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Abstract

This paper is intended as a contribution to enhance orthogonal collocation methods. In this, a novel collocation method—T7TH-collocation—is
applied to the biharmonic equation and the merits of such procedure are exhibited. TH-collocation relaxes the continuity requirements and, for the
2D problems here treated, leads to the development of algorithms for which the matrices are sparse (nine-diagonal), symmetric and positive
definite. Due to these properties, the conjugate gradient method can be directly, and more effectively, applied to them. These features contrast with
those of the standard orthogonal spline collocation on cubic Hermites, which yields matrices that are non-symmetric and non-positive. This paper
is part of a line of research in which a general and unified theory of domain decomposition methods, proposed by Herrera, is being explored. Two
kinds of contributions can be distinguished in this; some that are relevant for the parallel computation of continuous models and new discretization

procedures for partial differential equations. The present paper belongs to this latter kind of contributions.
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1. Introduction

This paper is part of a line of research in which a general
and unified theory of domain decomposition methods
(DDM), proposed by Herrera [1] and stemming from
Trefftz method [2], is being explored. In it, the terms
‘domain decomposition methods’ are understood in broader
sense than usual and they include many aspects of numerical
methods for partial differential equations. As a matter of
fact, Herrera’s approach to partial differential equations
constitutes a general and systematic formulation of
discontinuous Galerkin methods [3], in which the use of
“fully’ discontinuous functions is permitted. The investi-
gations that are being carried out, in the line of research
mentioned above, cover two different aspects. One is
concerned with developing novel discretization procedures
[4,5] and the other one deals with producing new ways of
efficiently using parallel computing resources in the
numerical simulation of continuous systems [3].
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The main purpose of the present paper is to present an
improved orthogonal-collocation treatment of the biharmo-
nic equation. This is based on the application of a new
general collocation method, ‘TH-collocation’, which was
introduced in a pair of previous papers [4,5]. An interesting
and attractive feature of TH-collocation is the relaxation of
the continuity conditions, which allows using trial-spaces of
functions that are globally only C°. This, in turn, permits
deriving algorithms with better-structured matrices. In
particular, it produces symmetric and positive matrices
when it is applied to differential systems with such
properties, as is the case of Laplace’s and the biharmonic
operators. Also, the number of degrees of freedom
associated with each node is reduced. For Poisson equation,
TH-collocation yields an algorithm of fourth order precision
whose global matrix, in addition to being symmetric and
positive definite, is block nine-diagonal, with blocks of at
most 3X3 [5]. This is to be compared with orthogonal
spline collocation (OSC), which for the same order of
accuracy yields a global matrix that is neither symmetric,
nor positive, and whose blocks are 4 X 4. Furthermore, TH-
collocation also yields another algorithm [5], of second
order precision, whose global matrix is strictly nine-
diagonal (i.e. with blocks 1X1). Such reduction is not


http://www.elsevier.com/locate/advengsoft

244 M. Diaz, 1. Herrera / Advances in Engineering Software 36 (2005) 243-251

possible when OSC is applied. Due to these important
advantages, over standard collocation procedures, which
TH-collocation possesses, domain decomposition methods
(DDM) can be effectively applied to TH-collocation
algorithms using the Conjugate Gradient Method (CGM)
in a direct manner [3].

For the biharmonic equation semi-analytical discretiza-
tion procedures, of the Trefftz—Jirousek type [6], have been
developed by several authors [7-9] and a review of such
methods can be found in [10]. As for non-analytical
discretization methods, a recent paper by Lou et al. [11]
presents a discussion, and a brief comparison, of several
discretization methods that are available to deal with the
biharmonic equation. According to them, some of the
existing finite difference methods are very efficient and one
due to Bjorstad is of optimal complexity. The order of
accuracy of such methods is only second order. However, a
fourth order collocation algorithm was introduced in [11].

When approaching the discretization of the biharmonic
equation with non-analytical procedures, there are mainly
two options. The first one consists in using a 13-point stencil
[12,13] and in the second one, the ‘splitting approach’ [13],
the biharmonic equation is rewritten as a system of two
equations whose treatment requires solving two Poisson
equations successively. When this latter procedure is
applied, the effectiveness of the method and of its parallel
computation depends essentially on those of the Poisson
equations. The most popular collocation formulation for
partial differential equations of second order, which the
majority of the authors working in this field have used up to
now, is OSC; i.e. the Hermite bi-cubic orthogonal spline
collocation [14]. The OSC formulation is applied in a trial-
space of functions which are globally C'; this produces a
global matrix, which in its usual form is neither symmetric
nor positive definite, even when the differential operator has
these properties.

