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Advances in dornain dccomposition rndhocls 

bmael Herrera" and Gracíela S. Herrera" 

"ln:;tituto de GeofÚ:iica, Uníver:;ídad Nacional Autollolllil de J\!(]xico (UNAM), 
Apartado Postal 22-582, 14000, Mt!xico, D.1", Mcxico, 
c-maíl: iherrcra<l:!lservidor . 11l1alll. 111 X 

hln:;t.ituto Mexicano de Tecllología del Agua (lIvlTA), .Jill(,CPCC, 1vlor., i'v1i;xico, 
e-111<1i1: ghcrrera<ú'tlaloc.illlt.a.mx 

Donmill dccompositioll met.llod!; (OOM) llave rcccivcu 1ll1lC]¡ aU,elltioll in rcn,u(. yca.r:;, 
which wa:; origillally mol.ival.cu maiuly bccallse t.IJCY are Lhe 1Il0!;1, clkcl,ive \Vay:; ror dcvis­
ing para.Ud algorítlllIlIi t.ha(. can bendíl, from llllllt.iprocc!;tior cOl1l1H1tal.iou, aud tillpCrCOlll­
puLen;, in Lile llulfIericallllúudillg uf couLinuouli SySI.ClllS. llowcvn, Lllc cOllccpL of dOlllaill 
dccompm;it.ioll has alwaYIi beell a fUlIdmncllLal ingredicut of t.lic Ilumeríc¡¡.l t.real.ment. or 
partíal díffercntíal cql1aLíons. lndced, Lhe proccdures in most, of til1ch lllethods t-ót.art. will! 
the ílltroduction of a partiLíon (Le., a dowa.ill decúl11}Josition) and, so, t.hc prolJlcm of !low 
Lo C0I111Cct tioll1tíons dcfilled in ncighborlng regions becolllcs (1 cent.ra.l uue, all.hough in L]¡e 
pal:it it. was not, mmally, tackled explicitly. Thus, it ¡ti only nat.ural that t,J¡e darifica.Lioll 
of t,his problem, th"t the sLudy úf doma.in dccompO/üt.ioll ll1cl.hod¡; has brought. abol1t, hal:i 
a.Jso enlightcn many a.~pcct.s of lJulIlcricaJ Illcl.hods for par[;Íal dilfercllt.ial cflual,íouH. This 
jmper ís dcvoLed t.o presellt. a orid Sl1l11mary of SOl1lC t.!lcsc devclopllwnt.s, [rom a 1l1liflCd 
pcn,¡pcctive, ¡¡nd t.heir pot.cntíal in t-he trcal.ment. of water rct;ourccli problclllS. 

1. INTRODUCTION 

Domain dccompoi:iít.ion mct.hods (DOM) have reccívcd lllllCh at.l.ellt.ioll ill recen!. yea!"s [J], 
mainly because t.Jwy supply vcry e!fecLive llleall::¡ lar illcorporal.ing pawJld COIllj>\I(.a.l.Íoll 
in mathcmutical lIlodcls 01" eOlllilllloUS SystclllS. 111 addit.ioll, iL b u::;dul Lo analyzc U11­
merica.l methods for partía.! clifferenti;¡] eqllatiolls (PDl~) Irom a donw.ill-d¡:COlllposit.íoll 
per::;peetive sinee tlle ideas relatad Lo dOlllain decolllpoliitioll are qnite lJasic ror thelll [2- ,1]. 
Actually, thc implicatio11s of DDM ill I.lIC lIurnericilI llldhods of part.ial dilrcrelll.ial cqna.­
tiollti are vcry thorough allu it. is uat.ural Lhat, t.llÍ;; oc so. Oevelopiug; lIulllcrica.l sOlll!.íOW:¡ 
of PDE a.'i <Lccura!,e <L¡'; dcsired in Lite "tillli;LIl", i::; a rdaLivdy tiLraight.forward ta..-.;k ami 011ce 
LItis has been done, Lhe remaining problcm iti how build t.hc global solUt.ioll givell (,hat, :mch 
capacity is avaÍl<1ble. VVhell numerical ll1e1hod::i for PDE a.re SCCll frOlll this perspect.ive, 
it bccomc::i elear that mally of tllc problellls poseo by I.llClll are addrcslied by I,hc ¡,IICory 
<111(\ mcthod¡.; of DDM, who¡.;e objccl.ive may be surnmarizcd al:i foljow¡.;: 

