; I the actual relatlon 
tllat exists between an approximate solution and the exact one and derive 
tlle actual ióJormatlon about the exact solution whlch is' contalned In an 
app¡'oxlmate one. From (1.1), It Is clear that' the exact. solutlon u. 
satisfies J 

SO(ofu -fO)wa.dx = O. a. = l, .•.•N~ .(lA) 

Equations 0.3) and (l.4) together imply 

a. = l .....N. 

01' 
• •

SOu/of wa:d:x;.= 	SOuof wa.dx a. = ¡,....N., .,(1.6) 
2

by virtue of Green's formula, (l.1).!fConsider the':'Hilbert space' L • of 
square Integrable functlons and In, which. the .Inner product ,. of two 
functions.· u and v, is gívenby SOuvdx. Thcn,! t~~ system, !of ,~quations 0.6) 

allows the followin¡: i!ltel'pl'clation: 	 .¡~, "' 1. 

, ." 

http:fO)wa.dx
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,1 
I .¡ A funcHon u' Ls an approxLmate soLutlon, tf and only tf.; Lts1 ¡
l 	 proJeetton on the spaee spanned; by,!the:system of funet(onsI .... ' , " , '" " i (:e wl, ••• ,:e w ). eoLncfdes wtth th~~, of, th,e ~~acts:?l~tLon u. 

,:J ! N
¡ ! As a maLler of faet, thLs ls al1 the lnfol'matlon about the 

exact solutLon eontatned tn an approxt~ate é:me. 
. . .', • \" ".;.l 1;- -'.' . 

In this ¡¡ght, the representatloD' U/,,~',= ,IA' tP can .. be ,'interpreted as a ex ex 
procedure for extrapolating the .actlJal ,ln~ormation" contalned In the . ¡.. . j • 1\ >,' I 1 I , f' , .' : .. ' ;

approXlmate so utloo. ' " . , .,,' 1,' ¡ '• 

The very simple and precise' result 'Just 'pre~enÚ:d clarInes much the 
nature of approximate solutlonsand it would be deslrable to apply it, in a 
systematic manner, to analyze discrete' methods. tor this purpose It 1s 
necessary to have avaiJable Green' s formulas similar to, (1.2), but that can 
be applied even when tlle functlons consldered are notsmooth, since in most 
numerlcal' applications tlle weighting functlons are locallzed (l.e., tlley 
have local support) Ilnd they usually do nót sat;isfy tlle smoothness 
requlrements at the boundary of thelr support: Even more, the development 
of a theory applicable to carry out the analysls when both base and test 

I 	 functlons are fully dlscontlnuous, Is most desirable slnce standard theory 
of distributions Is nol appllcable to that case.,1 Herrera [¡""51, recently developed an "algebralc theory of boundary

! value problems" with precisely that propertYi that ls, in which the 
analysis can be 'carried out when both trial and test functions are ful1y 
discontinuous. Such settlng ls Ideal rOl' loca!lzing tlle adJolnt equatloll 
(1.6). ' . 

¡ "Locallzed adJo!nt methods (LAM)". in whose development tile LAM group 

, ¡ 
i (M.A CeUa, R.E. Ewing, 1. Herrera and T.F. Russell) has been working and 

it Is belng appHed at prescnt to many problems [8-:19], conslst' in maklng 
systematic use of that tbeory to analyze' the iriformation contalned in 
approximate solutions. Sloce tlle quality of the results obtalned with a 
oumerical method depends" In an 'lmportant,manner, on the welghtlng 
functions used, one of the maln goals of" localized ,adjoint methods, thus 

I far, has consisted lo developiog improved welghting functlons. 10 this 
, I 

papel' lhe LAM methodology 15 explained ·inconnection with transport
1 diffusion problems. 

2. GREEN-HERRERA FORMULAS. The maln lngredients of the author's 
AIgebralc Theory of (initial) boundary valúe problems are 

0.- General Green-Herrera rormula~¡'.fo~' I d¡ffeqmti~lop~rators in 
discontinuous fields¡ and 
fi).- The operator cxtenslon (purely" algebraic) lnduced by such 
formulas. 