In this paper, we tackle the biharmonic equation using
the splitting approach and solve each one of the Poisson
equations by means of TH-collocation, profiting from the
advantageous features of the TH-collocation treatment of
Poisson equation. Thus far, the order of accuracy of our
algorithms has been only derived experimentally, as was
done in [5] and in Section 7. However, an interesting
characteristic of our method is that it actually produces the
same solutions as those obtained by Lou et al. [11]. Using
this fact, a rigorous theoretical proof of the fourth order
accuracy of our algorithm can be constructed. However,
such discussions will be presented elsewhere.

2. Notations

In our formulation the notations Q CR" and 0Q are used
for a domain of the Euclidean space of dimension n and its
boundary, respectively. Throughout this paper » is taken to
be equal to 2. Let I ={Q,,...,Qf} be a partition of Q. Given

such a partition, the boundaries of the subdomains are 9Q;,
i=1,...,E. Clearly, dQ C UL ,0Q; and the ‘internal bound-
ary’, X, is defined to be the closed complement of 0Q
relative to Ui, 0Q;. Then, 0Q will be referred as ‘external
boundary’. In the external boundary, the unit normal vector
is taken pointing outwards. As for the internal boundary, a
positive side of ¥ and a unit normal vector, also denoted by
n, are defined almost everywhere (a.e.) on it with the
convention that n points toward the positive side.

It is assumed that for each i=1,...,E, there is a linear
space D(Q;), whose elements are functions defined in Q;.
Then, trial and test functions are taken from the linear space
D, defined by:

D=D(Q)=D(Q,)& - ®D(Qy) (1

Possible choices for D(Q;) are the Sobolev spaces
HS(Qi), i=1,....,E. For the case of elliptic equations of
second order that will be considered, it is convenient to take
s>2. In fact, when the space D is defined by Eq. (1), a
function u€D is a finite sequence of functions
u=uy,...,ur) such that u;€D(Q,), i=1,...,E. It is assumed
that the trace of every u,€D(Q;) is defined a.e. on 0Q,.
Given any function u€D, u=(uy,...,ug), tWo traces are
defined at every point of X, which are denoted by u and
u_, respectively. Since generally, u #u_, it is useful to
define the ‘jump’ and the ‘average’ of any function u € D by

[u] =uy —u_ ando = (uy +u_)2 2)

respectively. This notation will be applied not only for a
function, but for its derivatives as well. Clearly, the
definition of the jump of a function is dependent on the
orientation of X; however, the expressions that will be
handled in this paper are invariant with respect to such
orientation.

In some previous works, for simplicity, we have written
Lu=fg,in Q, to mean:

Lu=fg, ateach Q,i=1,..,F 3)

For greater clarity, in the present paper we will be more
explicit and write directly, Eq. (3), since w-Lu is not, in
general, defined on ¥ when u €D and w& D. Similarly, we
also write Y7 [ w-Lu dx instead of [, wLu dx. Assume
a tensor-valued function a is defined in Q and write
a =a -n, then it can be shown that

E
Z JWQ -Vudx = ch_l -Vudx—J[wq -Vu]dx 4)
=1 50, 00 b

3. Splitting formulation of the biharmonic equation

The formulation of well-posed problems in function
spaces containing discontinuous functions require that some
jump of the functions and their derivatives, across the
internal boundary, be prescribed. A well-posed boundary
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value problem with prescribed jumps (BVPJ) for the
biharmonic equation is considered in what follows. It is
defined by the differential equation

Lu=Nu=f, inQ,i=1,...E (5)
the boundary conditions

u=g" andAu=g' ondQ (6)
and by the jump conditions:

[u] =J°, B—Z] =j', [Au] =7 {%} =7, onX

(7

When j°=;'=;2=;7=0 the solution of such problem is
the same as that of a standard boundary value problem for
the biharmonic equation, without jumps. Here, this problem
is tackled using the splitting approach mentioned in Section
1. Then, the biharmonic equation is rewritten as a system of
two Poisson equations [13]:

