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ABSTRACT 

Locallzed AdJolnt Uethod (l.Al(). 15 a new and promlsln¡ methodology 

for dlscretlzlng partlal dlfferentlal equatlons. based on the 

author's Al¡ebralc Theory of Boundary Valuc Problems. whlch has been 

5ucccssfully applled to ordinary and partlal dlfferentlal cquatlons. 

Reccntly, a sequence of two papers was devoted to applylng Loca1Jzed 

Adjolnt Ucthod (I••UO, In spacc-tlme. to problcms of advcctlve 

dlrfuslve transporto lbe resultlng mcth~ology. called 

:' 	 Eulerlan-Lagranglan locallzed adJolnt mcthod (EU..AM), ylelds a 

general formulation tñat subsumes many characterlstlc methods (CM). 

The LAM constltute5 a general and powerful framework for 

investlgatlng and comparlng a wlde varlcty of numerlcal methods, and 

supplies lnslghts to 1nnovate tñem. However. further researeh should 

be earried out In many polnts. lbis paper IndIeates some of such 

points and anounees results recently obtained. 

1. INfRODUCTlON 

TIlree of tñc most powerful numerical methods for partial 

dirrcrentlal equatlons are finite clements, flnite dlfferences and 

boundary element metñods. lbe foundatlons of each one of these 

methodologles. as originan)' formulated, was unrelated. More 

recently. lt has becn recognlzed that lt 15 deslrable to deveJop 
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ped the Algebraic Theory of Boundary Value Problems [1-5] 

has led to what Is at present known as the "Localized Adjoint 

j". 

:ñe Localized AdJoint Method (LAM) Is a. new and promising 

jology for discretlzing partíal differential equations, which 

;ed on Herrera's AIgebraic Theory of Boundary Value Problems 

Applications have successlvely been made to ordinary 

ential equations, for which highly accurate algorlthms were 

ped (4,6-81, multidimensional steady state problems [91 and 

II spatlal methods for advectlon-dlffuslon equations [l0-18). 

recently, in a pair of articles [19,20) generalizations of 

::teristlc Methods that we refer to as Eulerian-Lagrangian 

zed AdJolnt Method (ELLAM), were provided by the ELLA M Croup 

Celia, R.E. Ewlng, T.F. Russell and the author). Related work 

been publlshed separately [21-25} and sorne more speciflc 

ations have already becn made (26-311. 

in the conclusions of the second of the ELLAM artlcles (20). a 

11 discusslon of thc E;LLAM methodology, and to sorne extent of 

.AM itself. was presentcd.ln particular, a more complete 

e of the possibilitles that should be explored and the 

:ms that must be tackled. in order to make of ELLAM a more 

¡ve modeling tool, was established. It was recognized that the 

framework has been demonstrated to be very suitable for 

1tin6 speciaLized test functions. The effect that different 

ary and continuity (01' smoothness) condítions, satisfied by 

"unctions, ha·...e on approximate solutions was clearly exhibited. 

the LAM frarnework leads in a natural manner to a definítion of 

le unknowns for a given problem. For example, when developing 

umerical implementation of ELLAM in (19), it becarne apparent 

in sorne cases it was necessary to introduce the total flux as 

!ditional unknown at the boundaries, in spite of the fact that 

1ain go9ol was to predict the value of the function at time t
n 

+
1
• 

,s also demonstrated that in the LAM approach it is possible to 

simultane0';1s1y, discontinuous trial and· test functions, which 

ther approaches is noto The generality of the theory was 

corroborated, 
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U-51 corroborated. once more. by applylng It. to systems of equatlons and 

Ijolnt derlvlng Mlxed Methods. 