"f', ,r\ \ 

for simplic!ty. attentIon will be restrlcted' to 'the case when the 
differential ope¡"ators possess contlnuous: coefflcients,;, but· such formulas 
have been developed for the general case of dlfferentlal operators wlth 
discontinuous coeffic!ent.,s (2,4,201. By definltion,· a dlfferential operator 

'1
,¡ 	

and its formal adJoint :e • satisfy 
'.1 	 •

v~u-uf v ;: V·(:V(u,v)} 	 (2.U. " 

where 7)( "!'v) Is a vector-valued bi1lnear,l hJnctlon, defined, at every polnt 
i 	 • • "" " \ 1 , ~I'" '. ¡, ,

of the region n. When considerlng tlme-dep~nde~t' prob\ems, n wlll, be a'·1 regíon in, space-time. Generally, n wiU' be divided In many' subregions (thei 
elementsl, in each of which welghtIng and test.functlons ,will be assumed to 

, I . 
, I 

i 
I 

, " 
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be sUfficiently differentiable for the operators l tobe well deflned in lts 
interior. The union of tlle Interelement boundal'ies wlll be denoted by L. 
Tl'Íal and test functions will be taken from two" linear spaces O and O,

1 2 
and \. tl1ey togetller with tlle!r dedvatlves may have jump discontlnultles 
across L. 

, 'i 
Integration of equation (2.1) and application "" of generallzed 

divergence (Gauss) theorem (21), ylelds: 

Jn{v~u-u~ '" v)dx = f V(u,v)"n dx - f [!?(u,v)1"n dx ,,(2.2) 
an • L 

Generally, ~u as well as :t. v may not be defined on L, where the functions 
may be discontinuous." Thus, here as In what follows, Integrals over n are 
carried out excluding 1: and differential operators are understood in an 
elementary sense and l~ot In a distributlooal seose. lo equatioo (2;2), the 
square brackets stand for the "jumps" across L of the· functlon contained 
inside: l.e. value on the plus side minus value In the mlnus side (the plus 
side is defined as that ooe towards which the unlt normal 00 1: polnts tolo 

Green-Herrera formulas are obtalned by carrying out su1table 
decompositions of the bilinear functions V(u,v)"n on the bouodary an of n 
and of -[V( u,v)J· n on the interelemnt boundarles 1:. The decompositlon of 

!?(u,v)· n 1s standard (see, fo\ example, Lioos and Magenes {22]} and leads 

to the definitloo of two bilínear functions :B(u,v) and,1'5'(v,u) such that 

V(u,v)'!l = :B(u,v) -1'5'(v,u) (2.3): 

wllose definitlons depend on tlle type of boundary and inltlal cooditlons, 
which are prescrlbed. The functioo :B(u,v) 15 such that, when ·conslderlng 
boundary (¡nitlaO value problems, for any u which satlsfies the prescribed 

"boundary conditions, :B(u,v) is a well-defined lioear function of v, 
independent of the particular choice of u. Thls linear functloo will be 
denoted by ga (thus, lts value for any glven funcHon v. will be ga(v», 

The decomposition of -l!?(u,v»)'!l Is easily carried out uslng the 

identity 

lV(u,v)1 '" V +(u,v) - !!. _(u,v) ::: V(u.,v) - V(u_,v) .":.,.: .<,(2.4) 

which holds when the differentlal operators· have; contim.Íous coefficlents. 
Let the average ~ of any funcUon u be defined by 

~ = (u + u )/2 (2.5) 
+ - ,'. :" 't 

Then it 1s easy to verify that 

U :: ~ + !{u) ; u :: Ú - ![ul (2.6) 
+ 2. - 2 


which allows wriUng 


V(U ,v ) = V(~.~) + .!.v(ú.[v]) + !V([uJ,~) + !.V([u),[v)) ,( (2.7a) 
- .. + 2.- 2.- 4­

•• ' 1· 1 • 1 " ' 
!?(U_,v_) :: V(u,v) - íQ(u,lv)) - í7)({ul,v) + ¡7)([uJ.~v})), (2.7b). 