—Au =v,
in Q (3
—Avy =f_Q,

Then the solution of BVPJ of Egs. (5)-(7) can be
obtained by solving sequentially two Poisson’s equations,
where each of them is subjected to non-homogeneous
Dirichlet boundary conditions:

—Au =, in Q

U= go, on 0Q
0

[u] = j°, [—1 =jl, onX
on ©)

—Av = f,, in Q
_ 1
and v=g, on 0Q

vl =7 Fﬁ=f,m2
on

In this paper, the resulting coupled system of Eq. (9) will
be solved by applying the indirect Trefftz—Herrera colloca-
tion procedures developed in Refs. [4,5].

A last comment, before finishing this section, is in order.
The splitting approach to the biharmonic equation is
applicable to some other combinations of boundary
conditions. Boundary value problems in which the follow-
ing pairs: (1, 0Au/0n), (0u/On, Au) or (0u/On, 0Au/on) are
prescribed in the outer boundary can also be split into a
system of two Poisson equations. However, other problems
such as those in which the pairs (u, 9u/0n) and (Au, 0Au/0n)
are prescribed in the outer boundary cannot be split in this
manner. In such case, TH-collocation has to be applied
directly to the original biharmonic equation using
a procedure that is under investigation at present and that
we intend to publish in the near future.

4. Solution of Poisson equation

TH-collocation, as presented in [5], will be here applied
to each one of the Poisson’s problems of Eq. (9). To this
end, the results presented in [5] are specialized for the
following boundary value problem with prescribed jumps

—Au=—-V-Vu=fy, onQ,i=1,...,.FE (10)

together with:

u(x) = uy ondQ, [u] =j% and {%] =jLbonX 11

Our interest will focus in the case when j%=0 and
j5 =0 on X.

In Herrera’s indirect approach, in which TH-collocation
is based, a special class of test functions is used; they are
taken from a linear subspace NC D whose members, wEN,
fulfill the conditions [5]:

Aw =0, atQ;,,i=1,...,E,
(12)
[w]=0, onX andw =0 ondQ

Thus, such test functions are continuous in 2, but their
derivatives may have jump discontinuities across X. Let
u € D be the solution of the Poisson BVPJ considered in this
section and # € D be any function of D. Then, the weak
formulation that will be applied (see [5]) states that i =i,
on X, if and only if:
ow £ ow

y Q aQ (13)

9
—J{wjlg —j%a—:}dx, VweN
M

In passing, it is observed that when both v and w €N the
following identity holds:

ad
_Jv[ﬁ}deJVv-VWdX, Vv, weN (14)

Therefore, the bilinear form _fz v[ow/dn]ldx is sym-
metric and positive-definite on N.

At this point, it is convenient to introduce an auxiliary
function, ug €D, satisfying:

up(x) = uy(x), on Q2
[uo] = [uz] = . onx€X 15)
[%} = {aélnﬂ =ji, onxeX
Furthermore, define:
v(x) = u(x) — up(x), in Q (16)
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Then
—Av(x) = fo + Aup(x), forxe@,, i=1,....FE a7
v(x) =0, on 0Q

[vly =0, onXY

dv
| = ¥
[an} . 0, on

and Eq. (13) reduces to:

(18)

E
—Jvr—w}dx=ZJw(fQ+Auo)dx VweN (19)
b))

on —
=ty

J

In Eq. (19), the value of the function v on ¥ has been used
instead of the average v, because v=v, as v is continuous
across X. Even more, when f, € H'(Q) and Aug(x) € H'(Q),
with >0, then vEH’+2(_Q). In particular, the trace of v on
¥, belongs to C'(X). This fact permits simplifying the
numerical implementation of the method, because the
search for v can be carried out in a smaller space of
functions.

The weak formulation of Eq. (19) is sufficient for
obtaining the function v on the internal boundary X,
exclusively, which in turn yields the average of the sought
solution there, by means of Eq. (16); i.e.

u=1uy+v, onx (20)

If desired, the solution u« of the BVPJ can be obtained in
the interior of the subdomains of the partition by ‘optimal
interpolation’, which consists in solving well-posed Dirich-
let problems in each of the subdomains of the partition. At a
given subdomain, Q;, the boundary data for such a problem,
at points belonging to £ N dQ;, are defined by the equations

1 1
Uy =i +§[u2] and u_Eu—E[uE] 21

and by the first of Eq. (11), at points belonging to 02N dQ;.
Observe that the identity

- %MZXE:J L )
" on = " on
z

i

holds when v € D fulfills Eq. (18), and wE N. The following
chain of equalities

ow ow
[ = [
by aQ

makes Eq. (22) clear.

