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SOLUTION OF FLOW AND TRANSPORT PROBLEMS USING A COLLOCA-
TION DISCRETIZATION OF A DOMAIN DECOMPOSITION ALGORITHM 

Joseph Guarnaccia*, Ismael Herrera** and George Pinder* 
*University of Vermont, 109 Votey Bldg., Burlington, VT 05405 
**Instituto de Geofisica, UNAM, Apdo Postal 22-582, 14000 Mexico, D. F. 

INTRODUCTION 
We consider herein the two-dimensional simulation of fluid flow and contaminant 

transport in porous media using the collocation finite element method in conjunction 
with the domain decomposition conjugate gradient (DD-CG) algorithm proposed by 
Herrera et al. (1994). The motivation for using domain decomposition is that it allows 
us to take advantage of parallel processing and to treat subdomains differently from a 
computational point of view. 

As detailed in Herrera et al. (1994), the subdomains arising from the domain de-
composition are linked together using a conjugate gradient iterative algorithm to enforce 
continuity of the normal flux across the interfaces separating subdomains. An important 
issue to be discussed below is the procedure used to transpose the theory, derived for 
the continuous variable case, into an algorithm applicable to the discrete system arising 
from the application of the collocation finite element method. 

In this paper we will discuss the collocation discretization and the use of the Her-
mite cubic basis to represent the dependent variables. We then detail the procedure used 
to calculate the variables on the interfaces required for the conjugate gradient algorithm. 
Finally, we present some convergence results for a model flow and transport problem. 

MODEL PROBLEM 
Consider for this discussion the following flow and transport model. The first 

equation to be solved is the incompressible _groundwater flow equation, written as: 
Lh(x) = -V41c(x) •Vh(x) = Q(x), [x] E 52 	 (1) 

where k(x) is the hydraulic conductivity tensor, which for this discussion is assumed to 
be diagonal, h(x) is the fluid pressure head, and Q(x) represents a point source or sink 
function. If, given proper boundary conditions, equation (1) is solved for h(x), we can 
employ Darcy's law to evaluate the fluid velocity vector, v(x). The fluid velocity in 
turn is used to solve the second equation describing contaminant transport: 

e 
ac(atx,t)  

+ v(x).Vc(x,t) - V412(x).Vc(x,t)] = Q(x) [cQ - c(x,t)] 	(2) 

where c is the porosity, c(x,t) is the contaminant concentration, D(x) is the dispersion-
diffusion tensor which has components defined as: 

x) i 
Dii(x) = aT Iv(x)I öii 	- 

aT) vi( 
Iv(xv)1(x) + Dm  Sii 	 (3) 

 
where i and j symbolize spatial direction, aL  and aT  are the longitudinal and transverse 
dispersivities respectively, Dm  is the coefficient of molecular diffusion, vi(x) and vi(x) 
are the components of the velocity vector, and Iv(x)I is the velocity magnitude. In 
addition, Q(x) in (1) represents point sources and sinks of contaminant and cQ  is the 
concentration associated with Q. 
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u (xk,Yht ) =u (x10/14. ), k =1, 2..., 2(I-1); 1 =1, 2,..., 2(J-1), 	(5) 
where (xk,yl) are the locations of the collocation points (see figure 1). This results in 
four collocation points per element, and yields 2[4(I-1)(J-1)] equations (2 balance 
equations each written at 4(I-1) (J-1) collocation points). Note that equation generation 
requires no formal integrations, and therefore, collocation is computationally analogous 
to the finite difference method in that equations are written at points in the domain. 

To augment the collocation equations such that the number of equations equals the 
number of unknowns requires that a sufficient number of boundary conditions be 
specified. Recall that we have four undetermined coefficients at each node. In order 
that the number of unknowns equal the number of equations, boundary conditions must 
be imposed such that two of the four undetermined coefficients be specified at midside 
nodes and three be specified at corner nodes. Therefore, for this discussion the 
following rule holds: a Dirichlet condition requires specification of both the function 
and the derivative tangent to the boundary, and a Neumann condition requires 
specification of both the normal and the cross derivatives. For example, along x- 
oriented boundary nodes, Dirichlet data includes 	and DU/axij, while Neumann data 

includes aU/ayij  and a2U/Dxayij. 
All other variables requiring spatial representation are defined nodally and inter-

polated into the element using bilinear Lagrange polynomials. This interpolation is 
shown for a general function g(x,y) as: 

g (x,y) g  (x,y) = ± 2, ci;  rii(x,y) 	 (6) 
1=1 j=1 

where g (x,y) is the approximated function, Gij is the coefficient defined at node (i,j) 

and represents the value of the function at the node, and Fii(x,y) is the space dependent 
bilinear Lagrange basis defined at node (i,j) (see Lapidus and Pinder [1982] page 83 for 
functional form). The combination of using a continuous permeability field and a 
Hermite interpolated head variable has the advantage of yielding a continuous velocity 
field to be used in the transport equation. 

Figure 2: Definition sketch of the domain decomposition algorithm. The domain is partitioned into N 
subdomains such that, S2 = 	 LAIN, separated by interfaces rb  i = 1,2,...,N-1. Note 

that the partitioning cuts SI in one dimension only, and that horizontal partitioning is equally feasible. 