• 	 Givcn a regwn fl and a lIarlilion of a, to oIJt,ain t.he solulúm oJ the boundl/:/-y valltc 

1Imblcm in thc regio!! whcr·c it ís f01"Trwlaled ("/he globallJ1"oblcm"), by solvmy IJolLnd­

http:mol.ival.cu
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a)'y value prob/cms /ornmlalcd '/,1/, ¡,he :mbdmnruns of t.hc [wrl,üwn ("thc lowl pmb­
lcms "), c:¡;cl1ksivdy. 

2. DDM FROM A UNIFlED PERSPECTIVE 

H.CCClltly, LHerrera [2-4] inl,roduced ¡j, "Illlified tllcory of DDM". Tite licope 01' t,hiti 
I,heory i,; quite wide liillC(1 il. deuls wit,j¡ ¡j, vcry g;cllcral houlHlary v¡¡l\le problclIl wil,h 
pre>:ieribed jump,'i at, t.lw inLernal bOlludary alld il, is applicablc f.o auy partía! (01' ordinary) 
difl'crcnLial eql1at,ioll 01' >:iyCiLcm of lilleh cqllatiollli wllÍch ÍIi lincar, illcluding the calic of 
rlílic(ml,inHOllli codlicicnlx 11, call also be ¡¡,pplicd Lo lIo11-lincar problclllli via NCW('Oll'¡; 

Illr~t;hod, Uf a,likc, in (,he nhna,l lllilllllCr. 1!crrcra,'h 1I1lilicd t.]¡cory liubCiUlllCS prnctically all 
mdhods I.lmt r:xbt, lm1, lead" Lo more general fonllula¡,ions 01' t.l!elll huggeHlill!~ many Hew 
proccdllres UHI,(, ::;hould be invest,igal.cd in Lhe fut,ure, Tbc Im"ic lIuifying, principlc :;I,at,e:; 
l.11a(,: 

• 	 f)lJ1ruún Dccowpos,itio1/, Alct/¡'orls 1l.1'C ¡rro('(:rlm'cs fol' !]a/,hc:nn!] f,lIflll'l)¿al,ton allll1Ll the 

.'io/l,yhl so/nllon m the w'/'crnrL[ (¡r)'lJ,ndu:ry ()~) -whú;/¡, scpaml.cs /.he ,mb!lommns o/ /,he 
po;rtztion frurn coeh olller-, s'/Illiócnl. !Ol' rlcjiníny lIIcll-]loscd ]l1'O/ilcms in ca.eh onc of 
the ,m'{)do711.rL!1/.s (lo {ie n:fC1'1'cd as "[oenl wcll-1}(}8(:d ll1ublcm,s"), In (,his 71lrmnc7', the 
8olu{,w1/, can be 1'ccon:;l.l'nc/.crl 't1I, caeh rme oI (,he ,m{¡dr!1Tw,ins by so[muy local1i1'oblcms 
e:¡;clnswcly, 