Equations (2.4) aod (2.7) together, yieId 
" : 1 )'

[V(u,v)] :: V(ú.[v])*+ V«(uJ,~) " . (2.8 (< . .~ ',~' " . 

De~ining 

J(u,v) e -!?([uJ,v)"n 1«v,u) e V(~,lvn"n " (2.9) 

it 15 clear that 
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.; 
I 	 -(V(U,V)J'll = 3(u,v) - 1«v,u)' ... (2.10) 

This ls the deslred decomposition oc' the é blÍl~ear ·fu;';édón;'::':[~(~:v)l·ll. Tlle 

baslc propertles which lead to this choice or } and 1{, have been developed 
more thorougllly in the author's algebraic theory 12J. In particular, at a 

.j 	 glven polnt of :E, (ul and Ü, can be varied Independently. When [uJ takes a 
given . value, }(u, v) is a well deflned functional of v, independent of the 
specific choice of u. In connectlon wlth boundary (inltiaO . value problems 
with prescribed Jumps, the linear functionof v wh1ch ls obtained when 
J(u, v) ls evaluated keeplng tul equal to the prescrlbed Jumps, will be 
denoted by Ja (thus, Its value for any given v, will be Ja(v». 

At th15 point lt ls convenlent to introduce tlle following billnear 
functlonals: .. .. 

<Qv,u> l!I <Q u, v> lE ¡ ouf vdx . . (2.l1a) 

.. 	 , ' 

<Bu,v> ~ ¡ ao:BCu,v)dx; <C u, v> B f 80 ti'(u,v)dx (2.11b) 
..., .. 

.¡ 	 <Ju,v> !I f:E3(u,v)dx; and <K u,v> !I! f:E1{(v,u)dx' (2.lIc) 

By rneans of these definltlons. uslng (2.3) and (2.10), equatlon (2.2) 
becomcs .. .. .. 

p.-Q =B-C+J-K 
' 	

(2.12) 

This Is. Green-I-Ierrera formula for opcrators In dlscontlnuous flelds [2,51. 
lt can be applicd when both trial and test· functlons are· discontlnuous, 
sornething' wbich ls not possible when using standard theory of 
dlstrlbutlons. ; .. 

Rearranging (2.12), it ls posslble to wrlte. .. .. 
P-B-J=Q-C-K 	 (2.13) 

Tlle lcft-hand side of equatlon (2.13) can be interpreted as· an extenslon of 
the differentlal operator f, which was originally deflned for 
diffcrentiable functions on1y, t~ ful1y discontinuous functiolls. lndeed: 

The dLfferential operator f. when applLed to a 
smooth fundíon u whlch stLsfLes homogeneous. 

boundary condltLons, yLeLds th~ L,Lnear functLonaL 
Pu. However, when appUed to a. fUUY dLscontLnuous 
, functlon u, wh(ch does not satlsfy homogeneous· 
boundary condLtLons, Ct ylelds the LLnear;functLonal 
(P-B-J)u. 	 . 

1 
, 	 ! The' general boundary Onitial) 'vaiue; problern :to ribe consldered Is olleI 

¡ 	 with prescribed.Jumps. The differential equation Is 

fu = fO in O . ;';i;,' :;,,\%~1t.:, ; ','.'! 

In addition, sorne boundary conditio~s, .,(and ':"'initlal, condltions) are 
speclfled 011 80, whHe Jump condltlons \a¡"e'speclfled '. at ":E:'\ When . modelHng 

. í continuoussystems.· such Jump condltlons stern frorn bas!c conservation 01', 

more gcnerally. balance laws of contlnuous rnechanics l (201. "1 1,' ., ••••I 
I , Using the blllnear functlonals thus far Introduced, such boundary

I • "/1 .•
{initial} value problern with prcscribed Jumps, can be forrnulated 
varia tionally as 

<Pu. v> = <f,v): <Bu, v) =(g,v); 	 <Ju, v> = <j, v) V vén',¡ 1(\(2.15) ...
2' ',. 

where f, g and j, are linear 	 functionals deflned by ... 

