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The treatment of discontinultles 15 lncor-porated in tbe modellng of 

a gas Cront whlcb invades undersaturated llquld 011, allowing in 

tbls manner a more complete treatment of th~ kind of problems. In 

thls connection, a methodology of wider appUcabUlty ls lntroduced 

wltb the fol1owing features: Systematic formulatlon or jump 

COndltiODS¡ Flnlte dlfferences scbemes for functloDS wlth jumps and 

Eulerian-Langranglan approach to front tracklng. Uslng this approacb 

qulte satlsfactory numerica1 results are obtalned. 

INTRODUCTON 

Severa! methods havo been presented in the llterature for .,
representing saturation Cronts accurately. A class oC such methods 

1. based en the method of characteristics and ls usually limited to 

misclble flow problems (Dougla.s\ Douglas and RusseU2
• Ewlng et 

at.3
••• Russellfi• Herrera and Ewlng'). Front tracking methods (GUmm 

et al.7 
) havo some attractive Ceatures, but in its present form they 

are restrlcted to cases in whlch capUlary erreets can be 19nored 

(Brttvedt et al.·l. Buckley-Leverett frontal advance tbeory togetber 

wlth a lineal" approx1mation oC the fractional flow funct10n has been 

, applled in simple reservolr tnudies (Kale 'l. , 
.y~~ ""~J .;'~ ";"'.~~~,:--!.~\~~'"'Z ~ 
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FOl' the treatment of sharp dlscontlnultles. the equatlons are 

usually separated Into pressure and saturatlons equatlons and the 

dlffuslon terms assoclated with cap,mary pressure are ignored In 

the saturation. Then. Buekley-Leverett Theory 15 applled 
10 ., '. 7

(Buckley-Leverett. Kale). Another approaeh due to GlImm 

(Bratvedt et al..). ls to apply the theory of non-linear 

conservatIon laws to the tesulting saturation equation. 

In this paper, the modellng of discontinulties which oe<:ur when 

a gas front Invades a reglon of undersaturated Uquld oU ls 

dlseussed and In th!s connect!on. an alternatlve approach to sharp 

fronts Is presented. The general formulatlon ls equaUy appUcable 

to other sharp discontlnultles ("shocks"), such as 011 displaced by 

a water front. The maln eontrlbutions are: 

a).- A very systematic formulatlon of jump conditions. 

lneludlng the veloclty of advanclng fronts; 

b).- Introductlon of flnlte dlfference Íchemes fOl' functlons 

wlth jumps and usln¡ them. development of an Eulerlan-Lagraglan 

approaeh to front tracklng; and 

c).- A rlgorous mathematical setting Is ¡Iven fer more genenU 

problems. 

The case of an advanclng front of gas into undersaturated llquld oll 

has been treated prevlously (Raghavan" and Camacho ando 

Raghavanl
2.t3). but to our knowledge thls. l. the flrit tIme tbat 

jumps are Incorporated In the mode!. The modeUng procedure 

followed up to now, whlch does noto incorporat.e jumps, In what. 

follows wlll be called the "tradlt.lonal approach". 

JUMP CONDlTIONS 

To ¡Ive to our developments a sound and flrm mat.hematlcal basta, 

we start from first principies., The bu!s of the fundamental 

equatlons that govern the flow and transport of fluida In • 

reservolr are the balance equatlons of Cont.1nuous Mechanlcs. The 

synthesls of thIs theory that has been ¡lYen by Allea. Herrera. 

and Plnder
14

: and by Herrera and Allenlll
', are very con,.en1ent tor 

our purposes. In the case of multl-phase systems. eadl pbue « 

http:Raghavanl2.t3
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moves wlth t15 own .,el001t1 l.«. The balance laws satlsfied by any 

lntenslve propert1 t/I« belonglng 10 sueh phase. are: 

t/I« + V'C"'«V«)-VoTc ...fl. Ua)t. '" - _. 

and 

( el«) fl.) fl.t/I (l. ".~ -! 'n - ~ (lb) 

Equatlons (la) and (lb), are the general -dlfferentlal balance 

la.... and the general -Jump eondltlon-, respectively. The vector 

!el. ls the ~ of tic across surfaces In space, whIle the 

quantltles gel and ~ represent external supply of opa. (Allen, 

Herrera and Plnder14
; Herrera and AUen1S

" per un!t volume and 

unlt time, In the case of gel, whlle ~ represents externa} supply 

of t/lel through the dlscontlnu!ty, per unlt area and unit time. 