In t,hc llnilied approach, tite illformaLioll illvolvcd iu ¡,he lúrllllllaüoll ami Holutioll of a 
bOlllldary valllc problclll for u. diffcrcllLial opew[,or, 01' ~y¡.¡telIJ of :;lIch operaLor:;, is cla.%i­
fied inLo t.wo broad cut.cgoríeH: "dat.a" o[ tllC problclll ami "complementa.ry infonnalion", 
GCllerally, t,he complemcntary illfol'lnatioll can be subdividcd into tbrce cla¡.¡ses: informa­

tiOll defilled ili Lile inLerior of Che ",llbdom,ün¡.¡, illfornll1l.ioll ddilled Oll t]¡c out,el' boundary 
ün aml COlllvlclllcnt.a.ry illforlllaLicJI! defincd OH 2:. Theu, wiLhiu Lhe cOlllplelllcllLary infor­
Illatioll, a Larget. ili ddincd -1.0 be rdcrrcd t.o n.') "I.he sOllght. illl'onlJa,(,ion" -, which cOllsixt,s 
01' cOInplemclILary inl'Ol'llmUOll OH 2:, (~xcluxivdy, amI wil,h t.he propcrl,y of [wing su!li­
cienL for ddiuillg wdl-posed problcllIli in caeh OlW o[ t,he SllbdoIlla.im:i of I,he partition, 
Tll\Ii), muollg Lile e1mrac:LcrisL1C,'i of él domniu dCCOlll])Osi(ion llleLllOd oue musl, ineludc [,he 
parUcnlar choice 01' the 501/.yhl. 1,lIjormntúm, 

However, in general, Lhe 8011!]hl. 'l1Ijo1'1lULlío1l. lIIily be redumlallt, in Lile SCll¡.¡e t.hat al­
Lhollgh t,hel'e are ~i1Ibsd.s 01' (,hat illl'orumLioll l,I¡aL cal! l)e llscd t,o dclille local wdl-Jloscd 
problerllx in each one of (,he :;ubdolI1i1iw:i, Lhe npplicaLioll of all 01' it xilllult.auC01U:ily, yiclds 
local bOllllda.ry valnc problellls which are ill-polied. A~ an example, wheH consióel'illg 
elliptic equal,íons of second order [5], OlW may define t,hc souyht 'ill!onrwlio1! in such a way 
Llw.1. it yicleb bot.!J t.lle valucs 01' t.lw funcl.ioll amI it,¡.; Hormal derivat.íve in t,he bOlllldary 
01' cach Olle of che ¡.¡ul)(\oillailll-i 01' t,he parl.il,joll, Clemly, \.llÍs ís rcclundallt; infonna!.ioll, 
IJecmsl: L1ll: bOllllcln.ry vallle prol)lelll in which [¡oUt ¡ he fnud.ioll ami it,s llonnal dCl'ival.ivc 
are prc1icribcd, is ill posed, H. i¡; becau::ie 01' (hese l'¡¡ct.s tlm(, ¡,he followillg ddinit.ion is 
adopt.ed: 

• 	 A rlcJinition oI Lhe S071,yht ill/omwl,i,on is .miel 1,0 be "o]ltmwl" when I,hcn; is eL se! of 
wdl-¡HJscrl locnl¡J1'ol>lcms -i/, is U881/,11/,cd iJwt fine out!! (me (Jf thcsc Ji7'Oblcms ¡S(1,7/,(1. 

http:adopt.ed
http:bOllllcln.ry
http:bOllllda.ry
http:COlllvlclllcnt.a.ry
http:complementa.ry
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dcJincd in C!Lch one of Lite subdowmJi,s 01 tite ¡mrlllúm- wlúc/¡, IJ,H, t!r:!I:ncd, nsilllJ all 
of lhe "ough¿ mJormatwn. 

In somc of thc existing lIletllods Lhe sought infornmt,ion is opt.imal whilc in others it. is llOIl­

opt.ima.L In thc study of DDM, ít Íti standard \'0 cla.::>t;ífy s\leh lllcl.hods iut.o "overlapping" 
aud "non-ovcrlapping". Except for t,he case o[ fin,;\. arder eqna.t.ions, wheu tlle :;ought 
informabon ¡ti optirnal, t,hc domaín dccomposition mcLhod i:; gellcrally overlappÍng, 011 
the other Imnd, up 1,0 llOW, DDl'vI llave ueen applíed mainly al; a p<I,n¡,ltcliz.a.t.ioll \.oo!. 
Howevcr, tllc unifiecl thcory of Herrera kacb Lo large c:lasses of llumcrical JIletllOds wit,h 
very at.t.ract.ivc feal.ureH, a ..'i jj, ili dcscrilH!d bdow. 