.. 


http:1(\(2.15
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(f.v>.:::: IO vfOdx ; <g.v> = Iao ga(v)dx ; <J.v> = I ja(V) dx (2.16) 
I: 


AH they can evaluuted using the data of the p¡'oblem. 


GEtnerally. the bilinear functlonals Jand' B.' are boundary· operatOl's 
for P, which are .li!.!lY. dis joint (For the definitions of the concepts that 
have been underlined here. the reader ls referred to the author's original 
papers [2.5]. Furthe¡' details can also be Cound in those publicatlons). 
When this is tbe case, the system of equations (2.15). is equivalent to the 
single variational cquation 

«P - B - J)u. v> = <f - g - j. v> (2.17) 

This Is said to be "the variational formulation in terms' of the data of the 
problem". becuase Pu. Uu and Ju are prescl'ibed. Making use ofGreen-Herrera 
formula (2.13), the variali0!Jal formulation (2.17) is transformed .ioto .. .. .. 

«Q - C - K )u. v> ;= <C - g - J, v> V VCD
2 

(2.18) 
!. 'J 

. This Is said to be "the variational formulation in terms of the sought 

information", because Q u, 
• e u and K u are not prescribed.· lt can be seen. .... .. 

by virtue of equatíons (2.11), that Q u, C u and K u·· supply lnCormatlon 
about the sougllt solution at the interior of the region O (where the 
problem is defined>, the complementary boundary values at· an and' ·tlle 
average oC tile soluHon (and ils derivatives) across the surfaces I: of 
discontinuity. . " 

Making use of the varlat!onal rormulation In terms' of the' sought 
information. the arguments that lead to the formulation· oC Localized 
Adjoint Methods, conslitule a mere repetition of those presented ,in the 
Introduction. Given a system of weightlng Cunctions {w

1
.... ,w kD

2
, an

N

approximate solution Is agaln any function u~ cDI which satisfies 
.. .. .. 

«O -C -K )u'.w > :::: <f-g-J,w > , o:=I .....N (2.19)
o: 0:., 


Clearly, this equation togcther with (2.18) implies
. ..' ....
«O -C -K )u', w > = «Q -C -K )u, w >. o:=l, •••• N .(2.20) . 

o: o: 
since an exact solution also satisfies (2.19). Equation (2.20>.. 1s the 
basis for the analysls of the information contained In an approxlmate 
solution and constltu~es the startlng point oC Localized Adjolnt Methods .. 

3. EULERIAN-LAGRANGIAN LAM. When applying the methods of Sectlon 2 to 
time dependent p¡'oblems, it will be necessary to' consider a .region· O in 
space-time. AIso. the surface l': on which dlscontinulties: can occur, wlll be 
a surface in space-time and a sultable notatlon 'will be' required. Tlle set 
oC points oC O whose time value Is t, will be denoted by O(t) : and 
correspondingly, I:(t) stands for the set of points ,of I: .whose time value 1s 
t. Space-tlme vectors M wlll be written as paírs: 

.~ i.· . i '.' . 

M = (m • m) (3.1) 
- - t 

where !!! 15 the vector made. by Its spatlal components and whlle m 
i' . t 

corresponds to Its temporal component. Let tlle ~I: be the 
'. 
vectorial' velocity 

;1 .1".' 

of the surface of discontipuity l':(t). This 15 a space vector"'whlch can be 

written as 
:', J 

(3.2) 

;'-"\ 

".,. 



1 '. 
¡ 

1 


! 
" 

1 

1 

I 

I 


j 

12 HERRERA 

where 11 1s the unít normal vector to I:(t) .. Ceneral1y, VI: can be positlve or 

negative, depending on the sense of motlon of ~(t)and tP~I¡c;.~olce of n. , 

::1.1.- One Dimensional ELLAM.- Forth!s case,l11 can be 'chósen as equal to 
\ one and this will be done In what follows. Observe that the 'space-tlme 

vector (Vrl) ís tangent to I:. Using this fact, lt Is easy to see that a 

space-time unít normal vector N to I:, is given by 

N = (l+V~fl/2(1. -VI:) (3.3) 
,o,f 

Consider the one-dimensional transient advectlon-diffuslon equation 
subject to apprQpiate initial and boundary conditions 