The black oH (or beta) model that will be consldered ls 

based on the followlng hypothesls: 

a).- 11\ere are three pha.ses: water, llquid oH and gas; 


b).- Water and 011 are lmmlsclble, whlle gas ls soluble on1y In 


liquld 011: l.e. the water and gas phases conslst oC on1y one 


component. whlle the llquld 011 ls made oC two components: 


dlssolved BU ami non-volatlle oU. 


e).- No physlcal dlffuslon 15 present (thls lnc1udes both, 


molecular dlffuslon and that lnduced by the randomness oC the 


porous media). 


Wlth eaeh one oC the eomponents there Is assoclated one 

intenslve property, whlch represents the mass per unit volume of 

that component. Thus, ooe can wrlte: 

t/lw..s./'w' ~o"S:Po' ~q"siq' t/l1-+S"P, (2) 

Cor the lntenslve properties assoclated wIth water, non-volatIle 

011, dlssolved gas and gas In the gas phase, respectively. Also, 

the ~ ! eorrespondlng to eaeh one of these lntens!ve propertles 

vanlshes ldentlcally. slnee no physical dlffuslon ls presento 

A~lylng Equatloo (la) 10 eaeh one of these lntensive propertles 

oal[ets 

(; S D )t + V·(; P S ...w) • O (3)
w'w _w

(~ S P)t + v-e; PS l°) • O (4) 
o • ° ° 
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(9 S ¡; lt + V'(9 ¡; S 1·) - gO (5a)
o de de o le 

(9 S P ) + V'(9 P S vI) - t! (Sb)ce ec- l. 
where no extraetion terms bave been Ineluded, so tbat rOl' eaeh one 

of tbe components tbe external supply terms vanish, except for 
~. 

those correspondlng to the Interchange of mass between gas and 
o

dls$Olved gas_ Thus, gl, 15 the mus of gas that ls dlssolved in 

the llquld oH per unlt vaJume per unlt time, wbl1e t. ls the 
10 

mass of dissolved oH tbat goes loto the gas phase per unlt volume 

per unlt tIme_ elear)y 

g;, + ~o" O (6) 

Addlng up Equatlons (S), one gets 

<;. (S P + S p H + V·t;.(;; S lO. P S v'» • O
ode c, t deo ce 

Introduclng the formation volume faeton, Darcy's Law, as well as 

the relatlon 

P _ PeSTe R ji (8) 

PoSTe' • o 
the system of Equations (3), (4) and (7), becomes the famillar 

system of equatlons of blaek 011: 

éJ (.S9: ) (9a)V-(A..(VP..- i"Vzll - lit 

(9b) 
o 

V-[>'o(VPo- "oVz)} .. :t( ~ ) 
V-[R). (Vp - ., Vz) + A (Vp - 7 Vz)]

.0 o o e e , 

-:t[ • ( R. :0 
o 

+ ~ 
I 

(9c))] 

In a similar fubion applying Equatlons (lb), to each one 

of the tour components, lt ls obtained: 

w1;. pwS (! -xJ;)J'n - O (lOa)w


1;. poSo(yO-I¡))'n • O (¡Ob) 


(I/> Pdeso(:l-xt)]'n .. &i, Ula) 

(1/> P S (v'-~)]'n - ¿ (l1b)cc- 40 -u 

In additlon. Darcy's Law requlres: 