APPLICATION OF THE DD-CG ALGORITHM 
In this section we present a procedural summary of the implementation of the DD-

CG algorithm proposed by Herrera et al. (1994) using the collocation discretization 
presented above. Consider the domain decomposition shown in figure (2). For this 
discussion we require that the partitioning cuts Q in one direction only so that the inter- 

faces Fi have no nodes in common. This is not a necessary requirement, however, it 
allows each interface problem to be computed independently. 
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by linear Lagrange along F, the term (akxx/ay ) at the node can be discontinuous. If in 
the heterogeneous case (akxx/ay ) at node j is discontinuous then the value is approxi-
mated by the average of the values defined on either side of the node. We also note that 
even though h(x) is represented by Hermites, the product kxx  Fah/axl, is not. There-
fore, this method of calculating the coefficients for f(x) is not optimal from a theoretical 
point of view. 
Method 2: Here we apply a more rigorous approach where we project the function f(x) 
on the space spanned by Hermite polynomials as discussed in Herrera et al.(1994). The 
coefficients in equation (8) are calculated by solving the following system of equations: 

jo) 	(f, (I) Jo) 

(f, 	
j = 1, 	J 	 (10) 

where f is defined by equation (8), the operation described by ( • ) is for example, 

( g, =f g(x) h(x) dx, and the integrations required in (10) are evaluated using two 

point Gauss quadrature. In addition, evaluation of f on the right hand side of (10) is 
achieved by evaluating equation (7) at the Gauss points. Note that nodal values of f 
and its derivative need not be evaluated. The system of equations defined by (10) is of 
order 2*(J-1), and the matrix is symmetric with a half bandwidth of four. 
Method 3: Here we approximate the permeability on F by a constant. Actually in 
applying the CG procedure the value of the constant is irrelevant and f(x) becomes: 

f(x) = - Divan]] 	 (11) 
which has the advantage that f(x) is in the space spanned by Hermite cubics. That is, 
the coefficients for f(x) are calculated directly from the coefficients of the Hermite 
representation for h(x), where for example if the x-direction is normal to F and the y-
direction is tangential, then the coefficients in equation (8) are: 

= Dh/ax]li  and (aVay)j = [R2h/Dxayli 	 (12) 

Finally, with respect to the evaluation of the scalar weights a and 13 (in Herrera et 

al., 1994), given the Hermite representation for f(x), the a weight is for example: 
N-1 ak = E 

 (
ie, 	/pc, A--",-kx, 

where the integrations are computed using two point Gauss quadrature, and 13 is 
defined in an analogous way. Note that the integrations in equations (10) and (13) 
require four point Gauss quadrature to be exact, however, computational experiments 
show that a two point scheme provides the best convergence results. The reason for 
this result is currently being investigated. 

RESULTS FOR THE FLOW PROBLEM 
Using a series model flow problems, we will compare the convergence attributes 

of the DD-CG algorithm using the three methods of evaluating equation (8). 
Let us now consider an example from the oil industry, the repeated five-spot well 

field pattern. Borrowing a problem from Russell et al. (1986), a square domain, 
304.8m on edge, is discretized into 48 by 48 6.35m elements. As shown in figure 3, a 
source well is located in the lower left corner of the mesh, and a sink well is located in 

the upper right corner; they each pump 18.6m3d-1m-1. No flow boundary conditions 
prevail. The permeability field is in general isotropic and heterogeneous. It is 

(13) 
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SOLUTION OF CONTAMINANT TRANSPORT BY DD-CG 
If we discretize equation (2) in time with an implicit backward difference, it can be 

rewritten in the form: 
[E/At + Q(x)] cn+1(x) + v(x) Vcn+1(x) - V • {L30(x) Ven+1(x)] = g(x) 	"(11) 

where At = (tn +1_ tn  ), n is the time level, cn+1(x) = c(x,tn+1) and g(x) = 
(c/At ) cn(x) + cQ Q(x) is the forcing function. Due to the presence of the first order 
term this equation is non-symmetric, and the method proposed by Herrera et al. (1994) 
is not directly applicable. The modifications required are being developed at present. 
Thus, in this paper we apply a procedure that was quite successful in our numerical 
experiments. It consists of applying the CG algorithm as discussed in Herrera et al. 
(1994), realizing that the algorithm will not provide optimal convergence properties, 
nor will convergence be guaranteed. Also, the definition of the jump condition on Fi  is 
modified to be: 

f(x) = 	 (12) 
which is in the space spanned by Hermite cubics. Note that the advective part of the 
flux does not appear in (12) because by definition, lid = 0. 

Results 
We test the application of the DD-CG procedure on the transport equation (11) 

using the results from the flow problem to define the velocity field. Additional problem 
definition includes: c = 0.1, at, = 10 aT  (aL  is a variable for analysis below), Dm  = 0, 
and cQ at the source = 1.0. We note that with respect to finite element discretizations 
there is a constraint on time step size, determined from the grid Courant number (Co), 
generally Co 1 (Huyakorn and Pinder, 1983). Since mass is transported a relatively 
short distance per time step, we choose for these examples an extreme domain 
decomposition which cuts the domain into one element strips. This results in 48 
subdomains of dimension 48 by 1 elements. An example of the solutions for the 
homogeneous case and a heterogeneous case are presented in figure 4. 

Figure 4: Contour plots for the solution of contaminant transport at 250 days (At = 1 day, aL=0.635m) 

for (a) the homogeneous k-field and (b) the heterogeneous k-field shown in figure 3a. 

Figure 5 presents two computational experiments. In figure 5a, using the 
homogeneous flow problem as an example, we show the average number of iterations 
to convergence (using the same convergence criterion as for the flow problem) per At as 
a function of grid Peclet number, Pe=(grid spacing)/k. Observe that as dispersion 
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