However. there are many po~nts that should be studled In more 

lising depth. rOl' example. among the theoretical c:¡uestions which are open, 

Nhich one can mention that Herrera's Algebralc Theory of Boundary Value 

:>lems Problems. Imply a kind of operator extenslons of ¡reat general!ty 

mary (the Ifalgebralc extenslons"). Uslng them (ully dlscontlnuous trIal 

were and test functlons can be appUed slmultancously, which 15 not 

and posslble when standard theory of dlstributlons Is used. However. In 

)-19]. thls respeet lt 15 desirable to esta.blish more cIearly the relation 

s of between the algebralc extenslons and the theory of dlstrlbutlons. 

nglan 

:;roup 
.-

Another theoretlcal questlon that should be tackled. refers to the
•concept of TH-complete systems of test functlons. Thls concept was 

work orlginaUy lntroduced by the author and extenslvely studled for 

eclrlc symmetric operators 11,321. but the correspondlng development for 

non-symmetrlc operators ls want[ng. 

O]. a Among the more numerlcal aspects. there also many c:¡uestlons 

nt of that should studled further. For example. very efrectlve numerlcal 

lplete procedures were developed for ordinary differentlal equatlons [61. 

the but an extenslve comparlson of the efficlcncy of such proccdurcs has 

more not becn carrled out thus far. Also. we need to dcvelop more 

t the efflclent procedures for the constructIon and applicatlon of test 

for functions which satIsfy boundary condltlons required In the 

erent numerical implementations. We need a more extensive study of both 

d by the theory and lmplementation of ELLAM techniques for variable 

bited. coefficients partícularly in mul tidimensional applications. 

on of Implementation of boundary conditions for variable-coefficient 

,oping problems in multiple dimensions is also an important problem. Even 

larent In the one-dimensional case and In spite of the important progress 

JX as that has already been made 119.201. several points remain open. in 

that this respecto In addition. the treatment of nonlinear problems 
n+1

t • deserves further study. Since the unknown variables appear in 

)le to nonlinear coefficients of the problem that are usually evaluated in \ 

which the interior oC mesh blocks vía numerical quadrature. greater 

was attentlon must be placed on the full approximation theoretic 
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propertIes of the trial functions in these applicatlons. The conJu¡a 

"potential of local refinement In both space and time holds enormous When Il 

potentlal for ELLAM and ls the object of ongoing research. 

Finally, we want to emphasize that LAM forms a general and 

powerful framework for lnvestIgatlng and comparing a wlde variety of 
Definlt 

numerical methods. The framework motlvates dlfferent cholces of test 
the 01 

functions to approximate different propertles of the unknowns 01' 

C:D:¡even different unknowns, such as fluxes. The general theory ls 

expanding to provide more lnslght. In additlon. the ELLAM methods 

appear to have enormous flexlbil1ty and ey;,.potentlal for treatlng Ar. 

general advection-diffuslon-reaction problems. prescrit 

GI2. TItE CRlTERlUM OF l1I-COMPLETENESS 
,.. 

The dlscussion concerns functional-valued operators such as ,I 	 an 

R:O -)0. which are linear, and thelr transposes (R:O -)0 l. 
a z 	 .21 

TheorclIfere, O and O are two linear spaccs. the spaces oC tria! and test 
1 2 

K':Ofunctions, respectlvely, In whlch no further struclure ls assumed. 	 I
• 	 AssumeWe write <Ru.w)-<R w,u> for the associated bilinear funcUonal, 


whcncver UEO and WEO. We underllne auxillary concepts whose a)

1 Z 

dcfinitlons can be found 'In other papcrs 12,5.33.34), 

Oeflnltlons 2.1.- Conslder an operator R:D -> D· and an ordered 	 b)
I Z 


p¡¡ir of linear subspaces (l. 1), with I e O L I e O • Such 

1:1 1 1 Z z 

p¡¡ir 	is sald to be conju¡ate for R, when e) 
uel L wel __a> <Ru,w> • O (2.1) 

J Z 

Definition 2.2.- Let (I ,1 l, be a pair or subspaces (I eO and 


I z 1 I Then: 