5. TH-discretization

When TH-collocation is applied for solving Poisson
equation, the construction of the global system of equations
is based on Eq. (19) but the linear subspace N C D of special
test functions is replaced by a TH-complete system § CN
(see [S]). TH-complete systems are infinite for problems in
more than one independent variable and, in numerical
applications of TH-collocation, it is necessary to approxi-
mate TH-complete systems by finite families, whose
members belong to NCD. This, of course, implies a
truncation error that is reflected in the accuracy of the
approximate solutions so obtained.

Functions w €N are uniquely determined by their traces
on the internal boundary ¥, because they fulfill Eq. (12).
Thus, the subspace of test functions N C N to be applied can
be specified by taking a suitable finite-dimensional linear
manifold of dimension m, of functions defined on X. This
manifold, in turn, is determined when a basis that spans it is
specified. We use the notation N CN for the subspace
spanned by & ={w!,...,Ww"} CN. Also, the exact solution
vE N will be approximated on X by

F=) cei®, on S (24)
a=1
that fulfills Eq. (19), but only for all w € N. Then
—S-c=b (25)
where ¢ =(cy, ...,c,) and b= (by, ..., b,,), with:
E
b, = JW“(}‘Q —Lug)dx, i=1,...,m (26)

In addition, the elements of the matrix —S are given by:

¢ = [~ﬁ 0] 4. ZE:J _g O
s .= || |4y = s I
o , an — an

P aQ

i

Il

J vl - Vi dx (27)
Q.

i

i=1

The matrix —$ is symmetric and positive definite.

6. The test functions

As mentioned before, the test functions, wE&N, are
uniquely determined by their traces on X. In a manner
similar to what was done in [5], in the applications to
Poisson equation that are considered in this paper, the linear
subspace of test functions, N CN, is such that the traces on
Y of its members are continuous piecewise polynomials of a
fixed degree G. Two algorithms will be constructed. For
Algorithm 1, G=1, and for Algorithm 2, G=3. In addition,
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Fig. 1. Partition of the domain Q = [Xpin,Xmax] X [Ymin-Ymax] in rectangular
E.XE, elements, where h,=x;—x;—1; i=1,....E, and hy=y;—y;—1; j=
1,...E,.

for Algorithm 2, the traces are required to be C'(X). Then,
in each case the family of test functions & C N, of Section 5,
will be a basis of N, whose construction, for cases when the
partition subdomains are either triangles or quadrilaterals, is
relatively straightforward. The procedure is explained next
for the case when the domain Q of definition of the BVPJ is
a rectangle and the subdomains of the partition are also
quadrilaterals (Fig. 1). Then, associated with each internal
node (x;, y;), we consider a cross which is made of two
intervals limited, one of them, by the nodes (x;_;, y;) and
(xi+1, ¥, and, the other one, by the nodes (x; y;j—i)
and (x;, yj+1), Fig. 2. They intersect at the ‘center’ of
the cross (x;, ;). For both algorithms, there are systems &
basis of N whose functions have support contained in one of
those crosses.

Algorithm 1. Given any node (x;, y;), there is one, and only
one, piecewise linear function with support in the cross
associated with it, such that it takes the value ‘1’ at (x;, y;)
and vanishes at the other end points of the cross. Then the
system & C N, basis of N, is the collection of functions of N
whose restriction to ¥ is one of such piecewise linear
functions.

3 0Q;;

e '

Fig. 2. Subregion Q;; associated with the node (x;, y;).

