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1. Introduction

Domain decomposition methods (DDM) have received much attention in recent years|1]
in that they offer very effective means for parallelizing computational models of
continuous systems. Combining collocation procedures with domain decomposition
methods, however, presents complications which must be overcome in order to profit
from the advantages of parallel computing. Such methods can in fact be derived using a
variety of approaches. One possibility involves the use of Steklov-Poincaré operators[8}
while another is to apply an indirect formulation[3,4]. In this paper, a method is derived
based upon the application of collocation together with an indirect formulation which 1s
suitable for parallel computation. As a first approach, we shall consider the case of a
symmetric, elliptic differentail operator which will allow for the utilization of the
conjugate gradient method in a novel manner — where successive iterations involve the
(parallel-computed) solutions of local problems.

2. Formulation

We shall use the indirect or Trefftz-Herrera formulation[6] for a boundary-value problem
with prescribed jumps [BVPJ] for the case of a symmetric, elliptic operator £ as follows:

Let Q be a domain in R” with external boundary 8Q together with a partitiion
I1={Q,,..,Q,} and internal boundary ¥ (Fig2.1). Let

Lu=-V-a-Vu+cu is a symmetric, elliptic operator with ¢ =0 and
Lu=f onQ, fori=1,.,E

u(x) = g(x) on 6Q2

[u]=j° and[a,-Vu]=/' onZ

2.1)

Then u is said to be a solution of the BVPJ. Here, as in the general theory, the notation

fu]=u, —u_ and u :%(u+ +u_)is used for the jump of a function and average value

across a (possibly discontinuous) internal boundary .
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Fig. 2.1: Partition of the domain Q.

The Green-Herrera formula [7] for this problem is given as

P—-B—-J=0Q0*-C*-K* where
<Pu,w>= Lwﬁudx <Q*u,w>——- Luﬁ*wdx
(Bu,w) = _[)Qua” Vwds (C*u,w)= J;Q wa,, - Vuds (2.2)

<Ju,w>z<(]° +J')u,w> :—_[:joa" -Vwds + _[:j]wds

<K *u, w) = <(R * S, w> =— _[_ [w]a, -Vuds + La[a,,Vw]ds
In the indirect formulation, the test functions w are chosen so that

we A?:NQmNCmNR or equivalently: (2.3)
L*w=0, w=00ndQ and [w]=0 onZXZ -

In this case, the resulting formula reduces to



(S*u,w)=((P—B—-J)u,w) (2.4)

which is a variational formulation of the problem. A straightforward calculation shows
that

(S*u,w) =—.Lu[an -Vw] = L(Vu-gva+cuw) for all u,we N (2.5)

so that S* is symmetric, positive-definite when L is.

In order to obtain the formulation suitable for paralelization, the notion of a particular
solution must be introduced.

Definition: A function u,is said to be a particular solution of the BVPJ provided

(P—B—Jo)up=f—g—jO (2.6)

or equivalently, if
Pu,=Lu,=f ineach(Q,
u,=g ondQ and (2.7)
[u,]=/" onZ

A particular solution is therefore a function which satisfies the differential operator
locally, the external boundary conditions and the jump conditions of the function values
on the internal boundary. Nothing is specified regarding the jump conditions of the
normal derivative (or flux) of a particular solution. As will be shown later, particular
solutions can be obtained readily from solutions of the local problems only. Clearly, a

particular solution u, of the BVPJ is a solution of the BVJP if and only if Ju,=j".

From this last remark, the following result is easily derived:

Theorem: A function u is a solution of the BVPJ if and only if, for any particular solution

u, we have

(S*v,w>=<J'up —j',w> forallwe N where v=u—u, (2.8)

3. The Numerical Algorithm



‘To derive a numerical procedure for the BVPJ in a parallel processing environment, we
first obtain a matrix equation from the above variational principle and then develop an
iterative solution process using the conjugate gradient method in which each iteration

involves the solution of local problems in the subregions €2, ; these local problems can be

effectively solved in parallel.

We first assume that we have a particular solution u, of the BVPJ and, as above, let

v =u—u, where u is the desired solution. Since the differential operator £ is symmetric

and [v]=v| s =0, then we have ve N . From the above result (2.8), we have:

<S*v,w>=<J‘u —j',w> forallwe N (3.1)

P

A more explicit form of the above equation is
va[a” -Vwlds = Lw([an Vu, - j')ds (3.2)

To obtain the matrix equation, we will use a system of weighting functions {wl yees wN} of

N whose restrictions to the internal boundary £ form a suitable subspace of *(Z).