1 <:0z" conJugate rol' R. Then. a subset 8 e I ' Is said to be

2 z Al 

TH-complete rol' I • when for every ueD , one has: 
< 1 J 


<Ru,w> == O V we8 ========> ueI (2.2)

1 

Theorem 2.1.- Let R, R and R • be functional-valued operators and 
1 Z B) 

assume R - R +- R , Define the pairs of llnear subspaces (I ,1 )
1 2. 11 2.2 el 

and {I ,1 }, by:
12 21 Dl 

I ,. N e D I ,. N e O (2.3al
11 R 1 22 R· 2 

2. 

,. N 

1 	

«C'•t1 ::a 	 N e O I e O (2.3b)
12 R 1 21 R· 2 

1 2. Remar} 

Then indepen 
-a) Each of the pairs (Iu,1 ) and (I ,1 ), are homoge:2Z 12 21 

http:12,5.33.34
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•. The conjulate wlth respect to R. 


lormous When In addltlon, R
1
' & Rz' .en ~ varied Independen9y, one bas:' 


b) 12% Is TH-complete tor In 

ral and e) I l. TH-complete Cor 1 . 
Z1 	 12 

:-iety of 
Deflnlton 2.3 (ABSTRAer FORMULATION OF PROBLEMS Wl11i JUMPS).- Let 


oC test 

the operatora P:Ol->Dz' 8:D1->Oz, J:Ol->Dz' Q:OZ->0l' 

wns or 
C:O ->0 and K:O ->0 • satlsfy Green-Herrera formula [2,20}:'!{Jry ls 2 -1 Z -1 

methods P - B - J • Q -- C-- K. (2.4) 

t.reatlng 	 An, ',.Jlbsttact formulatlon of boundary value problems .. wh;:'"
: ~ ')t.......... 


prescribed jumps is the Collowing: 

Glven UO' Ua and Ur belonglng to DI' define f=PU ' s=,BUO a 
and j=JU , the problem Is to find UEOl' such thatuch as 	 t

• 	 Pu - f; Bu - g & Ju - j (2.5)->0 l. 
1 	 • •Theorem 2.2.- Let the operator. C':O ->0; C":D ->0 ;nd test •• 1 2, 1 2 

Kt:O ->0 ; K":O ->0; be auch that: e-C'+C" and K-K'+Ktt
•ssumed. 1 2 1 2 

As.ume:¡cUonal. 
whose a).- UED l. a solutlon of the boundary value problem Wit:1 

1 
prescl"lbed jumps; 

)I"dercd 	 b).- B+J Is a boundary operatQt fOI" P, while B and J ru:: 
• 	Such 91s loln\; 

c}.- Q_C'_Kt and C"+K" can be val"ied independently, whlle (CI )!'! 

and (K")-are dlsJolnt. 
D and 

1 Then: 

to be 
 A).- The system of equations (2.5). is equivalent to the single 

equation: 

(P-B-J)u - f-g-J (2.6) 
;,rs and B).- {N ,N } 15 a conJ'uaate pair for P-B-J;

(C·olC")· Q-C'-K' .. 
(I ,1 )

11 22 	 C).- N is TH-compIete for N ;
Q-e'-K' 	 (C".K")· 

0).- Ir geN is TH-complete 	fOI" N , then for any 
.. Q-c'-Jt' (C".le"}. 

ueD. one has: 
1. .... 	 ......... . 