:,L DIRECT AND INDIRECT METHODS 

According to Herrera's ullified t.lWOfy [2 -4], I.hcre are t\Vo lW1Í1l proccdmcti ror gaJhcring 
t.Ire sought inforlnation on L: 'dircct} and 'mdírcd', or 'Trcl]l,z-lIc7Tcm Mcthod J. Dilfercnt. 
domain docomposition mO¡;]lOds thaL exü;t, and otllors tlla.!. may be dcvcloped ill !.IJe futuro, 
use eithcr olle of thcso s!.rat.egies in all explicil. Uf in ,LB implicil lllallUCl'. l'vIet.JJOds ;¡,vnilablc 
at present, except rOl' some that have bCCll clcvcloped by 1. HClTcm iLlId Iris collu,boral.Ors, 
use a direct. approach for gathcrillg such illformatioll alld t.Itís is done in au implícit, mllnllcr 

in mast cases, 

Trcfrt~-Hcrrcra Mcthod, is a lllorO fully developed versíoll 01' Localizcd Adjoillt tvIet.11od 

(LAM), t.hat was introcluccd in the Water Resourccs Lít.eratUl'e by UIcrrera long ago [6­
8] In lD8D, thc ELLAM Groap -M,E. Celia, lLE. EWÍllg, L Horrera ami T,F'. Ilulisdl- was 
illtegrated with tlle purposc af applyillg LAM (,O advection dOlllina\.ed trunsport [0,10]. 

Tlle ELLAM Gronp prescllted tlle Eulerian-Lagrangian Locali:-:ed Adjoillt McLhod in a 
tieqnol1ce of two papers: tho fin;!. one -who::;e [irst author is Celia, ent,il.led "Aa Ellleríull­
Lagrangian Localizcd Adjoi llt l'vlet.hod for 1.11e AdvccLÍon- Diffllsion Equation" [11]- devot.ed 
(,O exhibit, its llumerical implelllclltat.íoll, ami Che ~ecolld OIlC (,o explaiu ¡¡,ti llUlllcrica! 
Ill1llerpinllings -whose firs!' allt]¡or jti I. Herrera, clltiUed "Eulcrin,Il-L¡¡grnugian Localizod 
Adjoillt Mcl.hod: Thc Theoret.Ícal Framework" [12], The t,hcOl'Y prelicJlted ill t.hb lal.t.er 
paper is a11 early versian oE wlrat., lInder fmeller develOjJlllcnt., becaJlle Trclft,z-Herrera 
i\1ct.hod o[ Domain DCGompositioll [13-10J, 'fhe (lishnguÍt;hillg fe¡1t,\Il'e 01' 'I\'cflh-Hcrrera. 
Mct,hod¡; (thc indirect approaclt), us developed by 1. Herrera alld his colhtlml'at,ors, i¡-; 
tire use of spcciah~ed tel>t. fundions tlrat yicld LllC so'uyht 1,1I!()1'1IULI,wn, cxclu::;ively. Aa 
updated and fairly well intcgrated presclIt.l1tioll of Lhe t.heory ili giVCll in [G,14], 