Algorithm 2. Here the following notations are used, H"(x)
is the one dimensional Hermite cubic polynomial with
support in the interval (x;_1, x;4 1), which takes the value 1
at node x; and zero at nodes x;_; and x;; and its first
derivative is zero at all nodes x;_ 1, x; and x;4 . Similarly,
H! (x) is the one dimensional Hermite cubic polynomial with
support in the interval (x;,—i, x;+ ), which takes the value
zero at nodes x; 1, x; and x; 4 {; and its first derivative takes
the value 1 at node x; and zero at the other nodes x;_; and
X;+1. The use of the notations Hjo(y) and H,-l(y) is similar.
Furthermore, let us order the intervals (x; — 1,y;) — (x; 4 1,y;), as
“first’, and (x;,y;—1)—(x;yj+1), as ‘second’. Then any
function defined in the cross associated with the node (x;,
¥,), is made of an ordered pair of functions {p(x),q(y)}, where
p(x) is defined on (x; 1, x;4 1), while g(y) is defined on (y; _ 1,
¥j+1)- For Algorithm 2, when (x;, y;) is an internal node, the
trace on each one of the members the system of functions
& C N, is one of the following functions:

i. {H)(x). H) ()},
ii. {H!(x),0} and
iii. {0,H; ()}

If (x; y;) lies on the external boundary 0%, then in
order to fulfill the boundary condition of Eq. (12), only
the functions of this set, which vanish on 0Q are taken. In
particular, for boundary nodes that are not a corner, only
one of the test function associated with each one of them
is used. When (x;, y;) lies on a vertical boundary, such
function is the restriction of {H](x),0} to the intersection
of the cross with the domain Q and, similarly, if (x;, y;)
lies on a horizontal boundary, such function is the
restriction of {O,Hjl(y)} to the intersection of the cross
with the domain . In addition, the set of functions
associated with corner nodes is void, because none of the
functions associated with such a node fulfills the
homogeneous boundary condition of Eq. (12). Observe
that the trace of each one of the members of the system
& CN fulfills the requirement of belonging to C'(X). As
mentioned in Section 4, this property is also enjoyed by
the trace of v. Thus, the use of § CN defined in this
manner, in the search for v &€ C'(X), is consistent and
reduces the number of degrees of freedom that are
required. Indeed, it can be seen that if v & C (2) then five
functions, instead of three, at each internal node have to
be introduced [5].

The above description defines uniquely a family of test
functions & C N C N, which is a basis of N CN. A simple
counting—there are (E,—1) (E,— 1) interior nodes, 2(E,+
E,—2) boundary nodes plus 4 corners—shows that the
dimension of N is (E,— 1) (Ey,—1), for Algorithm 1, while it
is 3E.E,—(E,+E,)—1 for Algorithm 2. These same
numbers yield the number of degrees of freedom for each
case, since test functions are also used as base functions on
3. Here, E, is the number of subintervals in the x-direction,
while E, is the number of subintervals in the y-direction.
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Table 1
Analytic solutions for each one of the examples

Example Exact solution

1 =1 -1y

2 sin®(27x)sin?(27y)

3 =12+ —1)%
4 sin2(21'cx)sin2(27ty) +xy
5 sin?(2mx)sin’(2y) +e*

7. The numerical experiments

Two sets of numerical experiments were carried out. The
first one consisted in applying Algorithm 1 of Section 6, for
solving the Poisson’s equations that occur when the splitting
method, of Section 3, is used to treat several examples of
the BVPJ of Egs. (10) and (11). Exactly the same was done
in the second set of numerical experiments but Algorithm 2
was used instead of Algorithm 1. The analytical solutions of
each of these examples are given in Table 1. In all cases the
domain of definition is the unit square [0,1]X[0,1]. The
imposed boundary values g° and g' and the right hand side
term f, are those implied by the analytical solutions.

Each one of the examples was solved in a uniform
rectangular partition of the domain using Algorithm 1 and,
subsequently, Algorithm 2, for which the weighting
functions are piecewise linear and piecewise cubic,
respectively, on X. In each of Figs. 3—12 the convergence
rate of the erro—measured in terms of the norm || ||..—is
shown at nodes (x;, y;), on the internal boundaries (¥;;) and
on the elements (L2;).

Tables 2 and 3 summarize the numerical results for
Algorithm 1 and Algorithm 2, respectively. For each

25
Example 1: Convergence of u
B O at nodes
& on Sigma
2 + in Omega
1.5 —
% | slope=2.00
[1d
14
1] 1 —
)}
9 slope=1.99
1
0.5 —
0
'05 | T l T l T | T | T
1 1.2 1.4 1.6 1.8 2
-Logh

Fig. 3. Example 1: convergence rate of Trefftz—Herrera collocation method
using linear weighting functions.