These restrictions, w;|_,..., Wy ]z will be used as basis functions to represent v:
N
v= Z c,w, (3.3)
=1
In this case we have:
= 1
~Ye, [la, - Vwlwds = [ wla, u,]=j")ds (3.4)
=l

which can be rewritten as:

A-c=Db (3.5)



where 4, = —L[an ‘Vw,Jw,ds and b, = L([an Vu, - JOw,ds . It should be noted that the

matrix A is both symmetric and positive definite from eq(2.5) as w,,w, € N

The solution of this matrix equation will provide the solution u=u,+v to thc BVPJ on

the interior boundary ¥ . The solution on (2can then be obtained by obtaining local
solutions in each subregion €, with boundary values supplied by w.

However, a direct computation of the matrix A and the obtention of the solution vector
c is expensive since the subdomains can be quite large. An alternative approach involves
the use of the conjugate gradient method, included in Appendix A, which requires the
calculation of the matrix product A-p once for each iteration. In fact, this method does

not require the calculation or storage of the components of the matrix A . Rather, the
product is derived from the local solutions of homogeneous BVPs in the subregions €,.

To this end, we make use of the following theorem:

Theorem: Let p=(p,,.... p,) be a vector and let ¢ be the solution to the homogeneous

boundary value problem in Q, defined by:

L*@=0 onQ, foreachi=1,...,.E
@ =0 ondQMoQ, (3.6)

N
o= pw, ons

J=l

Then

(A-p), = [wla, Volds (3.7)

proof: Since ¢ is continuous and vanishes on the exterior boundary 62, then ¢ € N
N N
Then we must have ¢ = Zp/w_l in each Q, so that ij [a,-Vw,]=[a, V] which is

=1 =1
essentially the statement of the theorem.

4. The Numerical Procedure



Implementation of the above algorithm requires both the construction of a particular
solution %, and the test function basis {wl,...,wN}. One way to obtain a particular

solution is by setting #, =0 on Z ie. by solving local problems ), on each €2, such that:
Lu), = f ineach Q,
u,=xt3j ° on XN o, where the sign is chosen according the the outward normal
, =8 on oMo,
The resulting u,will satisfy the differential equation, the external boundary conditions

U

and the internal jump operator J°. An alternative way of deriving a u, is to solve first

the global BVPJ on the coarse grid and then solve the problem locally on each of the
local domains €, using boundary values supplied by the coarse solution. This latter

method would tend to give an approximate solution “closer” to the desired solution.

To obtain the test functions, the discretization of the local subdomains gives rise to a
discretization of the internal boundary . For each such node point », € Z a test function

w, can be constructed s.t.

L*w, =0
w, =0 ondQNdQ, forallj and 4.1)
w,(n,) =46,

N
so that a function ¢(x) on X can be approximated as ¢(x) = qu(n/ w (X).

J=1
Techniques for such constructions using both linear and cubic polynomials on X can be
found in [6]. It should be stressed that in the computations of the required integrals of the
form

_Lw, [a, -Vulds = _[ wﬁ?ds wherea=n-a-n (4.2)
~ - "

ou . . ..
that care must be taken to evaluate ar with consistent precision.
"
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3. L ONCIusions

The method presented above defines a procedure for parallelizing the numeric solution
for second order symmetric elliptic equations. As the solution matrix obtained 1is
symmetric and positive definite, direct application of the conjugate gradient metod is
utilized to insure adecuate convergence; no preconditioning techniques are required.



Moveover, the method is applicable to problems with prescribed jumps [BVPJ] as well as
to the case of discontinuous coefficients with no additional complications to the
numerical procedure. Finally, it should be stressed that in the solution of the local
problems, any numerical procedure procedure can be successfully employed.



Appendix A: The Conjugate Gradient Algorithm

To solve A-v=b where A isan N x N symmetric, positive definite matrix.

vi=0
r’=b
p0:r0
k=0

while Hr" Hw >¢

u=A-p* [Single matrix multiplication/iteration]

ak+l =rk ‘rk /(pk u)
Vk+l

— vk +ak+1plt
= ¢ — g
ﬂk-H — l‘,/<+| 'll/(pk .u)
pk+l — rlc+l _ﬁkak
k=k+1
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