«C" +K" lu,w>=<g+j-r,w> Vweg c=c> C" U:Il C" u and K" u == K" u (2.7) 

Remal"k.- AIso, the assumption that Q-e-K' and C"+K" can be varied 

independently, is tantamount to assume existence of solution of the 

). are 	 hnmngfOnfOnUl\: "ad ioint nroblem": 
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GLven any WED , fLnd a WEO sueh that for a 
2 2 

(Q-C'-K')w = (Q-C'-K')W. whUe (C"+K")w = O (2.8) one den 

AIso, when ueD, 15 an approximate solutlon. the relations C" u - such tha1 
• .... 1 • 

C" u and K" u - K" u, Imply. dependlng on the choice of CM and Kit. 

that some complementary boundary values. and values o( the solution whel"e. ;¡ 

and lt5 derivatives are predicted exactly at the lnterelement means o. 

boundaries 1:, even if the approximate solution is fully u whlch 

discontinuous. For specific applications of tMs result, the reader :8(u.w) J 

[5 referred to previous work. already clted (in particular, see (20] particula 

fol" an extens[ve discussion of thls polnt. In connectlon wi!~",". Sim 
jI .• ; ...;~?~::; ~ ~.;~ ',. ,¡.,' ¡,,,'ri·~·'$.t::·~:;,, 

'ordinary differential equations). X(w.u). 

3. APPLICATION TO DlFFERENTIAL EQUATIONS 

The mannel" In wh1ch dlfferentlal equatlons, Including systems 
where

of such equations, are lncorporated In the general settlng of the 

author's Algebralc Theory of Boundary Value Problems has becn 
An 1mpo

explalned In several previous papers (see rOl" example [20]). In the 
the Jum

brlef explanation here presented. we follow a procedul"e Introduced 
w. Consl

In (33). In whlch Sobolev spaces are used locally. 
1n1t1

Conslder a reglon el and for slmpliclty. assume the spaces of 

trlal and test functlons. deflned In O, are the same linear space: O 

(f.e., 0=0.-0 ), Assume further, that runctlons belonglng to O may where f,
2

have Jump discontlnultles across sorne internal boundarles whose .,., 

union will be denoted by L. For example, In applications of the and 

theory to finite element methods, the set 1: would be the uníon of 

a11 the interelement boundaries. To be specific, consíder a linear Here, g 

differential . operator ~ of order m and assume m.... ,O} is a and) be 
1 E 

partitipn of O. More precisely. {Q •••••O} Is a collection of lntroduc 
1 E 

disjoint open regions (the "elements") of a, such that a Is <PI.: 
contained in the closure of the unían of (O .... ,0 l. Then, ene can 

1 t 
define O=Hm(O )e...eHm(O). where Hm(O) is the Sobolev space of 

1 E 1 

order m. defined in Q. In this case I=O-(o V ...VO ).
1 1 E 

The definition of formal adjoint requires that a differential the prol 
opera,ter ~ and its formal adjeint ~. satisfy the condition that of Sect 

~ '. • 

w~u-u:l w be a divergence; te.: choice•
w~u-u.l w = V-{!)(u,w» (3.1) weightlr 
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for a su[table vector-valued billnear function ~(u.w). Then. 

. 8) one defines bllinear funetions 2':l(u.w) and ~(w.u) on BO (see [35])• 

such that 
•nd K", SCu,w) - t: (u,w)=V(u.w)·n (3.2) 

olution where. as lt Is usual. transposes of bllinear forms are denoted by. 

:lement means or a star. A baslc property requlred of seu,w) 15 that for any 

fulIy u which satisfies the prescrlbed boundary and initial eonditions, 

reader seu.w) Is a well-defined linear function of w. ¡ndependent of thc 

'c [20} particular choice of u. 

with ~"H> 	 Simllar1y. one defines on 1: the bilinear functlons 3(u.w) anc 
.,-"'jf.,~~. ¡,.:r¡':·:.~~~::',~, 