5
Example 1: Convergence of u
. O at the nodes slope=4.06
O on Sigma
4 — + in Omega
3
x _
%
X 2—
w
o
8 _
2
1
1 —
0 —
—1 T | T | T | T

0.4 0.8 1.2 1.6 2
-Logh

Fig. 4. Example 1: convergence rate of Trefftz—Herrera collocation method
using cubic weighting functions.

example, the constant C and the power « of the estimated
convergence error Ch® based on least square log fits are
reported.

8. Conclusions

The new method of collocation introduced in [4,5], TH-
collocation, has been applied to the biharmonic equation

25
Example 2: Convergence of u
1 O at the nodes
[eS on Sigma
2 — + in Omega
] slope=2.00
1.5 —
v
o _
&
w1
o]
o
S _
0.5 —
0 _( slope=2.05
'05 T | T | T I T I T
1 1.2 1.4 1.6 1.8 2
-Log h

Fig. 5. Example 2: convergence rate of Trefftz—Herrera collocation method
using linear weighting functions.
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4
Example 2: Convergence of u
O at the nodes slope=3.96
o on Sigma o
7] =+ in Omega r/
2 |
o
o
[1e 4
14
Ll
=)
o)
|
1 0
@
(o4
+
2 T T T T T T T
0.4 0.8 1.2 1.6 2

-Log h

Fig. 6. Example 2: convergence rate of Trefftz—Herrera collocation method
using cubic weighting functions.

subjected to one class of boundary conditions, using the
splitting approach [13]. Two algorithms were developed in
this manner that enjoy two general properties of discretiza-
tion procedures, which are derived by means of Herrera’s
approach to domain decomposition; namely, the global
matrices are symmetric and positive definite, when the
original differential operators have these properties, and
their constructions require solving local problems exclu-
sively. These features are quite suitable for application of
parallel computation.

3.5
Example 3: Convergence of u
1 O at the nodes
& on Sigma
3 + in Omega slope=2.02
2.5 —
x 4
o
2
o 2]
o
8 i
]
1.5 — slope=1.83
'] p—
05 T | T | T | T | T
1 1.2 1.4 1.6 1.8 2

-Log h

Fig. 7. Example 3: convergence rate of Trefftz—Herrera collocation method
using linear weighting functions.

8
Example 3: Convergence of u
O at the nodes _
| > on Sigma slope=3.99
+ in Omega
6 —
. _
o]
&
w4
o
o
i
2 —
slope=3.96
0 T T T T T T T
0.4 0.8 1.2 1.6 2

-Log h

Fig. 8. Example 3: convergence rate of Trefftz—Herrera collocation method
using cubic weighting functions.

One of these algorithms (Algorithm 1) uses piecewise
linear interpolation in the internal boundary and the other
one (Algorithm 2) uses piecewise cubic. The error behavior
of Algorithm 1 is O(h?) and the corresponding properties for
the global matrices follow:

I. They are strictly nine-diagonal (i.e. with blocks 1X1);
and

II. The number of degrees of freedom associated with each
internal node is one.

25
Example 4: Convergence of u
T O at the nodes
) O on Sigma
+ in Omega slope=2.01
1.5 —
o m
o]
o
o 1 —
L
D -
o
|
' 05
04 slope=2.05
'05 T I T ] T I T | T
1 1.2 1.4 1.6 1.8 2
-Log h

Fig. 9. Example 4: convergence rate of Trefftz—Herrera collocation method
using linear weighting functions.
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4
Example 4: Convergence of u
O at the nodes -
> on Sigma slope: 3.95
T + in Omega /
2 —
o
@]
o
o
w -
o))
o
-
0 —
O
(o4
+
-2 T | T ] T I T
0.4 0.8 1.2 1.6 2

-Log h

Fig. 10. Example 4: convergence rate of Trefftz—Herrera collocation
method using cubic weighting functions.

As for Algorithm 2, the error behavior is O(h4) and yields
global matrices with the following properties:

i. They are block nine-diagonal, the blocks being at most
3X3; and

ii. The number of degrees of freedom associated with each
internal node is three.