(PI) • O ; 1 .. w, o. g (12) 
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Above. the quantities ~g and ~ stand COl" the exchange oC mass 

between tbe gaseous pbase and the component oC dissolved gas which 

la contained in the llquld oIl phase. Mass conservatlon requlres 

that: 

~ + ~ - O (13) 

So that~ acidlng up Equations (13). lt la obtained:l. P S lO•• P S v'1"n - [; P S +; p S Iy..,."n - O (14).,0 deo ""gr gg 

Slnce the pressures oC the dlfferent phases are continuous, so 11$ 

the poroslty • and p,,/ Th15 allow5 canceIHng tbese factors. In 

Equatlons (lO) and (14). Thus, introductnr; the volume factors, 

tbey can be wr1tten as: 

{S ly..,."n - [S_v·l·n - O USa)w... 

IS lB Iv...·n - [(S lB )vol'n .. O (lSb) 
o 0-'" o <)

(R S lB + S lB ly..,."a - [(R S lB )vo+ (S lB )v'¡"a .. O (¡Se)
aoo c,'" aoo- ,,-

Equatlons (15). together wlth (12), constltute the desired system 

of jump condition5 for the three-phase (four component) oil 

reservolr. They relate the jumps of the physlcal variables wIth 

the veloclty ~ of the advanclng front. Observe that, in general, 

the Jumps of the volume factor B and oC R may be non-zero slnee 
<) • 

they are funetlons of bubble point, ln additlon to pres5ure. 

1llE VELOCITY OF 11iE ADVANCING FRONT 

Thus far the discus1$ion has been completely general. Con1$ider 

now an advanclng fl'Ónt oC gas lnto a non-saturated Uquld 011. For 

thls case, taklng the unlt" normal a to 1: In the opposite ¡¡ense to 

r U.e. 1 'a ( O), lt 15 secn that 
I 

[S lB 1 • S lB and [(S lB )v']'n .. (S lB )vl'n (l6a) 
" I I , .- I , 

and 


[(R S lB )y°l'a .. R{(S lB )v·)·a + (R J{S /8 )y°'n U6b)
••• - • o 0- • o 0

Wrltlng 

S B 


1 
<) , 

(17) 
<) 
'a .. l; .Ie'n and "'.~ 

o I 
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Equatlons (15b) and USc) can be written as : 

11 .. 1- [R 8! w lit ; ¿ - 11 - W~ (18)
,"lfoll • - llllJ 

Observe that. In vlew of Equatlon (18), 11 represents the factor by 

whleh the advanelng gas front Is slowed down wlth respeet to \he 

particle velocity of tbe gas phase. It 15 similar to the factor 

r ' which occurs In the Buckley-Leverett frontal ad'lance theory
w 

(Kale9). In general, 1)~ slnce otherwise the galO front ls not 

real1y advanclng with respect to the unsaturated oll. Thererore, 

~>O. by virtue of the second of Equatlons (18). 

NUMERICAL FORMUUTION OF JUMP CONDmONS 

Equatlons OS) are Informative and permlt acqulrlng inslaht on the 

manner in whlc:h the advance of the gas front oecurs. However, \he 

Jump condltlons, in the manner In which they are presented In 

Equatlons (lS). are not in thelr most convenient .form to be used 

In numerlcal applications. In thls Sectlon they wUl be 

transformed Into the fonn they wm be used In the numerlcal 

fonnulations that follow. 

Introducing the mobilltles, Equatlons (I6) can be wrltten as: 

[AW(VPW- ,.wVz)l-n + [ .:: ]~'n - O (19.) 

