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Abstract

Domain decomposition methods have been extensively studied, specially
during the last decade, as a very effective tool for parallelizing models of
continuous (macroscopic) systems. In general, there are two approaches to
develop domain decomposition methods: One starts with the discretized version
of the model and the other one with the partial differential equations, before they
are discretized. A very general formulation of this latter approach. which is
applicable to any partial differential equation or system of such equations
-symmetric or non-symmetric with coefficients that may be discontinuous-, is
Trefftz-Herrera domain decomposition, recently presented by the author. Here
this method is applied to a kind of elliptic equations occuring in transport

problems.

Introduction

Domain decomposition techniques have received much attention in recent
years. They constitute a natural route to parallelism. Using them it is possible to
transform large discrete systems into smaller ones. Also, domains of irregular
shape can be decomposed into regular subdomains in which tensor-product
discretizations can be applied. In addition, domain decomposition techniques are
quite suitable for carrying out grid refinements in regions where they are required,
as where the coefficient variability is high.
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For elliptic problems, domain decomposition methodologies are well
developed. In many instances time dependent problems of parabolic type can be
treated in the same manner, because for usual time discretizations, they give rise
to an elliptic problem at each time-step. Using this approach domain
decomposition methods have been applied to transport problems (Herrera et al.
1994; Guarnaccia et al. 1994).

An approach to domain decomposition -Trefftz-Herrera Domain
Decomposition- very general, applicable to any partial differential equation or
system of such equations -symmetric or non-symmetric with coefficients that may
be discontinuous-, which was recently introduced by the author (Herrera 1995,
1997), is here applied to derive a domain decomposition procedure for any elliptic
differential equation of second order, which is the kind of operator occurring
when transport problem when a time-steppping procedure is used (Herrera et al.
1994; Guarnaccia et al. 1994).

Domain Decomposition for Elliptic Equations
Consider the most general elliptic equation of second order:

Lu=-V(a-Vu+ V-(buy+tcu=fy 1)

Let trial and test functions be continuous across the internal boundaries Z,
(see Figure 1) with first derivatives possibly discontinuous. For definiteness take
Dirichlet boundary conditions:

u=u, ; on dQ (2)
and jump conditions
cu ous |
F-(F] oz ®
where uy is a given function.
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Figure 1: The Region Q2



A subset of specialized weighting functions will be applied. They satisfy

L*w=-V-(a-VwW)-b-Vw+cw=0; in Q : (4a)

and

w=0: on 0 (4b)

The domain decomposition procedure is characterized by (Herrera 1998):

. e ?6(uz—u) .
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where a, = n -a - n. The procedure is a domain decomposition method because

the weighting functions, may be constructed locally. For example, consider the
rectangle of Fig. 2, divided into
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Figure 2: Domain Decomposition of the Example

four subregions. If the value of w is prescribed on X, we have well posed
problems defined on each one of the subregions I to TV, because Eqs. (4) must be
satisfied. Thus, w can be constructed in each one of the subregions separately.
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