Because of the above features, both algorithms can
be easily and effectively parallelized. Furthermore,

25
Example 5: Convergence of u
. O at the nodes
O on Sigma
2 =+ in Omega b

-Log ERROR

slope=2.06

-Log h

Fig. 11. Example 5: convergence rate of Trefftz—Herrera collocation
method using linear weighting functions.

4
Example 5: Convergence of u
O at the nodes
o on Sigma slope=3.9
7 + in Omega
2 —
19
@]
19 4
o
AN}
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Fig. 12. Example 5: convergence rate of Trefftz—Herrera collocation
method using cubic weighting functions.

the Conjugate Gradient Method is directly applicable, as
has been done in [3].

It is natural to compare these algorithms with those derived
by means of OSC (Hermite bi-cubic orthogonal spline
collocation), which is the approach to collocation that has
been more extensively used up to now. Regarding Algorithm
1, it must be mentioned that using OSC it is impossible to
derive an algorithm that is strictly nine-diagonal. On the other
hand, Algorithm 2, which is fourth order, and OSC have the
same order of accuracy; so, they can be compared directly.
When OSC is applied for solving the Poisson equations

Table 2
Convergence rates of Algorithm 1
Example  [lu—iill.. llus — izl llug — iioll
(o o C o C a
1 —1.87 2.00 —1.87 2.00 —2.08 199
2 —195 2.00 —191 1.86 —227 205
3 —0.86 2.02 —0.81 1.89 —094 1.83
4 —2.00 201 —196 1.88 —230 205
5 —2.01 202 —197 188 —231 206
Table 3
Convergence rates of Algorithm 2
Example  |Ju— il g — gl llug — doll
C o C o C o
1 —2.00 4.06 —2.19 410 —248 423
2 —3.01 396 —3.18 4.01 —293 3.80
3 053 3.99 —0.17  3.99 —046 396
4 —3.00 395 —291 383 —292 379
5 —3.01 3.96 —3.08 3.95 —3.23  4.02
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occurring in previous sections, the number of degrees of
freedom associated with each internal node is four, and the
global matrices are non-symmetric and non-positive. As
mentioned before, when the TH-collocation Algorithm 2 is
used instead, the number of degrees of freedom associated
with each internal node is only three and the global matrices
are symmetric and positive definite. Thus, a significant
reduction of the number of degrees of freedom is achieved
when TH-collocation is applied. Furthermore, because of the
features explained above the algorithms derived using OSC
cannot be easily parallelized and the Conjugate Gradient
Method cannot be directly applied, while the opposite holds
true when TH-collocation is used. This is probably the most
important advantage of TH-collocation procedures. Even so, a
method, which seems to be the most competitive one thus far
developed for the biharmonic equation using OSC, deserves
mention. It is due to Lou et al. [11], it is based on the splitting
approach and combines OSC with a fast solver previously
developed. However, because of the very special properties in
which this is based, it can only be applied to Poisson equation
in rectangular regions with rectangular meshes.

Here, for developing Algorithms 1 and 2, rectangular
elements were used, but linear and cubic interpolation can
also be applied in other kind of elements, such as triangles.
When this is done, the global matrices associated with the
resulting algorithms are sparse and enjoy the properties,
common to all procedures that are based on Trefftz—Herrera
domain decomposition approach, mentioned above: they are
symmetric and positive definite, and their construction
involves solving local problems exclusively. If rectangular
elements are used, as has been done in this paper, the
methods here presented can be applied in domains with
shapes of considerable generality, since the problem domain
does not need to be a rectangle, and many of the nice matrix
properties are preserved. However, the geometrical diver-
sity of the possible problem domains is enhanced if the
method is applied using rectangular meshes of the type
reported Barrera-Sanchez et al. (see [15,16]), or triangles.

As mentioned previously, it can be shown that Algorithm
2 yields exactly the same solution as the OSC. Therefore, our
method derives the same solution as OSC but using much
simpler matrices. In conclusion, the results of the present
article exhibit the versatility of Trefftz—Herrera domain
decomposition approach in one more instance. Other types of
boundary conditions for the biharmonic equation can also be

treated by means of the splitting approach, but not all of them.
Observe that this limitation is shared by all procedures that
are based on the splitting approach, including Liu’s
algorithm. However, more general boundary conditions can
be dealt with applying TH-collocation directly to the original
biharmonic equation, without splitting, but they need some
special developments and the problem in its full generality is
being investigated at present.
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