[A.(VP.- ,..Vz))oll .. [~]~'n - O (t9b) 
o 

[R>. (Vp - ,. Vz) .. A (Vp - ,. VZ))'n +
•• ... o I I g 
S S 

[ .( R. ¡¡. + B")]~'n • O (l9c) 

o " 
rOl' slmpllclty, In what foUow$ on1y two phases wlll be 

consldered: 011 and gas. In addltlon, on11 .. 1-0 f'ormulatlon will 

be presented. SO tbat gravlty effects w1l1 be 10ft out and 

lt wIU be assumed tba.t the gas moves towa.rds the left U.e., 

'1;&(0). In thls ~ EquaUons (19) beeome: 

[A~] + [~]YE • O (20&) 

[R.A~ + Al::'] + [ ;( R. i 
o 

+ f 
, 

JJYt· O(200) 
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Since A -O on X-, It ls elear that 
e 

[Al::'] - h::')x+ 
and Equatlon (20b) can be wrltten as: 

[R.A~:O] + 

[ .( R. :: + ~ )]1'I -(\::'J
t 

+• (211 

Uaing the general relatlon [abl-a{b)+[a]b. It 1$ obtalned: 

-(A 8Pe) _ '[R A]OPo (22b)
c8x I+ ... rx 

Introdueing the notatlon 

8p 
~. ~:o] : m--o (lJa)

8x . 

lt 15 seen tbat ' 

la:')t: m + 4/2 (23b) 

Observe tbat eapUlary pressure has been neglected when writlng... 
Equatlon (23b). Then. the system or Equatlons (22) can be easlly 

transformed into: 

(24a)io. + [.:0 ]1'1: + [Ao]m • O 
o 

• S S 
(2lQ=.+ \J4' +2[.( R. ~ + n! )]"t + 2(\.+ [R.A.l)m -O (~4b) 
For the numerlca1 treatment. Equatlons {24} wlll be used ,as system 

of equatl~ rOl' the unknowns ~ 1' and In, a11 of them defined GIl
I 

the space-tlme surl'ace of discont1n\lit1 I(t). However. thls syst.em 

ls DOt detennlned .inee lt la 2 by 3. Tbe addltlonalequatlón' :thá.t 
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15 needed, will be obtalned welghting the dlfferentlal equatlons 

(9) In a suitable manner, as it is explained in the next Sectlon. 

11iE WEIGHTED EQUATlONS 

(2Sa) 

S 


B' ) } • O (2Sb)
, 
In this Section these equatlons will. welghted uslng convenlent 

spaee-tlme weights, del"iving In this manoer equatlons sultable rOl' 

dlscretizatlon. The weights that wIll be ehosen lead to what Is 

essentially a cells method. 

It wiU be assumed that Cu - -V¡;,AVAx<l. The posltion of the 

gas front w1ll be denoted by ~(tl. Tbe space lntenal wUl be 

dlvided lnto a finite number of equally spaeed cells. 

Taking time t as startlng time, a proeedure ror contl'Uetlng the n 
solution at time tn+1 will be developed. The lndex "1" w111 be 

reserved to ·denote the cell eontalning the front at time t + ' 
n f 

Slnee Cu<l and Vr.<O, only two cases must be dlstingulshed. Elther, 

durlng the time lntenal (t .t + ) the gas front does not eross n n 1
ahy lnter-eeU boundary (Case A); 0'1' it crosses one lnt.er-ceU 

boundary (Case Bl. Observe !hat In Case B !he lnter-eell boundary 

!hat ls crossed Is x .
1..1/% 

~A 

The system of spaee-time weights. to be used in eell "1" U.e.; 

(XI_1/%,x1+1/2ll. Is: 

wO(x,t) • 1 (26A)
1 

O , x < ~(t) 


w;(x.t) • { C26e)

1 • x > ~(tl 


ror the 011 and 


O , x <~(t) 


w'(x.t) - { (26c)

1 • x ) ~(t) 


for the gas. The resultlng equatIons are: 
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(27e) 

t 

n+l{ 8p 

r R A o 

t • o8X 
ft 

In these equations the usual notatlon ror line lntegrals has been 

used. In particular dt'\Íl+v~rl/ZM. where dG Is the length In 

space-time. 