Qf_~ll:~~~:';¡;'i>:1«w.u), by 

•
J(u.w) - -!> ~[u].w)·n. 1«w.u) - V(u.[w])"n (3.3) • 

:ystems 
whereof 	 the •[u]= u - u , u • (u + u )/2 (3.4)• been 	 . - . 
An 	 Important property of the billnear functlon 3(u,w) ls that. whenIn the 
the 	 Jump of u Is speclfied, lt defines a unlque lInear function of'oduccd 
w. 	 Conslder the 

lnltlal-boundary value problem wlth prcscrlbed Jumps.ces 	 of 
.fu • fO' In 0 , for ¡-I•... ,E (3.5a)

lace: D 	 1

o may 	 where fOEH
o

(0), together wlth 

whose :B(u,') • ga' on 80 (3.5b) 

of the and 

lion of onl: (3.Sc) 

linear 	 Here, ga and Ja are the linear functlons deflned by the Unitial 

is a and) boundary and Jump condiUons. respectively (see (20)). Then, 

ion of lntroduclng the notation 

O is • •
<Pu,w> - r !O wfudx; <Q u, w> • r ! O uf wdx (3.6a) 

1 	 1 I 1 

• ,ace of 	 <Bu,w> = ! an23(u,wldx; <C u,w> = ! ant'!:(w,u)dx (3.6b) 

•<Ju,w> = Ir1(u.w)dx and <K u,w> = II:i{(w.u)dx (3.6c) 
erential the 	problem can be formulated by means of Equ. (2.6) and the results 
m that of Section 2 can be applied. In particular. and depending on the 

choice of K". Equ. (2.7) lmplIes that ir a TH-eomplete system of 

weighting functlons Is used. the a,!erage of an approximate solution, 
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yields an exaet predietion of the values of the solution on the 
• lnterelement boundarles 1':. Applleatlons and 1l1ustrations of these subint, 

faets, were given in [4,6,7,20]. %>(u,w: 

funetl.
4. TIlE ALGEBRAIC EXTENSIONS 


a 
 having
As already mentioned. the operators !/. and f are understood In 

Case J 
a distl"ibutional sense. and sinee they are or order m, both J e w:l.udx 

1 n In 1•and ! Ou! wdx are well defined ror every 1=1, ••• ,E. However, 11 w~ 
1 -1 

DcH0
(O), but the relatlon DcH1

(O) does not hold and when UED. one This 
-m a_m 

can only grant that .fueH (O) and :1. weH (O). Thus, JOw:l.udx and Dirac' 
•

Jeu! wdx are not wel1 defined :or ever!. uED and wED. This Seetion Is ti) Us 

devoted to present extensions :1. and:t. (the "algebraie extensions").. ...-. 
of :1. and :1. • respeetlvely. ror which Jew:l.udx and Jeu:t wdx are wcU slnce 
defined for every ueD and wED. 

... Equ • 
Thc "algebrale extenslon" :1. eorresponding to the dlstributlonal 

Case
operator :t, Is defined to be the bllinear funetional P-J. More .. 1) J1 . 
precisely. :1. ls defined by: -1 ... 


¡ew~udx • «(P-J}u,w> (4.1) 


which holds whenever uED and weD. Simllarly. the algebralc extenslon. . 
corresponding to!/. 

~. 

15 derlned to be the bllinear functlonal Q -K ; that . 

te.: ... . 
¡ eUl. wdx • «Q-K) u.w> (4.2) wher~ 

which also holds when both u and w belong to D. These operator 

extensions satisfy Green-Herrera formula (20): prevlt 
~ A. . 

Jew:t.udx - Jeu!/. wdx • «B-C )u,w> ...(4.3) .as be 

which holds whenever ueD and WED. This exhibits :1. as the formal Case .. .... 
adjoint or 1.. In a previous paper [331. it was shown that 1. and 1. order 

• 
are lndeed extensions of the distributional operators !t. and 1. • 1) In 

respectively. and examples of the application of the algebraic st w~ .. 
 -1 


extensions were given. The raet that !t. is indeed an extension of :l., wher' 

means that This 
.... 