_ 8u 8u aZu' 'r' ", • . i·" 

~u = - + V- - o=--:: = f ,..,(x, t), tÍn O ·i 11' (3.4)'. jat ox ax2 .. 

u(x,O) .= u (x), on 80= 0(0) p.Sa).. . ' , 1 1 . 

u(O,t) = u ·(t), on BO (3.5b) 
o o 

8u (L t) (3.5e).¡1,'= qL (t), on atO ox • '. ' ' , ,~ ::: ¡ . ,;¡" 

Here, the space-tlme reglon n=o XO '. 
, 

wlth, a =[O,!] andO =: [O,T). In 
~ x t ,x •• <;.t"f,_ 

addltion, a00 and aLo are the subsets of a for X=O and x=l. respectlvely. 

First and second type boundary cond1tions are assumed· 'foro demonstrat!on 
purposes only; the following development" accomodates any' combinatlon of 
boundary conditions. 

The adjoint operator 1s 

• 8w 8 aZw~ w = - - - -(Vw) - o.::---::- (3.6)' ; 
8t ax ax2 


and V(u,v) as defined by (2.5) Is 

" 

'V(u,w)= iu~ - W(D:~ -Vu).uwt (3.7) 

Therefore ,.,. <i,.. ,1; 

-J~(u,w)J'N = _(1+V~fl/2[U~-W(~ '-: (V"~V~)u)r '(3.~~i.' 
. 1 '¡ ; \'(¡ , " \'1 ~",,!) •_ '. ;,' ' .' '.' 

Assuming that the physical process which; equatlon· (3.4)·'mimics ·1s that of 
transport with Ficklan diffusion. of a solute whose' concentratlon Is u, in 
a free fluid moving wIth veloclty V, the smoothness' condiUons ímplled by 
mass balance are ", ! \, 

[u(V - VI:) - D~~J '" O, on I: (3.9a) 

In addition. Fickian diffusion implies 

[ul = O, on I: (3.9b) 

When the coefficients V and D are contlnuous, equations ,(3.9) are 
satlsfied, if and on1y if, u and its spatlal" derivative' are continuous 
across I:. Application of equ?tion (2.9) yields I ¡, . ¡ ,./. ,', 

, 2 -1/2 -¡¡;¡¡ • ( [BU] )1 1) l (3.l1a). :J (u,w) = -O+vI:) i[u]Dax - w D OX - (V-VI: u {; I 



73 LOCALIZED ADJOlNT METHODS 

2 -1/2· 8w BU ' ')
1( (W.U) ::: (l+V:E' {U[DaxJ - [w](~- (V -V:E'u t (3.11b) 

j' 

It Is clear now that J:E(v)ao 00:E. since the ,sought ,~olutioQ,' 1s 'requlred to 

satisf,Y\. the condition [u]= [:~J EO on :E. 

The bilinear functioos ~(u.w' aod !B(u.w). ,to, be, defined '00 the 
boundary. must be constructed taklng lnto' account' the ¡Únd of 'bouildary 
conditions to be satisfied. For the kínd of boundary condiUons given by 
equatioos (3.5), they are 

8W) 8u!B(u,w) = u (Dfi + V W • ~(w,u) =w~. 00 aoo. , (3.12a) 

:B(u,w) ::: - w~. \1:(w.u)= -u(~ + V w). on atO (3.12b) 


:B(u,w) = -uw on ap (3.12c) 


~(w,u) = -uw on aTo. (3.12d) 

where a OEO(T). Observe that the decomposltlon of ~(u,v)·N in O(O)\.IO(T)
T 

does not have a polnt-wise character. This reflects the fact "that this Is 
an initíal-value problem. From (3.5) and (3.12), lt followsthat 'l ¡: 

ga(W) =Uo(~ + V, w) on 8 O '·:¡'(3.'13aJ:' 1'" 
o 

,; \ ,1 t ¡ 

ga(w) = - wDq, 
" 