Equatlons (27) constltute a system ot three equatlons rOl' 

ce1l "1". which must be coupled wlth the system ot Jump condltlons 

(24) and the equations oC the remalnlng cells ( two tor each ceU. 

wben a two-phue system 15 conslderedl. to obtaln a detenn1ned 

system. Assume, (oc- the sake or def'lnlteness. that we are soivlng 

for pressure and saturatlon of tbe ¡as.CeUs, other than céli !~l·.; 
can be tr'eated In a standard manner. solving (oc- exampl~, tor:~óU 

... • 't· ;.~.Lt~l 
pressuro and gas saturation at the eenter of the eell¡ HoweYel". 
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cell "i- must be treated In a special manner. We bave avalIable 

the system of rIve equatlons constltuted by Equatlons (24) and 

(27). A po5s1ble choice (and thls one was used In the present 

study) of the corresponding five unlcnowns ls: the jump and average 

of the pressure ¡radIent (4 and m, respectiyely), the veloclty "1: 

of the gas front (these three unlcnown functlORs defined on 1:(t», 

the saturation and the pressure. TIten, ORe can salve tbe v8J.ue 

pn+l at the center of ceH "1" and tbe mue s";'l of gas
01 , ... 

saturatlon at the gas front, together with ón+'. mn+1and ~.l. A 

speclal feature of thls procedure ls tbat ORe does not salve for 

saturatlon at the eenter of ceU -1-. 
~B 

The s¡stem of spae_tlme welghts to be used In cell "1- (l.e.; 

(xt_l12.x,+vzn. ls: 

WO(x,t) • 1 
t 

for tbe eil and 

o, x <~(t) 
(288) 

1 , x >~(t) 

tor tbe gas. TIte system of spa~tlme welghts to be used In cen 

"1+1" {i.e.; (X'.1I2'X +:yzU. Is: 

w~(x,t) - { 

t

w;(x,t) • I (28c) 


for tbe en and 

o , x <~(t) 
(280)

1 , x >~(t) 

tor tbe gas. In addltlon, a spac_tlme welght wltb IlUpport In tbe 

unlon of ceHs "1" and "1+1", ls appUed to tbe 011 equatlon. It 

l. deflned by 

O, x <~(t) 

w·(x,tl • (28E:)
{:. 1 , x >~(tl 

Corresponding to tbese f1ye welghtlng functlons. fi"e 

equatlons are derlved for tbe unton oC eells "1" and "1+1", 

Puttlng tbem together wltb the jump condltlons (Equatlons 24) a 

system of seven equatlons ls obtalned. ihe eorTespondlng seven 

unltnowns selected fer tbe appl1catlons of !he present paper were; 
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the jump and average of the pressure gradient at the gas front al 

time _t..+ • the velac!t, of the advanclng front !¿' the Ya.lues
1

p"+l and pn+l. of the oil pressure at ceU5 ~i· and "h'l" 
01 01+1 • 

respectlvely, and the saturatlons of the gas s".1 and S":,.I at \he 
el+1 14 

center of cell "1+1" and at !he gas front, respectlvely. Again, as 

In Case A. a speclal featuro of the procedure i5 !hat one does not 

solve for the saturatlon at !he center of cell "1". 

NUMERICAL RESULTS 

As a test fer the formulatlon presented In this papero the numerlca.l 

results !hat were obtalned uslng lt in a black oil slmulater. 

neglectlng caplllary pres5ure. are presented. 

A linear reservolr Is consldered. productng at a constant 011 

rate of 800 m 3/day at !he 1eft boundary. and a no rlow boundary at 

the rlgbt end (L - 5SO meters). Th1s reservolr ls composed of two 

zones, a ldt undersaturated 011 %one and a r1gbt saturated zone. 

where \he 011 and gas phases coexlst. lnltla11y, the pressure 15 \he 

same for all posltions, Se - 0.7 in !he saturated %one. and !he front 

ls loca.ted at X. 27S meters. 