!Ow:t..udx = !Ow:t..udx (4.4) belng 

whenever the latter integral 15 defined . Heavl 

. As a flrst l11ustratlon. let us consider the operator 1. and lts 

algebraie extension. in thc case when the distributional operator 



• • 

l 

)lution on the 

~ions of these 

, understood In 

both SQ w1.udx 
1 

•••E. However. 

when ueD. one 

. I w1.udx and
Q

This Section ls 

le extenslons"),... 
1. wdx are well 

e dlstrlbutlonal 

,nal P-J. More 

:bralc extenslon 

,nctlonal Q -K ; 

These operator 

[4.3) 

as the formal .. .... 
that 1. and !l 

•
Irs 1. and 1. • 

the algebraic 

extension of 1., 

rator 1. and lts 

ltiona! operator 
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filld/dx, the regton Q - (-I.U and the partition of Q Is made of two 

subintervals: O - (-1,0) and Q = (0.1). Then
1 2 

D(u.w).uw. Let the functlon u be essentially 

functlon (u=O for -1<X<0; and u-l for O:sx<ll. 

having different degrees of smoothness. 

Case A.- WEH1(O). so that w Is contlnuous. 

n In this case: 
1 l· 1 ldw1. w%udx • !.lU% wdx + (uwH_ - -Iodx dx + w(l)
1 1 

•.r. .-d/dx. while 

a Heavls1de step 

while w Is talcen 

= w(O). 

This re5ult Is standard. In essence. It corresponds to !fu 

Dirac's Delta FunctIon. 

U) Using the ract that 2)(u.w).uw. It ls seen that 
t ... •S w1.udx - ESn w1.udx + (w[uJ) - w(O) (4.5b)
-1 u x-O

1 1. 

(4.5a) 

being a 

, 
sInce (uJ -1, whlle w(O)-w(O), because w 15 continuous. 11;\.:,:,x-o 
Equ. (4.4) ls verified for this case. 

Case B. - w has a Jump dlscontlnul ty at x-O, so that WED but wt!H1
(C). 

1) SI w 1.udx 15 not defined. 
-1 

1 ... 
J1) I w1.udx 15 well defined and 1t ls stlll glven by (4.4b), except

-1 

•that w(O);aw(O). so that 
1" •I w1.udx • w{O) (4.6)
-1 •where lt ls recalled that w{O)-(w(O.)+w(O-))/2. 

As a sec:ond lllustratlon, replace d/dx by d?/dx1., In the 
• du dwprevious example. Then 1. - 1.. whUe D(u.w)-w dx -udx and proceedlng 


,as before: 


case A.- WEH2
{O), so that w is continuous, wfth continuous r!rst 


order derivative . 


1) In this case: 


J1 w!ludx - J1 u!l.· wdx + (wu'-uw') 11 
... J1w"dx - w'(l) ... -w'(O) (4.7a) 


-1 -1 -1 o 
where u' and w' stand for the derivatives of u and w. respectively. 


1111s 15 a standard case. In essence. this result corresponds to u" 


belng the derlvatlve of Dirac's Delta Functlon. when u 15 a 


Heavls1de step functlon. 


11) Using the fact that D(u.w)IIWU'-uw·. tt 15 scen that: 

1 ... • •1_ w1.udx • 1: IO w1.udx + (w[u']-w'[u])x..o :1 -w'(O) (4.Th)

1 
I 1 

http:2)(u.w).uw
http:D(u.w).uw
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• 	 9 . 
where the raet that w'(O)=w'(O}. beeause w' is conUnuous, has been 1
used. Again, Equs. (4.7) agree with Equ. (4.4), 

Case B.- w' has a jump diseontlnuity at x=O, so that weD but 

wttH%(O). 	 10. 

f) ¡1 w!udx Is not deCined. 
-1 

11.
ti) ¡1 wiudx ls well defined and It 15 5till given by (4.6b), except

-1 
•that w'(O)-w'(O). so that 

JI wiudX - -w'(O) (4.8) - , 	
12. 

-1 
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