00 al" (J.13b)r " 

00 80 (J.13c)' 
' '" 

ga(w) = -u¡w 
1 

, 

The expressioos for the bilinear funcUonals B, C.: ¡ J ,,af.ld,, K.; are 
obtained iotegrating !S. ~. :J. aod 1(. 00 the bouodary and' on :E. Asumlog that 
:E 1s the union of the set of curves {:E. :E ..... :E} in, space-tlme (Flg.!),

1 2 ,,; E·, :1; ~ "';¡;~~-,~: . , 

, ,i: 

t 

;:., 

~ ., : 

o 

Figure 1.- The surface of discontiouity :E. " 
, :-');.I,,'I,f! '. l. ¡, t 1-)' '•the expressions for J and K are the summ of the. contribútions oC;' ,each one 

of these curves. Thus, one-can write ' '1 

,'\; j','"E 
(3.14)J = :E J and 

«=1 « «=1 
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whel'e 

" 

\ 

(3.1Sb) . 

Her'e. the supindex a: means that the value of the integrand 1s' taken on E . 
a: 

To obtain equations (3.14), use has been made of. the fact: that, on each Ea:' 
2 -1/2 •the eiement of time dt, 15 (1+V ) tImes the "'length element in
E

space-time. 
In a similar fashlon, it Is convenient to decompose the billnear 

. '" 
functionals B and Cinto the contributions whlch stem from ap, aTo, a,p 
and alo. The corresponding expressions are: 

B .. Bt 8 + 8 and (3.16)
0 1 


In view of (3.12), lt Is clear that 


aw
<Bu,w) ='JT(U(D + V w)}' dt; <Blu,w> = -JT{W~} dt (3.17a) 

<) ,o ax x=o o ex x=l 
L '" l<8 u.w) = -J (uw) dx; <C u,w> =-J (uw) dx (3.17b)

1 o t=o T o t=T 

'" T Bu '" T Bw' :. 
<Cou,w) =Jo(wD~i\=odt: <Ctu,W) == -Jo{u(~ +,V w)}x=l?~j ;(~.17c) 

. . ¡ : .. 'i l.. .1i '" (~.':" 

To' complete the formulation of, the problem, it remalns to define the 
linear functionals f, g, and J. The first one ls given by (2,16), while the 
latter one ls zero. because the sought solution together wlth Its normal 
derivative Is required to be contlnuous. On the other hand, one can wr1te 
g=gl+go+gl' with 

1 ! 

:, T ' 
:-{o{wDQl}x=Ldt (3.18a) 

(3:18b) 

The varlational formulation in terms: of:' the! d~t~ of the problem ls now 
given by (2.17), while that in tern';s ~of the sought\ lnformatlonls glven by 
(2.18). This equation was applled to analyze the Informatlon contained In 
approximate so!utions. In this manner a generalization of Characterlstic 
Methods, called Eulerian- Lagragian Localized Adjoint Methods (ELLAM), has 
been developed by the LAM group [6,71. 

Many numerical methods use· characteristic analysis to accomodate the 
advective component of transporto Such Characteristic Methods include 
Eulerian-Lagrangian Methods (ELM) [9-11),:' Modified Method of 
Characteristics (MMOC) [12,13), and operator spllttlng methods [14,15). The 
ELLAM approximations provlde a systematic framework for development of 
Characteristic Methods for numerical approximation of advective-diffusive 
transport equations. The Localized Adjoint Method (LAM) procedures lead 
naturally to the definition of special space-tlme ,.: test functions that 
produce the generallzed CM approximations. The resulting set of 
approximatlng equatlons subsumes many of the CM appf'oximations proposed in 
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the literature. It therefore unifies these' methods. ,¡ In ,.addition, ; the 
development inherently provides· a systematic procedure' , fol';/, proper 
incorporation of all types of boundary, condltíons in a mass conservative 
manner. 

\, 

111 

[2J 

(3) 

[4] 

[5J 

'[6J 

[7J 

[8J 

[9] 

{lO} 

(H) 

(l2J 
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