In standard approaches, Direct. MeLhods consi::;!. in piCcÍllg toget.hcr, .i uDt, mi J/J1"ic/.;,,', t.lrc 
local solutions of (,he dil[erclltial cqllaLiolls in ordor to build t.lre gloLal ¡;Ollll.Íoll. Howcver, 
in Herrera's theory ti more ::;ophisticated point of vicw is adopted, in which direct, llld[¡od:; 

are seen as proccdures tlmt use the local solutiolls Uf; means rOl' (!~t.a.l Jlishing cOlll]latibility 
condition::; that tire s01Lghl 'injo1'lfw,twn on t.lre internal boulldmy, lll111it. fullilL Thll¡';, in t.he 
llllilicd UlCory, Lo derive both dircct and illdirect, methoeb, loeal bolul.iolls are cOllstrucLed 
ami applicd t,o establí::;h relatio!U:; Lhat tire sOlLghl, W!oT11w,túm mWit, flllfill loca.lIy, The 
global mat.rix is cOllstructed in t;]¡i::; llIiJ,nllCl' [2 -4]. 'fiJe wlutioll oI Lhe corrcsJlollding global 
~ystell1 of equa!;ions yiclds the ';;ought infonnat,ion' Oll ¿; ollly, un!. !lO informat.ion abonl. 

(,he solutioll of thc problcl1l itl tilO interior 01' t,hc tiubdomaíns is obta.illed. An importan(, 
dílfcrence h-; ¡hat, direct mcLhods derive t.lw infol'llIa.t.ic!H OH L ming solllt,iow; uf equat.iollli 

http:lal.t.er
http:11]-devot.ed
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forlllulaLed ill tlmns 01' t,he original dilrercllt.ial opcl'at.ol' -i,c., LItar occurring iu the I3VPJ-, 
while in T'refl'LiI-Herrera approach Lile ¡.;pecialihcd f.es[. fllllCl.iollS, whic]¡ ]Jcrrorm this t"l.'ik, 

fuHill cquat.iom:i fOl'lnlllalecl in Lcnmi of Lhe adjoillt, dill'crcll(,ial opcral,ors. 

4. DDM AS DISCRETIZATION AND PARALLELIZATION TOOLS 

As mClltioned, Herrera's unifico I,heory oI DDM subsullJeti pr¡¡,ctically al! llIcthods of 
<lomuiu dCCOlllpOtiiLioll l.lw,t, exist, al, prc¡.;ent [4], bul, geul'mlly Ílllplíc¡.; gcueralized versions 
of them iillggest.illg llew procedurc;; tha1. lihollld be Íuvelil.igat.ed in t.llC [¡¡tme. In previous 
pu lJlical,Íolls i L ]¡Uli (lcell ÍlldÍca!.cd llOW t.o illl:orporatc Scll\y¡¡,r" i\ldholb [17], St.ckloy­
Poincaré [5] ¡111d Mixcd i'vIct.]¡ods Íu t.ltÍs frallH.:wurk. Rcga.nling !.lüs bLt.er dass of Illct.hods, 
Hcrrera el. al. [12] prcscllt.cd il st.ra.ight.-l'orward d('l'iva.\.ioll 01' n.aviar!. ¡¡Ild Thomas rcsult.s 
011 whic)¡ hybrid lllct,]¡ods are ba!:icd. Tire iucol'poraLÍoll o[ tJIC Projection Dccompo:;it.ioll 
McLhocl [21] in Llw ullified t,llcory fralllcwork ¡ti more or leti~ st,migIMorward, huI, its 
implications jll ¡,he c()rn~s!lolldillg ]lru('(~durcli, ¡¡S wd! as (,llOse ur Uw ¡lId,J¡ods alrcady 
lIlclIt.iollCd, shollld be illvcstit~a.t,cd lIlorC thorollghly, ¡\ similar COllllllCllt. ¡¡pplies ('o lllortar 
Illctllods, IlJ auuitioll, t.he ful,ure of thc methodologics dcrived fmm thc llllifícd thcory as a 
jJarallcliilatioll lool of time dependent problclllS governcd cil.he!' by hypcrbolic or ¡mrabolic 
equa.tiolls -a.\ld tlüs j¡; t,he cw.;c 01' Lile ELLAlvl metilod- is qllit,c prolllising, all,hollgh work 
in this arca Ü, only begirmiug (tiee [20], in ¡,hi" Proceedings). 