1be PVT propertles for the 011 phase conslst of constant 

vlscoslty and two values of Bo and R., one at the 1eft slde of \he 

front and ano\her at \he rlgbt sIdo, respectlvely. For \he gas pbase 

\he PVT propertles used. are typica.l in !he 011 industry. Stralght 

Une relatlOll$hlps are used for !he relatlve permeabUities. 

In order lO check \he va.lldity of the slmulater results. we bave 

consldered two cases; "tIrstly, the undersaturated zone was talcen as 
I

1ncompresslble. and secondly. a non-zero Talue was glven to \he rock 

compresslblUty. 

1be anaIyt1ca.l solutlon for !he flrst case In \he undersaturated 

zone' dlctates a constant pressure gradient. Figure l. -shows a 

comparlson of pressure prontos at different, times fer thls case. 1Wo 

kInda of proflles -are pretented. The solÍd Unes correspond to \he 

solutloo obtalned wben the proposed formulatlon ls included. and -the 

c1ashed Unes correspond to the tradiUona.t formuiaUOIl in which _juÚlps 

are not consldered. As aiready menUoned, the pressure &núuent' 1s 
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constant In the incompressible zone. 

To correlate the translent (one phase) soluUon for a 51lght!y 

compresslble liquid with a multlphase flow solutlon. RaghavanU ando 

Camacho and Raghavan12.13~. have proposed the use of a functlon of 

pressure and saturatlon. called pseudopressure. whlcb is derlned as 

follows: 

kro 8P] dm(p} • (29)_1c_~_W_ r [ J'O Bo -ax x 

For a linear system contalnlng a s1lgbtly eompresslble l1quld, 

Nabor and Barham16 have shown that tbe pressure drop behaves 

lInearl,. wlth time in a log-log plot. wltb a slepe oC one-balf 

durlng tbe trans!ent periodo Once tbe outer boundar'y 15 manlfested 

In tbe response, the solutlon devlates from the stralght lIneo 

moving up for a closed outer boundary and' acblevlng a constant 

value, whena constant pressure outer boundary condltlon Is 

prescribed. When, as In the tradltlonal approach, the jumps are not 

considered In the formulatlon. the pseudopressure derlned by 

Equation (29) will devlate below the stralght Une for a closed 

outer boundary. arter the translent perlod has ended. To over come 

thls llmitation. Camacho and Raghavan l 
2,13 have suggested to lnelude 

an additional integral In the rlght hand slde of Equatlon (291. In 

thls manner, variadons In average propertles are taken lnto 

account. 

For a constant pressure (constant saturatlonl outer boundary. 

Equatlon (29) yields a constant value, equal to the posltlon of thls 

boundary, after the translent perlod has ended. Figure 2 sho_ the 

behavior of the pseudopressure for the compressible case. The soUd 

1Ine corresponds to the solutlon obtained when our formulatlon rOl' 

the jumps Is used. and the dot. correspond to the tradltlonal 

formulatlon. It can be observed the presence a stralgbt llne wlth 

one-half slope durlng the transIent perlod. in the $Olutlon rOl' both 

formulatIons. Observe that when the jumps are consIdered ln the 

formulation. the pseudo pressure Is equal to the posltlon or the 

front, sInce thIs has a simIlar effect to' a eonstant pressure outet' 

http:Raghavan12.13


Fluid Flow 411 

boundary. For the tradltlonal ronnulatlon, the pseudopressure ralIs 

below because of the reason explalned above. 

The behavior of pressure at x-o is shown In Figure 3. In FIgure 

4 	 lt ts presented a comparlson of pressure prorl1es at different 

times. TIte results oC Figures 3 and 4 correspond to those of Figure 

2. 	 The solid Unes represent the proposcd ronnulatlon and the dots 

the traditlonal fonnulatlon. 

FlaJUl"" 5 to 8 show the behavlol' 01' v1: ,m , 6, Y ~ versus time, 

respectIvely, for both compresslble and lncompresslble lnner zone 

cases. The sol1d Unes represent the compresslble case and the dots 

the incompressible one. 

.. 
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