WhCll ¡,he uuilied Lhcory Íii a.pplíed as a diticret.iwt,ioll 1,001, a very large dass of lllllllerical 
mclhods pOSSCSSÍllg special feaLmes, which olrer sip;nilicaut. mlvau1agcs, is obl.ained. In 
particular, ¡,ho base fUllct,iolUi have to be dcfiucd OH 2:.:, cxc!usive!y. H lllUS\' be lllenLiolled 
t.ha.t a similar fcaLure iti exhibi1.eJ by 1.lIe Projcction DC('OlllposiLioll McLhocl [21], bul. t.hc 
ullified thcory pC!'lllits handling in t,his ma.uucr u considerably wide!' nwge of problclll~. 
The llulllcrical alp;oriChms yielcl iuformat.ioll OH 2..:, exdusivcly. In a munner similar (o finiLe 
dilIcrcllcc appronchcs, frcq IlCllt.ly t,his infonllacioll Ilecus \.0 be int.er¡JOla.t,cd t,o Lile Ínl,erior 
of t1w s111¡domaimi oI I:he \mrt,it.ioll. 'fhis ca.n be dune solvill!', IOC¡ll problellls, sílice t.he 
ill['Jrllla.t.ioll available ill t.he íuf erior (¡olllHlllry í:,; Slllli(~ieJ\l, rOl' forlllulat:ing wdl-potied local 
problcm. In tJw pa.sl., \'he weighLing fllnct.ions which a.re applicd in Trcfft.:¿-Herrcra met.hod 
llave beell called Opt,imal Test, Fllnct.ions <tul! it is nat.ural t,o call t.ho ¡¡hove procedurc of 
intcl']loJa.t.ion, Opt,illla.l IIlt.crpolat,iou Mct.hod. 

MOlit, 01' tlw di::;crdi"a(,ioll procedurc::; dcvdopcd t.hus far, U:,;illg t.hü llllificd approach, 
I¡¡¡,ve llccn hu.~ed on Treli'¡;í\-I!crrem lllel.hod. For dlipt.ic cquat.iolls 01' sccolld order [5], 
when ~J¡c spcdal lcst. fUllCI.iol1ti, wlüch are appli(xl, are exact, Che prcci::;ioll o[ (,he algo­
rit,Ílllls dCJlcnd exdusively 011 (,he degrcc o[ Lite iutcrpolat.iug poJYllolllia.ls on t./w illl,crulll 
bouudary 2.:. In particu[¡1r, a.lgoriUJllIii in w]¡ich t.e::;L [llllct.iollS t,hat. are piece-wisc linear, 
piecc-wise quadl'iltic or picce-wise clIbic OH 2..:, yicld errors t,ha!, a,re 0(h2 ),O{h.;I), alld 
O(h'l), respcc~ively. Any llUlllcrical procedure lllay be applicd for producillg tIJe local 
::;olut.ions anel this propcrty is prcscrved, as long a¡.; such llUlllcricalmel,J¡od is cOlllpat,iblc 
wit,h thc order of accuracy of Lhe intcrpolatioll functions utied O!l 2:.:. In particular, ir 
collocation is applicd, a. non-standard met.hod of collocat.íon is obt,ained, which possesscs 
ticveral at.trad,ive fen,l,ures. Illdeed, in ¡,he :;talldard lllct.hod of collocatioll ¡,he numbcr 
01' degrees of freedom associat,ed with ea.ch node is lwo in Olle dímensioll, four in two 
dimcllsions and cigltL in t.h1'ee dimcnsiolls. 1"01' :iOllle 01' t-he IlCW algorit.iull:i, on the ot.hcr 

http:poJYllolllia.ls
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